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Lecture 13
Revised 5/10/09, Revisions Indicated by &*
and Sticky Notes

Justifying (or Undermining) the Price-Taking
Assumption

e Many formulations: Core, Ostroy’s No Surplus Con-
dition, Bargaining Set, Shapley-Shubik Market Games
(noncooperative), other noncooperative games

e Core is the most commonly used. The core is the set
of all allocations such that no coalition (set of agents)
can improve on or block the allocation (make all of
its members better off) by seceding from the econ-
omy and only trading among its members.

e Core is institution-free; no mention of prices.
e “Core convergence’ means roughly that

For economies with a large number of agents,
core allocations are “approximately Walrasian.”

e “Approximately Walrasian” means different things
in different contexts, depending on what we are will-
Ing to assume.

e Three motivations for the study of the core:
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— Walrasian allocations lie in the core: Impor-
tant strengthening of First Welfare Theorem, un-
der same minimal assumptions as First Welfare
Theorem.

x (Positive): Strong stability property of Wal-
rasian equilibrium: no group of individuals would
choose to upset the equilibrium by recontract-
ing among themselves.

* (Normative): If distribution of initial endow-
ments is equitable, no group is treated unfairly
at a core allocation. Since Walrasian alloca-
tions lie in the core, this is a Group Fairness
Property of Walrasian Equilibrium.

— Core Convergence strengthens Second Welfare
Theorem

x Second Welfare Theorem says every Pareto Op-
timum is a Walrasian Equilibria with Transfers.

x Core convergence asserts that core allocations
of large economies are nearly Walrasian with-
out transtfers.

+ One version states that core allocations can be

realized as exact Walrasian equilibrium with
small income transters.



x Strong “unbiasedness” property of Walrasian
equilibrium

- Restricting to Walrasian outcomes does not
narrow possible outcomes beyond narrowing
occurring in the core.

- (Normative) No hidden implications for wel-
fare of different groups beyond equity issues
in the initial endowment distribution.

- (Normative) Assuming distribution of endow-
ments is equitable, any allocation that is far
from Walrasian will not be in the core, and
hence will treat some group untairly:.

— Core Convergence justifies Price-Taking, Core
Nonconvergence sugqgests Price-Taking 1s Im-
plausible:

x The definition of Walrasian equilibrium con-
tains (hidden in plain sight) assumption that
economic agents act as price-takers.

x In real markets, we see prices used to equate
supply and demand, but this does not guaran-
tee Walrasian outcome.

x Agents possessing market power may choose to
supply quantities different from the competitive
supply for the prevailing price, thereby altering
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that price and leading to a non-Pareto Optimal
outcome.

x If outcome is not Walrasian, Welfare Theorems,
Existence, Determinacy would have limited im-
plications for real economies.

* (Positive) Core convergence and nonconvergence
allows us to identify situations in which price-
taking is more or less reasonable.

x Edgeworth defined core =in 1881, in Math-
ematical Psychics, an ambitious book devel-
oping microeconomic theory in mathematical
terms.

x Edgeworth criticized Walras, thought the core,
not the set of Walrasian equilibria, was best
positive description of outcomes from market
mechanism.

- In particular, the definition of the core does
not impose the assumption of price-taking be-
havior made by Walras.

- Furthermore, if any allocation not in the core
arose, some group would find it in its interests
to recontract. Edgeworth thus argues that
the core is the significant positive equilibrium
concept.
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- If core is correct positive concept, core conver-
gence justifies price-taking. Core convergence
says all trade takes place at almost a single
price. Agent who tries to bargain cannot in-
fluence prices much, and cannot change out-
come much (argument more compelling with
stronger convergence notions).

- If core is correct positive concept, core non-
convergence undermines price-taking. Edge-
worth himself argued that in real life, the
presence of large firms leads to failure of price-
taking.

e Definition 1 In an exchange economy, a coalition

1s a set

SC{l,...,I}
A coalition S blocks or improves on an exact allo-
cation x by 2’ if

2 ZC,Q = > W

€S €S
and

Vies TG =i T
The core is the set of all exact allocations which
cannot be improved on by any nonempty coalition.
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e Notice we follow MWG and require z; >=; x; for all
v € S; this is analogous to the definition of weakly
Pareto Optimal. Natural: status quo should be fo-
cal, need strict improvement to join a coalition to
upset the status quo.

e *ENotice that the definition of blocking by a coali-
tion does not specity what happens to the individu-
als outside the coalition. One might imagine individ-
uals not in the blocking coalition making a counter-
proposal to some of those in the blocking coalition;
the Bargaining Set takes these counterproposals into
account.

