Economics 201B—Second Half
Lecture 11
Revised 5/2/09, Revisions Indicated by &
and Sticky Notes

Tranversality Theorem, and Generic Regu-
larity Recall the statement of the Transversality The-
orem from 204, and the end of last lecture:

Theorem 1 (2.5°, Transversality Theorem) Let
X xQ C R"Pbe open
F: XxQ—=R"ed
with r > 14+ max{0,n — m}
If
F(x,w)=0= DF(x,w) has rank m

then for all w except for a set of Lebesque measure
2€70,

F(z,w)=0= DyF(x,w) has rank m

In particular, if m = n, there is a local implicit
function
ES
z"(w)
characterized by
F(z*(w),w) =0
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The main change is on page 6, where I give more details on the verification of the hypothesis of the Transverality Theorem.


x* is a C" function of w, and the correspondence

Fw—{z: Flz,w) =0}
18 lower hemicontinuous at w.
Interpretation of Tranversality Theorem

e (): a set of parameters. In our case, () = R 7 the
set, of strictly positive endowment profiles, p = L1.

e X: a set of variables. In our case, X = RLT ¥ + , the
set of strictly positive prices normalized by p; = 1.

e R is the range of F'. In our case, ['(z,w) = 2(x),
when the endowment profileisw, m=n=L — 1.

e F(x,w) = 0says that x is an equilibrium price when
the endowment profile is w.

e rank DF(x,w) = m = L — 1 says that, by adjust-
ing either the prices  or the endowments w, it is
possible to move F' = Z in any direction in RL-1

o rank D, F(x,w) =m = L—1saysdet D, F(x,w) #
0, which says the economy is regular and is the hy-
pothesis of the Implicit Function Theorem. This will
tell us that the equilibrium prices are given by a fi-
nite number of implicit functions of the parameters
(endowments).
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e Parameters of any given economy are fixed. How-
ever, we want to study the set of parameters for
which the resulting economy is well-behaved.

e Theorem says the following:

“If, whenever z(p*) = 0, it is possible by per-
turbing the endowments and adjusting the prices
to move 2z in any direction in RL_lj then for
almost all endowments, the resulting economy
is regular, and hence there are finitely many
equilibrium prices and the equilibrium prices
are implicitly defined C" functions of the en-
dowments, and the equilibrium Slprice corre-
spondence 1s lower hemicontinuous.”

o [fn < m,rank D, F(z,w) < min{m,n} =n < m.
Therefore,
(F(r,w)=0= DF(x,w) has rank m)
= for all w except for a set of Lebesgue measure zero
F(x,w) = 0 has no solution

Definition 2 Let F: RY™! x RY — R be de-
fined by

e

F(p,w) = Z(p) when the endowment is w
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The Equilibrium Price Correspondence E : Rij —
RL_FI is defined by

Ew)={peRiT": F(p,w) =0}

Proposition 3 The Equilibrium Price Correspon-
dence has closed graph.

Proof: A version of this is on Problem Set 5. «

Remark 4 If w, — w, it follows that the aggregate
endowment w, — w. If w &€ Riﬂ then an elabora-
tion of the proot of the boundary condition on excess
demand shows that v, F(wp) is contained in a com-
pact subset of RL‘FI? so in fact E' is upperhemicontin-

uous at every w such that w € R£ 4
Corollary 5 (Debreu) Fiz =1,...,>=7 so that
Di(p,w) is a C! function of p,w;

and aggregate excess demand satisfies the hypothe-
ses of the Debreu-Gale- Kuhn-Nikaido Lemma. Then
there is a closed set ) C Rij of Lebesgue measure

zero such that whenever wg € Rij \ €,

e the economy with preferences =1, ...,>71 and en-
dowment w is reqular, so E(w) is finite and odd;



o if F(wg) = {p7,..., PN}, then there is an open
set W containing wy and Cl functions hy, . .., hy
such that, for all w € W,

E(w)={h(w),...,hiy(w)}
so E 1s upper hemicontinuous and lower hemi-
continuous at w.

