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Section 8.1 Separated and Connected

e Lecture 4 Definition 4: A: the closure of A, the smallest closed set containing A (the intersec-
tion of all closed sets containing A)

e Lecture 7 Definition 1: Two sets A, B in a metric space are separated if ANB = ANB = .

e Lecture 7 Definition 1: A set in a metric space is connected if it cannot be written as the
union of two nonempty separated sets.

e Lecture 7 Theorem 2: A set S of real numbers is connected if and only if it is an interval.

e Lecture 7 Theorem 3: Let X be a metric space, f : X — Y continuous. If C' C X is connected,
then f(C) is connected.

Example 8.1.1 Let {S;},i € I, be a collection of connected subsets of a space X. Suppose there
exists an 79 € I such that for each i € I, the sets S; and S;, have non-empty intersection. Show
that U;c7S; is connected.

Solution:

Assume it is not true. Let U, V' benonempty separated setsin X with UUV = U;er S;, unv =
UNV = 0. We can show that for every i, UNS; = S;orUNS; = 0. To see this, note that

UNnV=0=UnS)N(VNS) CUNV = (. Similarly, (UNS;)N(V NS;) = 0. Since S;
is connected for every 4, we have S; NU = Por S; NU = S;. Similarly, for every i, we also have
VNS, =S;orVNS; = 0. Furthermore, since U, V # @, Im, n such that UN S,, = S, and
vnsS, =28, Since S,,NS;, #0 =UNS;, #0 =UNS;, =95;, and similarly we have
VNS;, =S;,. Hence we have U NV # (). Contradiction.

Example 8.1.2 Prove that if a metric space X contains a non-empty subset A (A # X) that is
both open and closed, then X is disconnected.

Solution:

We claim that A and A° are separated. Well, A closed implies that A = A, and A open implies
that A° is closed so that A¢ = A¢ as well. Then A A¢ = A A¢ = A Ac. Since X = AUA®, we
see that we’ve written X as the union of two non-empty separated sets, and so X is disconnected.

Example 8.1.3 Suppose that the sets C' and D are two non-empty separated subsets of X whose
union is X. Y is a connected subset of X. Prove that Y lies entirely within C or D.

Solution:

C and D are separated == CND ={) . Hence (CNY)N(DNY)=0and (CNY)U(DNY) =Y.
The same goes for CNY and DNY. For each of these pairs, both sets being non-empty contradicts
the fact that Y is connected. Therefore one of them is empty. Therefore Y lies entirely within C
or D.

Example 8.1.4 Show that if S is a connected subset of X, then so is its closure S.

Solution:

By contradiction. Suppose S is not connected, then 3 two nonempty disjoint sets A and B
st.ANB=ANB= ¢ and S = AU B. But since S is connected and S € § = S should be in
either A or B, as a result of the Example 8.1.3. Without loss of generality, suppose S C A. —
S C A. However, since ANB =¢ = SN B =¢. But we know S = AU B and B is nonempty,
so SN B # ¢. Contradiction.



Section 8.2 Correspondence

e Lecture 7 Definition 5: A correspondence ¥ : X — Y is a function from X to 2Y.

e Lecture 7 Definition 9: Let X C E,, Y C E,,. Suppose ¥ : X — Y is a correspondence.

VU is upper hemicontinuous (uhc) at zyp € X if, for every open set V' D ¥(xg), there is an open
set U with z¢ € U such that ¥(z) CV for every z € U N X.

¥ is lower hemicontinuous (lhc) at zg € X if, for every open set V such that ¥(xo) NV # 0,
there is an open set U with 2o € U such that U(z) NV # () for every x € U N X.

¥ is continuous at xo € X if it is both uhc and lhc at zg.
U is closed (has closed graph) if its graph {(z,y) : y € U(x)} is a closed subset of X x E™.

Example 8.2.1 Determine whether the following functions "jump upward" or "jump downward’?
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The top two are functions that "jump upward"
The bottom two are functions that "jump downward".

A function "jumps up" at the point zy means that the function value suddenly gets bigger when
the x approaches zy from some direction— "explodes" the limit.

In comparison, a function "jumps down" at the point zy means that the function value suddenly
gets smaller when the x approaches zy from some direction — "implodes" in the limit.

Example 8.2.2 Determine whether the following correspondences are uhc, lhe, or neither?
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The top two are uhc;

The middle two are lhc.

The bottom left is uhc

The bottom right is neither uhc nor lhe.

Section 8.3 Upper Hemicontinuous

e Definition 11 Suppose X C E,,,, Yh C E,. A correspondence ¥ : X — Y is called closed-valued
if U(z) is a closed subset of En for all x; ¥ is called compact-valued if ¥(z) is compact for all .

Theorem 10 Let X C E,,,, Y C E,, f: X — Y a function. Let ¥(z) = f(z) for all z € X. Then
U(z) is uhc if and only if f is continuous.

Theorem 12 (Not in de la Fuente) Let X C E,,, Y C F,,, and ¥ : X — Y is a correspndence. o

If ¥ is closed-valued and uhc, then ¥ has closed graph. If Y is compact and ¥ has closed graph,
then W is uhc.

Theorem 13 (11.2) Suppose X C E,,, Y C E,,. A compact-valued correspondence ¥ : X — Y is
uhc at zg € X if and only if, for every sequence x,, — g, {z, C X}, and every sequence {y,}
such that y,, € ¥(z,,), there is a convergent subsequence {yy,, } such that lim y,,, U(xo).

Example 8.3.1 Let X CE™ Y C E™. A correspondence ¥ : X — Y. Show that W ={z € X :
V 2D ¥(z)} is open in X for each open set V in Y if and only if ¥ is uhc.
Solution:

=: We have to find a valid U for every open set V' 2 W(zg). In this question, just take W as
U. Then for every open set V 2 ¥(xzg), we know that there exists a set W which satisfies three
properties: (1).W is open. (2) o € W 3)Vz e UNX = V D ¥(z). Hence ¥ is uhc.

<—:Vw € W = ¥(w) C V. Since ¥ is uhc, there is an open set U with w € U such that

V D U(z) for every x e UNX

And since U is open, we can find a small ball B, (w) such that Be(w) C U, and for every x € B.(w)
we have V 2 ¥(z) = x € W by the definition of W. Therefore, B.(w) C W thus W is open.

Example 8.3.2 Consider an economy with two goods, z and y. Fix the price of good y equal to
1, and fix the consumer’s income equal to I. Let p be the price of good z. Show that the budget

set of consumer B(p) = {x > 0,y > 0,pz +y < I} is an upper hemicontinuous correspondence for
p € (0,00).



Solution:

Use theorem 12 in Lecture 7 to finish the proof. To use theorem 12 we have to show that the
correspondence has closed graph and Y is compact. First we show that the correspondence has
closed graph: Let p, — p € (0,00), (Zn,yn) € B(pn), (Tn,yn) — (x,y). We need to show that
(z,y) € B(p). Note: (z,,yn) — (z,y) means x,, — z and y,, — y. We know that for every n,
Pnn + Yn < I, 80 pr +y = lim(p, 2y, + yn) < I. We also have = limz,, > 0 and y = limy,, > 0,
o (x,y) € B(p), therefore B has closed graph.

Now we show that Y is compact. Since uhc is a pointwise property, we consider an arbitrary
point p € (0,00), and find a,b € (0,00) such that p € (a,b). Then for all ¢ € [a,b], B(q) C
{x >0,z Sé, y > 0,y < I}, which is closed and bounded in R? hence compact. So, according to
Theorem 12 in Lecture 7, B is uhc at p



