Economics 201B—Second Half
Lecture 12
Revised 5/2/09, Revisions Indicated by **
and Sticky Notes

Quick Romp Through 17.E.F,H
o /7. F

Theorem 1 (Sonnenschein-Mantel-Debreu)
Let K be a compact subset of AV. Given f: K —
R satisfying

— continuity
— Walras’ Law with FEquality (p- f(p) =0)

there is an exchange economy with L consumers
whose excess demand function, restricted to K,
equals f.

Proof: Elementary, but far from transparent. In-
dividual preferences may be made arbitrarily nice.

Corollary 2 There are no comparative statics re-
sults for Walrasian FEquilibrium in the Arrow-
Debreu model; more assumptions are needed.


Bob
Sticky Note
I added notes on the interpretation of the approximate equilibrium theorems, based on the comments presented orally in class.


o /7.F, Uniqueness:
There are no results known under believeable as-
sumptions on individual preferences.

o 17.H, Tatonnement Stability:

dp _ ... L1
fllt = Z(p) on Ry
1%
P E(p) on A3 = {p e RYL :lpll2 = 1}

We would like to know that the solutions converge
to the equilibrium price. Scarf gave an example of
a non-pathological exchange economy in which the
solutions all circle around the unique Walrasian equi-
librium price. There are no known stability results
based on reasonable assumptions on individual pref-
erences. Index = +1 is necessary but not sufficient
for stability:.

o Modern Approach to Uniqueness and Stability:
Assumptions on the Distribution of Agents’ Char-

acteristics.
Law of Demand:

(p—q)-(z(p)—2(q)) < 0 with strict inequality if p # g

The Law of Demand implies uniqueness of equilib-
rium and Tatonnement stabilty.
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— Hildenbrand:

x If, for each preference, the density of the income
distribution among people holding that prefer-
ence is decreasing, then the Law of Demand
holds.

x Idea: It demand for a good is a decreasing func-
tion of income at some income level, it must
first have been an increasing tfunction at lower
income levels. Decreasing density of income
distribution implies that overall, the increasing
part cancels out the decreasing part.

— Grandmont and Quah:
x If preferences are dispersed, the Law of Demand

holds.
x Fix a preference >. Given \ € R£ 1, define
=\ by
r =\ Y S (A1x1, Aoxa) = (A1y1, Aayo)

>~ has the marginal rates of substitution shifted
by the rescaling by A. Let

P(z) ==y A€ RE]
* Grandmont:

- Suppose that for every >, among the people
whose preferences lie in P(>), the distribu-
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tion of A is sufficiently dispersed. Then the
economy satisfies the Law of Demand.

- Idea: For a given preference, demand may
be upward sloping in price at certain prices,
but given the Boundary Condition, it must
be downward sloping at most prices. The
prices at which demand is upward sloping are
shifted by A. If the distribution of A is suffi-
ciently dispersed, then for every p, most peo-
ple will have downward sloping demand and
they will outweigh the few that have upward
sloping demand.

x Quah:

- Showed that a much weaker dispersion condi-
tion suffices to establish the Law of Demand.

- Showed that in 1-good economies (Finance),
reasonable conditions on how much each in-
dividual’s coeflicient of relative risk aversion
varies over the relevant income range imply
the Law of Demand.

17.1 and Handout: Nonconvex Preferences
and Indivisibilities

e Why do we care?”



— General story that justifies convexity (diminish-
ing MRS along each indifference curve) works for
“most” goods, but if there is a single pair of goods
for which preferences are nonconvex, or if there is
a single good which is indivisible, Existence of
Walrasian Equilibrium and the Second Weltare

Theorem fail.
* % house in Berkeley and % house in SF

x T'wo trips to Winnemucca are not preferable to
one trip to Salt Lake if you like to ski.

x Painting a room with orange and green stripes
is not preferable to solid orange or solid green.

e Theorem 3 (Shapley-Folkman) Suppose x €
con (Aj+ ---+ Aj), where A; C RV, Then we
may write x = a1 + --- + ay, where a; € con A;
for all v and a; € A; for all but L values of 1.
Proof: The proof is in the handout, it just uses the

fact that m > L+ 1 vectors in R must be linearly
dependent .

Theorem 4 Suppose we are given a pure exchange
economy, where for each v =1,...,1, »; satisfies

1. continuity: {(z,y) € RY x RY : z =; y} is
relatively open in R£ X Ri;
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2. for each individual 1, the consumption set 1s
RZ , 1.e. each good 1s perfectly divisible, and
each agent 1s capable of surviving on zero con-
sumption,

3. acyclicity: there is no collection x1,x9,...,Tm
such that x1 >; x9 >+ >; Tm >; T1;

4. strong monotonicity:
rT>Y=I ;Y

Then there exists p* € AV S with 0 € con E(p*)
and x} € D;(p*) such that

E £ e £ ) < max{ oo i =1
— €T, — Wi — INax Wi 1 = .
T Pz 5%, = Lieo ’
where ||x|co = max{|x],...,|zr|}

‘EI'he inequality bounds the market value of the
surpluses and shortages in the economy. There might
be a large surplus of a good whose price is nearly
zero; although the statement seems to allow a large
shortage of a good whose price is nearly zero, in
practice goods which are in short supply tend not to
be inexpensive. Dividing by I on the left side of the
inequality expresses the market value of the surplus
and shortages in per capita terms. On the right side,
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Bob
Sticky Note
As one student noted, the Theorem is not interesting unless you specify the normalization of prices.  p* lies in the open price simplex.

