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Abstract—In disaggregate work trip mode choice models, the wage of the worker often enters as an explanatory
variable. In some models, the cost of travel is divided by the worker's wage, while in other models the travel times
are multiplied by the wage. This paper analyzes the use of wage in mode choice models and shows how different
assumptions about the worker’s indifference mapping between goods and leisure lead to different methods of

entering wage. Using a Cobb-Douglas utility function A

when g =0 time should be multiplied by wage in the mo
wage. For values of 8 between 0 and 1 a more general m

G'BL#, where G is goods and L is leisure, it is shown that
de choice mode! and when B = 1 cost should be divided by
odel obtains in which the value of B is a parameter subject

to estimation. Preliminary evidence indicates that the value of B is between 0.7 and 1.0.

1. INTRODUCTION

In disaggregate work trip mode choice models, the wage
of the worker often enters as an explanatory variable. In
some cases (Train, 1976, for example) the cost of travel
is divided by the worker’s wage to reflect the presump-
tion that a worker with a high wage is less concerned
about cost than a worker with a low wage. In other cases
(McFadden, 1974, for example) travel time is multiplied
by the worker’s wage to reflect the presumption that a
worker with a high wage is more concerned with lost
time than a worker with a low wage.

Two problems arise concerning the use of wage as an
explanatory variable. First, it is not immediately evident
that wage should be allowed to enter as an explanatory
variable. McFadden (1973) has shown that the
parameters being estimated in a disaggregate qualitative
choice model can be interpreted as parameters of an
expected utility function (called “representative” utility).
However, in neoclassical theory of consumer behavior, a
person’s wage enters his constraint on utility maximiza-
tion, not the utility function itself. Consequently, enter-
ing wage into ‘“representative” utility requires
justification.

Second, if wage is allowed to enter the model, one
must decide how to enter it. The two approaches
described above (dividing cost by wage and multiplying
time by wage) are not equivalent in that they result in
different estimated values of time and (as shown below)
entail different assumptions about the shape of the
consumer's utility function.
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In the present paper, work trip mode choice models
are derived from the neoclassical theory of the trade-off
between goods and leisure. It is shown that allowing
wage to enter “representative” utility is justified.
Furthermore, it is shown that the shape of the
consumer’s indifference mapping for goods and leisure.
determines the manner in which wage should enter
“representative” utility. Finally, 2 general model is
presented in which the shape of the indifference mapping
is represented by a parameter which can be estimated
rather than specified a priori.

2. THEORY

The object is to derive particular functional forms of
“representative” utility from particular shapes of the
consumer’s indifference mapping for goods and leisure.

The general procedure is as follows. Choose some
specific functional form for the utility function, U(G, L).
where G is goods and L is leisure. (That is, choose some
specific shape of the consumer’s indifference mapping
for goods and leisure.) Assuming the price index to be
constant and normalized to one, the following identities
must hold:

G=V+w - W-c
L=T-W-t

where V =unearned income (given), w =wage rate
(given), T = total amount of time (given), W = number of
hours worked (a continuous variable, non-negative), ¢ =
cost of transportation to and from work (a discrete
variable, which can assume values ¢i,..., Ca), t =time
of transportation to and from work (a discrete variable,
which can assume values fy,...,%), n=number of
work-trip modes.
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The worker chooses the work-trip mode (and hence
¢ and 1) and the number of hours worked so as to
maximize U, subject to the identities.

Define:

G,‘ =V+w-W- Ci
L“ =T- W -4
Ui = U(G, Ly).
Thus U, is a function of only the variable W. Since W is

continuous, U:; can be maximized in the normal way,
setting

al;
a_‘-w= “w-—U]’z:O.
Or, as usual:
Ui
w =ﬁ' m

Solve this for W and call the solution W#%. Substitute
W into U; and call the resulting value U#%.