Prootf:

e Claim: For all w > 0 and price p € RL‘FI? and for

each 1,
rank Dy, F(p,w) > L —1

Why? Let
p=(p.1)
Suppose Aw; € RL and
p-Aw; =0
Changing

w; to w; + Aw;
leaves the budget set unchanged, and hence leaves
D;(p,w;) unchanged, hence changes z(p, w) by —Aw;.
Thus, we have L — 1 degrees of freedom in moving
F' by perturbing endowments perpendicular to p, so

rank Dy, F'(p,w) > L —1
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More formally, choose vy, ..., v7_1 € R such that
{vi,...,vp_1} is a basis of {:13 c R" :p-:c:O}

and hence {p, v1,...,vy_1}is a basis for REL. Elet
E; denote the excess demand of agent 7. Then with
respect to this basis,

00 0 0--0 0

?—1 0 0---0 0
Dy Ei(p,w)=17 0 =10---0 0

2?0 0 0---0-1

*ince span {vy,...,v7_1} is perpendicular to p,
L—1
Ei(p,wi) = (p- Ei(p,wi))p+ T aqvy
L—1
= O)p+ = amw

so the first row is zero by Walras’ Law. The terms in
the remainder of the first column come from the in-
come effects in the Slutsky decomposition; we don’t
need to determine them. The (L — 1) x (L — 1)
submatrix obtained by excluding the first row and
first column arises from changes in w; that do not
change income (or price), so the demand is con-
stant and the change in excess demand is minus the
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Here, I give much more detail on the verification of the hypothesis of the Transversality Theorem. 
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change in endowment: this submatrix is the minus
the (L — 1) x (L — 1) identity matrix.
Obviously,
rank Dy, Ei(p,w) = L —
e The rank of the Jacobian matrix is independent of

the basis, so when computed with respect to the
standard basis,

rank Dy, Ei(p,w) = L —

But in the standard basis, Dy, F'(p, w) consists of the

first L — 1 rows of Dy, Ei(p,w). By Walras’ Law,

the last row of the matrix is a linear combination of
the first L — 1 rows, so

rank Dy, F(p,w) = L —

e Since the range of F'is RL_lj
L—1 > rank DF(p,w)

> rank Dy, F'(p,w)
> L —1
SO
rank DF(p,w) =L — 1
o [et

LI A A
Q= we RY 3 L1 F(p,w) = 0,det Dpz(p,w)

peR
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denote the set of endowments for which the resulting
economy 18 not regular. By the Transversality Theo-
rem, §)” has Lebesgue measure zero. Suppose we are

given a sequence wy, € 2 with w, — w € RL] .
Choose pyp, € E(wp) such that det D (pn,wn) =

0. By Remark 4, there is a compact subset K of
R7 1 such that UnGNE(wn) c K. Thus, We can
find a subsequence py, converging to p € R

det Dpz(p,w) = kli_}moo det Dpnk,%(ﬁnk, wnk)
=0
so 2" is relatively closed in Ri:f

o [et o o

Ril \ Rii is a set of Lebesgue measure zero, so £/
is set of Lebesgue measure zero. Clearly €2 is closed.

o If wy & €, the economy is regular, so E(wp) is finite
and odd. Let

E(wo) = {p1,...,PN}
By the Implicit Function Theorem, there are open

sets Vi, Wy, with p,, € Vn and wg € W, and cl
tunctions hy,, : W, — R I'such that for w € Wi,

E(w)N Vn = {hp(w)}
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This shows that E 1s lower hemicontinous at w.
Let

Wo=Win---NnWpy, V=ViuU---UVy
Wy is open and wy € Wy. For w € Wy,
Ew)nV ={hw),...,An(w)}
By Remark 4, ' is upper hemicontinuous at w.

Limatations:

e The assumption that demand is C? is strong, but

fixable (Cheng, Mas-Colell).

e Since the boundary of Ril has Lebesgue measure
zero, the formulation effectively assumes

w € RﬂL
— Terrible assumption, most agents are endowed
with few goods.

— Natural Conjecture: You can set certain endow-
ments =0 and, as long as you have enough degrees
of freedom in the nonzero endowments, Debreu’s
Theorem still holds. False: example due to Mine-
hart.



— Solution: Perturb preferences as well as endow-
ments. Need genericity notion on infinite-dimensional
spaces. Debreu’s Theorem holds generically in a
topological notion of genericity (Mas-Colell) and
a measure-theoretic notion of genericity (Ander-
son & Zame).

e For Finance, commodity differentiation, choice un-
der uncertainty, need version of theorem for infinite-
dimensional commodity spaces. Shannon and Zame
showed that close analogue to Debreu’s Theorem
holds. The consumption set often has empty interior
in these infinite-dimensional settings, so differentia-
bility is problematic; Shannon and Zame find that
the functions defining the movement of the equilib-
rium prices are Lipschitz.
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