¢ =1t is a common mistake to ask, at a core allocation,
what coalition(s) are active. A core allocation is
defined by the fact that no coalition can defeat it.

e Theorem 2 In an exchange economy, every core
allocation s weakly Pareto Optimal.

Proof: If x is not weakly Pareto Optimal, then
there exists 2/,

Loy
2 Tp =W,y Ty Ty
1=1
Then S = {1,...,I} improves on x by 2/, so x is
not in the core.a
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e Theorem 3 (Strong First Welfare Theorem)
In an exchange economy, every Walrasian Equi-
librium lies in the core.

Proof: Suppose (p*,z*) is a Walrasian Equilib-
rium. If 2 is not in the core, there exists S C I,

S # () and x}(i € S) such that
/ . / .
S x= Y wi, Vi eS x> x;
ies™ ! ies Lo
Since x7 € D;(p¥),

S / S
p T >p W

SO
* / * /
p = z'eSp !
k

> > - W;
ieSp ‘

k
= © > Wy
p 1€8 ‘

but

2 ZIZ/L = > W
€S €S
contradiction. Therefore, ™ is in the core.
Theorem 4 Suppose we are given an exchange econ-
omy with L commodities, I agents, and preferences
=1, .., =1 satisfying weak monotonicity (if v >y,
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then x =; y) and the following free disposal condi-
tion:

rT>Y, Y2 =Tz
If x is in the core, then there exists p € A such that

1 1 2L
7 2@ —w)l = —rmadflle, - flwrllec} (1)
14 . 4L
7 2 |imfip-(y—2i) ry =i aid] < 7 max{fjwiflo, - lwrlle} - (2)
where ||:E||OO — max{|$1|7 SR |xL|}

e Fquation (1) says that trade occurs almost at the
price p, and that each x; is almost in the budget
set.

e Fquation (2) says that the price p almost supports
—; at x;.

o If we knew the left sides of Equations (1) and (2)
were zero, then

p-(zi—w;) =0 = z; € Bi(p)
Y =i Tp = Py =p-w;
so x is a Walrasian quasiequilibrium! Thus, every
core allocation satisfies a perturbation of the defini-
tion of Walrasian Equilibrium: agent ¢’s consump-

tion need not lie in his/her budget set, but it can’t
be far outside; anything strictly preferred neeed not
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be outside the budget set, but it can’t be far below
the budget frontier.

Outline of Proof. Follow the proot of the Second Wel-
fare Theorem.

«=juppose x is in the core. Define

i =y —wiry =23 U{0}
= ({y:y =iz} U{wi}) —w
B= B

1
The first term in the definition of B; corresponds
to members of a potential improving coalition; for
accounting purposes, we assign members outside the
coalition their endowments. Note that B; is not
convex, even if >; is a convex preference.

o Cla=h: It x is in the core, then

BNRY_ =y
Suppose z € BNRL_. Then
]
EIZ'EB- 2= 2 Z
(] 1 /Lzl

Let
S:{i:zi#()}
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Since z < 0, S # (. Fori € S, let

/ 2
:1:2 > wj + 2; »=; x; (definition of B;)
xi =i x; (free disposal)
> :1:,2 = X W+ X z,—z
IS IS IS
= X Wjt+tz—2
€S
= 2 Wi
1€S5

so S can improve on x by 2’, so x is not in the core.

o |.ct

v =—L( max_|lwilloc, ..., max [|willco)

geeey geees

Claim:

(con B) N (v + RE_) =
If z € con B, by the Shapley-Folkman Theorem,
and relabelling the agents, we may write

I
2= 2 Z

1=1
zi €con B (i1 =1,...,1),
2z € By (i &%+ {1,...,L})

Choose
. 0 ife=1,...,L

T zifi=L 1,
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Then Z@l:1 2; € B so

I
2. 2 K 0
1=1
If 2 < v, then
I L I
Yz = X0+ X z
1=1 1=1 1=L+1
< ¥ (w; + 2;) + 3
w; + 2 2
— =t Y =L
(since Z=E con B;, w; + z; € con (w; + B;)
CCODRL:R£>**
L I
= X w;+ X z
1=1 1=1
L
= L Wjt2z
1=1
L
< ¥ witv
1=
< 0
SO
BNRY_ 40

a contradiction which proves the claim.

e By Minkowski’s Theorem, there exists p # 0 such
that

SUp p - (v + RE_) <infp- (con B)
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It pp < 0 for some ¢, then
sup p - (Z + RE_) = +00
infp - (con B) < 0
contradiction, so p > 0 and we can normalize p € A.
infp- B > infp- (con B)
p-v
—Lmax {{lwi|[co, - - -+ [lwrloo}

| AVAR AV

e Adapt the remainder of the proof of the Second Wel-
fare Theorem (requires a few tricks).
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