Mode i is chosen by the worker if and only if U¥>
U% for all j=1,..., n; j#i Let the expected value of
U* be labelled Y; (the source of variation in U% is
explained in Example E below). Furthermore, let Y be
the function (of ¢ and t) which assumes values Y
i=1,...,n This Y is the function used in mode choice
models and called “‘representative” utility. For example,
if the mode choice model is multinominal logit, then the
probability of the worker choosing mode i is

In this manner, one can determine what shapes of the
indifference mapping for goods and leisure (that is,
functional forms of U(G, L)) produce particular forms of
Y.

An equivalent approach which is less heuristic but
easier computationally is the following. Choose a specific
U(G,L) and derive the corresponding expenditure
function:

E=E(U,w) ¢
where E is expenditures and prices are normalized to
one. The following identity holds for expenditures when
utility is maximized:

E=V-c+w(T—-1). 3)

Substitute (3) into (2) and solve for U. The solution is
U*, and its expectation is Y. The Y obtained in this

tNote that in this example, and the next two examples, Y; equals
U* exactly since no variation in U* has been introduced. See the
section “Generalization of Example C" below.

manner is the same or 4 monotonic transformation of the
Y obtained in the first approach.

Some specific examples follow.

Example A. Let U=a,logG+azL. With this
function the derivative of the utility-maximizing G with
respect to income is zero: all extra income is absorbed in
leisure. The resulting Y is:t

Vv
Y= a;log (i‘—; w)+azT—a.+a2;—az(%+t).

When comparing Y; and Y; (i# J), all terms which do not
contain either ¢ or ¢ drop out. Thus, operationally, Y is

= —az(%+ r). @

In this case, cost is divided by wage rather than time
being multiplied by wage. There is only one parameter
since ¢/w is in units of time, and the individual values
work time and transportation time the same on the
margin. The two variables can have different coefficients
by specifying a model analogous to that in Example D in
the appendix.

Example B. Let U=aG+azlogl. With this
function the derivative of the utility-maximizing L with
respect to income is zero and all extra income is ab-
sorbed in goods. The resulting Y is:

Y=m<V+ Tw—tw—ﬂ—c)i-azloga—zw.
[ 5} ay

Operationally,
Y =—ai(tw+c). %)

In this case, time is multiplied by wage rather than cost
being divided by wage. Different parameters can be given
to the two terms in a manner analogous to Example D in
the appendix.

Example C. Let
function:

U be a Cobb-Douglas utility

U=AG'"L?, 0<B<l.

The expenditure function (with prices normalized to one)
is:

E=Uk"'w?
where k is a constant. Recall that
E=V-c+w(T-1t).
Thus,

Uk'wP=V—-c+w(T-1).
and

Y=kiwPV-woc+w PT-w'""1.
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Operationally,
= —k(wBc+w'™P1). (6)

When B approaches 0, (6) becomes (5); and when B
approaches 1, (6) becomes (4). For values of B between
zero and one, the derivatives of the utility maximizing L
and G with respect to income are greater than zero. The
choice of B is an empirical issue.

Generalization of Example C. Three elements are
missing from Example C which prevent it from
completely representing a mode choice model. First,
mode choice models generally include various
components of time, such as in-vehicle, wait, and walk
times, with a different coefficient for each component.
Similarly, various components of cost, such as out-of-
pocket and “hidden” costs, might be included with
separate coefficients. The analysis of Example C needs
to be generalized to allow components of time and cost
to enter “representative” utility. Second, mode choice
models generally include socioeconomic variables other
than wage and mode-specific constants. The analysis
needs to be generalized to allow for these variables.
Third, no variation in U% was specified in Example C.
Yet, without variation in U%, the mode choice model is
deterministic rather than probabilistic, and Y is not
actually “representative” utility in a mode choice model.

Examples D and E in the appendix generalize Example
C so as to account for these three elements of mode
choice models. The notation in these examples is
cumbersome, but the results are straightforward:

(1) Different components of time and cost can enter
the “representative” utility function with different
coefficients. Each time component is multiplied by w'™®
when it enters “representative” utility and each cost
component is divided by w*, where B is the parameter of
the Cobb-Douglas utility function (defined in Example
Q).

