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1 Introduction

The problem is the following. We would like to use a Her…ndahl-type measure to describe
the concentration of patents or cites across patent classes, patent holders, or some other set.
I will use patents as an example, but all the same arguments apply to citation counts. For
a set of N patents falling into J classes, with Nj patents in each class (Nj ¸ 0; j = 1; :::; J),
the sample Her…ndahl index (HHI ) is de…ned by the following expression:

HHI =
JX
j=1

µ
Nj
N

¶2
However, the population Her…ndahl is given by

´ =
JX
j=1

¸2j

where the ¸js are the multinomial probabilities that the N patents will be classi…ed in each
of the J classes. Under reasonable assumptions,

E

·
Nj
N

¸
= ¸j

Unfortunately, this does NOT imply that

E[HHI] = ´

because of nonlinearity. In fact, in general the measured HHI will be biased upward when
N is small, due to Jensen’s inequality and the properties of the count distribution.
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2 Computing the bias

Assume a multinomial distribution with paramters (¸j ; j = 1; :::; J) for the fNjg; then the
expectation for each N2

j is the following (Johnson and Kotz, Discrete Distributions):

E[N2
j ] = N¸j +N(N ¡ 1)¸2j

Conditional on the total number of patents N , this implies the following relation between
the estimated and true Her…ndahl measure:1

E[HHIjN ] = E

24 JX
j=1

µ
Nj
N

¶235 = JX
j=1

E[N2
j ]

N2
=

JX
j=1

N¸j +N(N ¡ 1)¸2j
N2

=
1

N
+
N ¡ 1
N

JX
j=1

¸2j

=
1

N
+
N ¡ 1
N

´

Note that as N " 1, E[HHIjN ]! ´, as we would expect. The bias in this estimator is

E[HHIjN ]¡ ´ = 1¡ ´
N

The bias declines at a rate N as the number of counts grows and as concentration increases.
Both results are intuitive.

Figures 1 and 2 show some sample simulations for J = 3 and J = 10.

3 Adjusting for the bias

Consider the following estimator for the Her…ndahl:

b́ = N ¢HHI ¡ 1
N ¡ 1 (1)

For a given N , and under the assumption that the underlying process is multinomial with
parameters ¸j; j = 1; :::; J; this estimator is an unbiased estimator of ´:

E[b́jN ] = N ¢E[HHIjN ]¡ 1
N ¡ 1 =

1 + (N ¡ 1)´ ¡ 1
N ¡ 1 = ´

1Conditioning on N is innocuous unless the process that generates the total number of draws (patents or
citations) is related to the particular set of mulitnomial parameters with which we are working. For example,
the procedure outlined here may not be valid if ”general” patents (patents whose cites are widely distributed
across patent classes) are also highly cited patents. I am grateful to Tom Rothenberg for a discussion of this
point.
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Bias of HHI Based on Patent Counts
3 Classes, lam2 = lam3 = (1-lam1)/2
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Figure 1: Bias in HHI - 3 Classes
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Bias of HHI Based on Patent Counts
10 Classes
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Figure 2: Bias of HHI - 10 classes
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4 Standard error estimates

Because these estimators are biased, it is also true that standard error estimates obtained in
the conventional way will be biased. Figure 3 shows a simulation, but it is also possible to
compute the exact relationship between the standard error estimated from biased measures
and that estimated for the unbiased measures. Assume we are working with data where each
observation on the Her…ndahl is based on N draws and there are M observations. Then
equation (1) tells us that

V ar(b́) = N2 ¢ V ar(HHI)
(N ¡ 1)2

The implication is that the standard error of the estimated mean of the Her…ndahl will
be biased downward by (N ¡ 1)=N . This is large if N is small and does not depend on the
estimated Her…ndahl. An unbiased estimator for the variance of the mean Her…ndahl over a
set of M observations is the following:

V ar(b́) = 1

M

MX
k=1

N2
k ¢ V ar(HHIk)
(Nk ¡ 1)2

where HHIk is the kth biased estimate of the Her…ndahl. Of course, if one uses the unbiased
estimator to form the mean, one does not need to perform this correction in addition.

5 The generality index

Many researcher use a measure computed as one minus the Her…ndahl rather than the
Her…ndahl itself. For example, Henderson, Ja¤e, and Trajtenberg (1998) de…ne generality as

Gi = 1¡
JX
j=1

µ
Nij
Ni

¶2
where Ni denotes the number of forward citations to a patent, and Nij is the number received
from patents in class j. Patents with a high value of Gi are cited across a broad range of
patent classes.

This measure is also a biased estimate of the true measure °i = 1¡ ´i:

E[GijNi] = 1¡E
24 JX
j=1

µ
Nij
Ni

¶2
Ni

35 = 1¡ 1 + (Ni ¡ 1)´i
Ni

=
Ni ¡ 1
Ni

°i

The bias is the following:

E[GijNi]¡ °i = ¡
°i
Ni
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Bias of Standard Error for HHI Based on Patent Counts
3 Classes, lam2 = 0.1*lam1
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Figure 3: Bias in the standard error estimates
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Again, the absolute size of the bias declines as the sample size increases and as generality
decreases. The generality index will be biased downward in general and this e¤ect is larger
for small N . Once again, one can form an unbiased estimator of °i:

b°i = Ni
Ni ¡ 1Gi

The same arguments as the previous apply to standard error estimates of the generality
index. The true standard errors will be N=(N¡1) larger than the estimated standard errors.
When the number of cites to a patent is small, generality will be underestimated and it will be
more likely that signi…cant di¤erences among generalities of di¤erent patents will be found.
But as I have indicated, correcting for the bias is straightforward.
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