Bob
Sticky Note
This reflects the oral discussion of the interpretation of the theorem in class.


we typically assume that the number of individuals
(1) is much larger than the number of goods (L);
this will certainly be true if we consider a model in
which goods are somewhat aggregated (food, cloth-
ing, housing, transportation, ...,; or hamburger,
steak, milk, ...); it will be false if we consider each
dwelling unit to be an entirely separate commodity
from every other dwelling unit. Remember that we
are using an exchange economy to study the alloca-
tion of consumption, taking the production decisions
as exogenous; thus, max{||w;||} should be thought
of as the maximum resources devoted to consump-
tion by any individual, which is typically much less

than that individual’s total wealth.

*&he fact that 0 € con E(p*) has its own, separate
interpretation. Imagine that not everyone trades at
exactly the same time, but people come to the mar-
ket at different times, and choose consumption vec-
tors out of their demand sets. If there is a little in-
ventory in the market, then the demands can be ac-
commodated for a while. Once the inventory starts
running out of some goods, the price can be changed
very slightly to shift the demand. Very small shifts
in price can move the demand around E(p*); by
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Bob
Sticky Note
More oral discussion from class.


spending various amounts of time at different points
in F(p*), the market can effectively produce any ex-
cess demand in con E(p*), in particular zero excess
demand.

Theorem 5 Suppose we are given a pure exchange
economy, where for each 1 =1,...,1, »; satisfies

1. continuity: {(x,y) € REY x RY © & =; y} is
relatively open in R£ X Ri;

2. for each individual 1, the consumption set s
RL, i.e. each good 1s perfectly divisible, and
each agent 1s capable of surviving on zero con-
sumption,

3. acyclicity: there is no collection x1,x9,...,Tm
such that x1 >; x9 >=; -+ = Tm > T1;

Then there exists p* > 0 and x7 € D;(p™) such
that

£ )
— IMNax €Xr, — Wi
I /=1 =17 =1 Y]

L
< QJ;maX{]wileizl,...,I} (1)

where |lzlly = sy |z,

SNotice that the theorem does not assume any mono-
tonicity, or even local nonsatiation. It bounds only
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Bob
Sticky Note
More oral discussion from class.


the shortages in the economy; there may be large

surpluses of some goods.
Proof Outline:

— Let

L
A = pERL:J;gpggl(E:l,...,L)

Why?
+ Convenient to normalize prices by ||pllcc = 1,
would have to prove Kakutani’s Theorem holds

on that set, which is not convex. A’ is convex
and compact.

x In the prootf of Debreu-Gale-Kuhn-Nikaido, we
define the correspondence on AY and extend it
to A. Get a fixed point p* € AV, but we get
no control over the price of the cheapest good.
This gives us no control over the diameter of
the budget set, which bounds the size of the
nonconvexity in the demand set.

+ By trimming A’ so all prices bounded below by

L/I, we give up the fact that the Kakutani

fixed point is in the interior of A, but we get
control over the diameter of the budget set.

— Consider the correspondence z : A’ — RE de-
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fined by

2(p) = (élconD()) w

— Acyclicity implies that z(p) # ().
— Look at the “Offer Curve”

{:13 Jpen T € z(p)}
The picture is almost the same as the picture in
the convex case.

— Choose a compact set X C R~ such that
peN = z(p) CX
Define a correspondence f : A’ x X — A/ x X
by
f(p,x) ={(g,9) v € 2(p), Vypenr ¢ - 7 > ¢ - 2]

By Kakutani’s Theorem, there exists a fixed point
(p*, %)

I
=3I
1=1
T € con E;(p*) (i=1,...,1)(2)
Vyernr ¢ < p- 7" =0 (3)

—In the proof of Debreu-Gale-Kuhn-Nikaido, we
showed that

Voen ¢-T° < 0= 2" <0



Use a similar argument and Equation (3) to put

an upper bound on the positive components of

T*

— From Equation (2) and the Shapley-Folkman The-
orem, we can assume that

zj, € con By (p*) (£=1,...,L)
T € E;j(p*) fori e {iy,...,ip}
— Choose arbitrarily
v, € B (p*), ..., 7, € B, (p7)
and let
v =) fori & {iy,...,ip}

SO
x; € E;(p*) for all 4

[ k —k L k —k
X r, =T + X (:1: —:1:-)
= (= VT

Error Term

[/

— The diameters of the budget sets are bounded
above by the endowments and the lower bound
on prices in A’ which bounds the Error Term.
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Indivisibilities:

Theorem 5 applies verbatim to the case of indivisi-
bilites, except that one must substitute ¢); for D;. With
indivisibilities, (); has closed graph but D; generally
does not.
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