(2) Socioeconomic  variables and mode-specific
constants can enter the “representative” utility function.
These variables are to be interpreted as proxies for
unobserved cost or time components. If a socio-
economic variable or a mode-specific constant is a proxy
for an unobserved time component, then the variable is
multiplied by w'™® when it enters “representative™ util-
ity. However, if the variable is a proxy for an un-
observed cost component, then it is divided by w”.

(3) An error term can be introduced into the analysis
so that the model is probabilistic. This error term is
interpreted as the difference between the unobserved
cost and time components and the proxies which are
used for these unobserved variables.

3. ESTIMATION
The existing estimation procedures only allow es-
timation of the parameters of “‘representative” utility
functions which are linear in parameters. In Example E,

{These models and the sample upon which they are based are
described more fully in Train and McFadden (1976).
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Y is linear in parameters for a given value of 8, but not
for B treated as a parameter. Therefore, a search method
is used in estimation. That is, B is set at some value
between zero and one, and the remaining parameters are
estimated with existing estimation procedures. This
process is repeated for various values of B between zero
and one. The value of 8 which results in the largest value
of the likelihood function is the estimate of B, and the
estimates obtained with this 8 for the other parameters
are the final estimates of these parameters.
Unfortunately, estimation of a mode choice model
with socioeconomic variables and mode-specific
constants is not completely straightforward. As stated
above, socioeconomic variables and mode-specific

con
constants

components are multiplied by w'~®, whereas those which
serve as proxies for unobserved cost components are
divided by w?®. Therefore, it is necessary that the
researcher identify which socioeconomic variables and
mode-specific constants are to be considered proxies for
unmeasured time components and which are to be
considered proxics for unmeasured cost components.
The choice of which way to treat a sociocconomic vari-
able or mode-specific constant affects the likelihood
function and hence the estimates of B and the other
parameters.

The proper procedure is to enter each socioeconomic
variable twice, both muitiplied by w'™® and divided by
w®. In most cases, however, collinearity would prevent
estimation of such a model. Consequently, the researcher
must simply try various divisions of the socioeconomic
variables and mode-specific constants and choose the
model which is “best” by some loose criterion.

4. EVIDENCE

To obtain an indication of the value of B, work trip
mode choice models were estimated, based on the
generalization of Example C.t A sample of 161 workers
was drawn from the East Bay area of the San Francisco
Bay area. Each worker was considered to have a choice
among four modes of travel to work: drive alone,
carpool, bus with walk access, and bus with auto access.
(No rail alternatives were included since the sample was
taken before the rapid rail transit system, BART, was
operating.) The mode which the worker actually chose
was observed, and mode choice models were estimated
to “explain™ the choices. Several time and cost variables
were entered as explanatory variables as well as socio-
economic variables and mode-specific constants. All of
the time components were multiplied by w'™® and all of
the cost components were divided by w”.

Several divisions of the socioeconomic variables and
mode-specific constants (into those which are proxies for
unmeasured time components and those which are prox-
ies for unmeasured cost components) were tried. When
all of the socioeconomic variables and mode-specific
constants were treated as proxies for unmeasured time
components, the B which obtained the highest value of
the likelihood function was 1.0. In this model, the cost
was divided by wage and all other variables did not
interact with wage. When the socioeconomic and mode-
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specific constants were treated as proxies for un-
observed cost components, the estimated 8 was approx.
0.7. For other divisions of the socioeconomic variables
and mode-specific constants, the estimated B was be-
tween 0.7 and 1.0.

The model with the highest log likelihood was that in
which all the socioeconomic variables and mode-spetific
constants were treated as proxies for unobserved cost
components and B was 0.7. However, the difference in
log likelihood among the models based on various
divisions of the socioeconomic variables and mode-
specific constants was so small that choice among the
models is arbitrary.
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APPENDIX
Generalizations of Example C
Example D. The analysis in Example C can be ex-
tended so that the terms in (6) have different coefficients
and components of time and cost enter each with
different coefficients. Let U be the same as in Example
C. The definitions of goods and leisure are respecified:

M
“effective” leisure L; = 8T = W = 2, 6t/

i=1
N (7
“effective” goods G; = yoiV + wW = 2, yic/

i=1

where t' is the jth component of travel time (say, on-
vehicle time), ¢’ is the jth component of travel cost, Mis
the number of time components, N is the number of cost
components, §; is the psychometric weight attached to a
minute in travel component j, in work time units, 8o; is
the psychometric weight attached to the total time
budget, in work time units, when mode i is used, ¥; is the
psychometric weight attached to a travel cost
component, in wage income units, yo is the psy-
chometric weight attached to non-wage income, in wage
income units, when mode i is used.

The 6 and y; reflect the relative onerousness or
burden of different time or expenditure activities (asso-
ciated, for example, with the exertion, fatigue, or bother
involved). The parameters 8o, and yo: reflect the value of
added units of time or income (again evaluated in work-
ing units). They may differ with mode if choice of mode
itself affects the types of consumption and leisure activi-

ties available to the consumer. “Effective™ income is:
N . M
E: = (yoiV + wb0:T)— 2 yici = 2 gwtl
i=1 i=1

Substituting this expression into the expenditure function
for Example C and solving for U obtains:

N M .
Yi = k(')‘o.‘ VW-p + 80,’W|—BT— z ‘y"C,'IW_B - 2 G‘Ii‘Wl_ﬂ)
j=1 j=1

This formula was used assuming the yo: and 6o constant
in i, so that operationally:

N M
Y=-kY yicw™®—k 2 gtiw'™". 8)
i=1

i=1

Example E. Two elements are missing from Example
D which prevent it from completely representing a mode
choice model. First, mode choice models generally in-
clude socioeconomic variables other than wage and
mode specific dummy variables in the “representative”
utility function. The analysis needs to be generalized to
allow for these variables. Second, no variation in U? has
been specified. Yet, without variation in U, the mode
choice model is deterministic rather than probabalistic,
and Y is not actually “representative™ utility in a mode
choice model. These two problems are confronted in this
example. Redefine “effective” goods and leisure as:

M P
“effective” leisure L; = 8T~ W = 2, 6iti = 2, Byeni!
. &,

i=)

N
“effective” goods G = yoiV+wW = Z yici + i Yienb?
i=1 =1

where u/ is the jth unmeasured time component of
travel by mode i; v/ is the unmeasured consumption of
“good™ j in traveling by mode i.

An example of an u’ is the length of time which one
would usually arrive early to work so as not to be late for
work if one’s travel mode were delayed. If this variable
were measured, it would assume a different value for
each alternative, since the probability of being delayed a
certain length of time varies across modes. An example
of a v' is the privacy which one ‘“‘consumes™ in a
particular travel mode.

Since the variables are unmeasured, they are ap-
proximated by other, measured variables, such as socio-
economic variables:

P R
2 6;+Mu." = Z 8;Xi' +e€
i=1

i=1

s 9)
,2 ‘y,-.»NU.'I = ?._-:l 17,-y." +

where x/ is the jth measured variable used to ap-
proximate the unmeasured time components of travel by
mode i; y/ is the jth measured variable used to ap-
proximate unmeasured consumption from travel by
mode i; & and m; are parameters; and & and p; are
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errors which allow egns (9) to hold exactly rather than
approximately.

Substituting (9) into the definitions of “effective”
Jeisure and goods and solving for U* as in Example D
obtains:

N M S
U*=-k 2 yic'w™ -k 2 t'w!' ™ ~k 2 nylw™®
i=1 j=1

i=1

-k, Sxiw' P — k(e +p). (10)
i=1

For logit analysis, it is assumed that —ki{e+p) is
distributed Weibull in the population and is independent
across alternatives. Therefore, Y equals the right hand
side of (10) excluding the term k(e +u), and the prob-
ability of choosing mode i is:




