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Abstract

Since the pioneering work by Daniel McFadden in the 1970s and 1980s (McFadden, 1973,
1981, 1982, 1984) discrete (multinomial) response models have become an indispensable tool
of empirical researchers. Various generalizations of the basic models have been developed
to allow for unobserved heterogeneity in taste parameters and unobserved heterogeneity in
product characteristics. In this paper we investigate how rich the specification of the utility
function needs to be in order to generate arbitrary patterns of choices in settings with many
individual decision makers and large choice sets. We find that in general one needs to have
at least one unobserved choice characteristic. If in addition one wishes the utility function
to be monotone in the unobserved choice characteristic one may need up to two unobserved
choice characteristics.

We propose a Bayesian estimation strategy motivated by these results, and we illus-
trate the method using scanner data about yoghurt purchases. The Bayesian approach is
particularly well suited to dealing with multiple unobserved product characteristics. We
find that the inclusion of two unobserved choice characteristics leads to more reasonable
estimates of elasticities. In addition, the model suggests that there is less individual unob-
served heterogeneity in price sensitivity than would be implied by the (nested) model with
one unobserved product characteristic.
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1 Introduction

Since the pioneering work by Daniel McFadden in the 1970s and 1980s (McFadden, 1973,
1981, 1982, 1984; Hausman and McFadden, 1984) discrete (multinomial) response models have
become an indispensable tool of empirical researchers. They remain one of the leading examples
of the benefits of a tight integration of economic theory and econometrics. McFadden’s early
worked focused the application of logit-based choice models to transportation choices. Since
then these models have been applied in many areas of economics, including labor economics,
public finance, development, finance, and others. Omne of the currently most active area of
applications of these methods is to demand analysis for differentiated products in industrial
organization.

The application of McFadden’s methods to industrial organization has inspired numerous
extensions and generalizations. As pointed out by McFadden, multinomial (conditional) logit
models have the Independence of Irrelevant Alternatives (ITA) property, so that, for example,
an increase in the price for one good implies a redistribution of part of the demand for that
good to the other goods in proportions equal to their original market shares. This is equivalent
to placing strong restrictions on the substitution patterns (cross-price elasticities) of products:
elasticities are proportional to market shares. McFadden proposed various extensions to the
standard model in order to relax the IIA property and generate more realistic substitution pat-
terns, including “nested logit” models and “mixed logit” models. The subsequent literature has
explored extensions to and implementations of these ideas. The “nested logit” model allows for
layers of choices, grouped into a tree structure, where within a “nest” the IIA property holds,
but it need not hold across nests (McFadden, 1982; Goldberg, 1995; Bresnahan, Trajtenberg,
and Stern 1997). The random coefficients or mixed logit approach was generalized in an influ-
ential paper by Berry, Levinsohn and Pakes (1995, 2004) (BLP from hereon) and applied to
settings with a large number of choices. BLP developed methods for estimating models with
random coefficients on product attributes (mixed logit models) as well as unobserved choice
characteristics in settings with aggregate data. Exploiting the logistic nature of the model,
Berry (1994) proposed a method to relate market shares to the unobserved choice character-
istic. BLP introduced computational tools, building on the simulation methods proposed by
McFadden (1989) and Pakes and Pollard (1989), to make these models tractable and showed
that they are sufficiently flexible to generate realistic substitution patterns. Their methods
have found widespread application.

Many of these models differ in their ability to generate realistic predictions of the benefits
of introducing a new good. In conditional logit models any new good will generate independent
individual-choice specific draws from a logit distribution, and thus each new good is guaranteed
a market share that is bounded away from zero irrespective of its characteristics, which is often
an unattractive feature. In addition, in models without unobserved choice characteristics new
products would would always get market shares close to those for products with similar observed
characteristics. These problems have been widely recognized in the literature.

More recently some researchers have returned to hedonic models both with and without
individual-choice specific error terms (Bajari and Benkard, 2004; Berry and Pakes, 2001). In
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such models the utility is modeled as a parametric function of a finite number of choice charac-
teristics and a finite number of individual characteristics. These models have some attractive
properties, especially in settings with many choices, because the number of parameters does
not increase with the number of choices. Unlike the nested and random coefficient logit models,
they do not imply that all choices will end up with positive market shares. On the other hand,
simple forms of those models rule out particular choices for individuals with specific charac-
teristics, making them very sensitive to misspecification. To make these models more flexible
researchers have typically allowed for unobserved choice and individual characteristics. To
maintain computational feasibility the number of unobserved choice characteristics is typically
limited to one.

This paper explores a version of the multinomial choice model that has received less at-
tention in the literature. We consider a random coefficients model of individual utility that
includes observed individual and product characteristics, as well as multiple unobserved prod-
uct characteristics and unobserved individual preferences for both observed and unobserved
product characteristics. The idea of specifying such a model goes back at least to McFadden
(1981), but only a few papers have followed this approach. The existing papers (e.g. Elrod and
Keane, 1995, Harris and Keane, 1999; Keane, 1997, 2004; Goettler and Shachar, 2001) focus
on the extent to which panel data allows identification of a large number of model-specific pa-
rameters. In contrast, we discuss identification in both cross-sectional and panel data settings.
As we discuss in more detail below, we also suggest Bayesian estimation methods rather than
the likelihood-based classical approaches used in the existing literature.

Our discussion of identification focuses on several issues. Following McFadden (1981) we
restriction our attention to models justified by utility maximizing behavior. We focus on the
degree of flexibility required for the utility function, as a function of individual and choice
characteristics, in order to rationalize any possible pattern of market shares. We begin by
discussing settings and data configurations where one can establish the dependence of the
utility function on multiple unobserved choice characteristics rather than a single unobserved
product characteristic, as used in most of the prior literature. We also discuss the extent to
which models with no unobserved individual characteristics can rationalize observed data.

We also discuss computational issues. Some of the methods that have been developed
previously for models with a single unobserved choice characteristic do not readily generalize to
the case with multiple unobserved characteristics. We will show that our proposed model can
be tractable even in settings with cross-section data using a Bayesian approach. Such methods
have been used previously in multinomial choice settings by Rossi, McCullach and Allenby
(1996), McCulloch, Polson and Rossi (2000), McCulloch and Rossi (1994), Allenby, Chen, and
Yang (2003), Rossi et al (2005), Bajari and Benkard (2003), Chib and Greenberg (1998), Geweke
and Keane (2002), Jackman (2001), Romeo (2003), Osborne (2005) and others. These authors
have argued that Bayesian methods are very convenient for latent index discrete choice models
with large numbers of choices, using modern computational methods for Bayesian inference,
in particular data augmentation and Markov- Chain-Monte-Carlo (MCMC) methods (Tanner
and Wong, 1987; Chib, 2003; Geweke, 1997; Gelman, Carlin, Stern and Rubin, 2004). See
Train (2003) for a comparison with frequentist simulation methods. These arguments readily
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extend to settings with multiple unobserved components. Because we model the unobserved
components, including the unobserved choice characteristics as well as the unobserved individual
taste parameters, as normal random variables, MCMC are effective methods for obtaining draws
from the posterior distribution of interest, even in cases with a substantial number of choices
and with multiple unobserved choice characteristics.

We explore the implications of these models in an application to demand for yogurt. We
first consider a model with no unobserved choice characteristics and no unobserved individual
characteristics, and assess the implied price elasticities. Next, we generalize the model to allow
for unobserved individual heterogeneity. In the third model we also allow for a single unobserved
choice characteristic. Finally we allow for two unobserved choice characteristics and compare
the elasticities to those for the earlier three models.

2 The Model

In this section, we describe the baseline model we consider. There are M markets (which might
represent intertemporal or cross-sectional variation). In market m there are N, consumers,
each choosing one product from a set of J.! In market m product j has two sets of characteris-
tics, one observed, denoted by Xj;,, and one unobserved, denoted by &;. The observed product
characteristics may vary by market, though they need not do so. The vector of unobserved
product characteristics does not vary by market. We make the assumption that unobserved
product characteristics do not vary by market a defining characteristic of multiple markets
with the same goods (conditional on observables): if products vary across markets in unobserv-
able ways, there is little value to having observations from multiple markets absent additional
assumptions about the way in which these unobservables vary across markets.?

The vector of observed product characteristics X}, is of dimension K, and the vector of
unobserved product characteristics &; is of dimension P. An individual has a vector of observed
characteristics Z; (which for notational convenience includes a constant term) of dimension L,
and a vector of unobserved characteristics v; of dimension K + P.3 The utility associated with
choice j for individual ¢ in market m is Ujjp,. Individuals choose product j if the associated
utility is higher than that associated with any of the alternatives.? Hence the probability that

In the implementation we allow for the possibility that in some markets only a subset of the products is
available. In order to keep the notation simple we do not make that explicit in the discussion in this section.
Similarly, we allow for multiple purchases by the same individual, although the notation does not make this
explicit.

2Some authors (e.g. Petrin and Train, 2005) have argued that since in equilibrium, prices respond to un-
observable product characteristics prices are informative about these characteristics. Their approach relies on
equilibrium pricing assumptions, which are clearly more appropriate in some settings than in others (e.g. regu-
lated markets). We do not pursue that approach here.

3We assume that the dimension of the unobserved individual component is equal to the sum of the number
of observed and unobserved choice characteristics, allowing each choice characteristic to have its own individual
effect on utility. Although we do establish the importance of allowing for unobserved individual heterogeneity,
we do not explore the extent of this need. It may not be necessary to allow the dimension of the unobserved
individual heterogeneity to be as large as K + P.

4We ignore the possibility of ties in the latent utilities. In the specific models we consider such ties would
occur with probability zero.



an individual in market m with characteristics z chooses product j is
8jim(2) = Pr(Uijm > Uigm, for all k # j| Xim, ..., Xym, Z; = 2). (2.1)

Because the number of individuals in each market is assumed to be large and because the
individuals are exchangeable this is also equal to the market share for product j in market m
among the subpopulation with characteristics z.

We consider the following model for Ujj,:

Uijm = 9(Xjm» &5, Zi, Vi) + €ijm,

where the additional component €;;,, is assumed to be independent of (Xjp,,&;, Z;,v;). This
“idiosyncratic error term” is interpreted as incorporating individual-specific preferences for a
product that are unrelated to all other product features.

3 Some Identification Results

We have introduced a very specific parametric model in Section 2. In this section we consider
identification of this model, considering at times more or less general versions of the model. Our
model decomposes individual-product unobservables into individual observed and unobserved
preferences for observed and unobserved product characteristics (random coefficients) where
individual- and product-level unobservables interact. An initial question concerns how different
types of variation that might be present in a dataset potentially shed light on the importance
of various elements of the model. In particular, we ask whether the data can in principle reject
restricted versions of the model, such as a model with a single unobserved product characteristic,
or a model with homogeneous individuals conditional on observables.

Identification questions refer to the ability to recover estimands of interest (uniquely, or up
to a set, e.g., Manski, 2003) from data sets that are large in some dimension. Typically iden-
tification is studied in settings where we have independent draws from a common distribution
and the limit is based on the number of draws going to infinity. In the current setting, there are
a number of dimensions where the data set might become large. Specifically, we will consider
settings with a large number of individuals facing the same choice set (N,, large for small M),
where each choice corresponds to a vector of characteristics. We will also consider settings
where the number of choices or products itself is large (large .J), so that for each product there
is a nearby product (in terms of observed product characteristics). Such settings have been
the motivation for BLP and literature that follows them (e.g., Nevo, 2000, 2001; Petrin, 2003;
Ackerberg and Rysman, 2002; Bajari and Benkard, 2003). Finally, we will consider a large
number of markets (large M), where some observed choice characteristics may vary between
markets (but all unobserved choice characteristics are constant within markets).

We shall see that a data set with a large number of choices can be used to distinguish
between the absence or presence of unobserved choice characteristics, and that a data set with
a large number of markets and sufficient variation in observed product characteristics can be
used to establish the presence of unobserved individual heterogeneity.
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3.1 Identification in a Single Market

In this section, we set M = 1 and suppress the subscript indicating the market in our notation.
First consider the case with a finite number of choices J and a large number of individuals. We
can summarize what we can learn from the data in terms of the conditional probability of choice
7 given individual characteristics Z; = z. Denote this probability, equal to the market share
because we have a large number of individuals in each market, by s;(z). Initially consider a
simple setting with no unobserved individual and no unobserved choice characteristics. Let the
utility associated with choice j for individual i be U;; = ¢g(X}, Z;), without functional form as-
sumptions. Consider the subpopulation with characteristics Z; = z. Within this subpopulation
all individuals face the same decision problem,
sl 1

Since we have no randomness in this simplified model, the market shares s;(z) implied by
this model are degenerate: if individual ¢ with characteristics Z; = z prefers product j, then
9(Xj,2) > g(Xy, 2) for all k # j, so that any other individual ' with Zy = z would make
the same choice. Hence, under this model we would expect to see a degenerate distribution of
choices conditional on the individual characteristics. Specifically, all individuals would choose
J, where j = argmax;—; __jg(Xj/,z2), so that for this j we have s;(z) = 1, and for all other
choices k # j we would see si(z) = 0. Hence, as soon as we see two individual with the same
observed individual characteristics making different chocies, we can reject such a model with
certainty. Now suppose that in addition to the observed choice and individual characteristics
there is an additive idiosyncratic error term e;;, independent across choices and individuals.
The utility associated with individual i and choice j is then ¢(X;, Z;) + €;;. In that case we
would see a distribution of choices even within a subpopulation homogenous in terms of the
observed individual characteristics, and we would see s;(z) > 0 for all j = 1,...,J given large
enough support for ¢;;. For purposes of exposition, suppose that the ¢;; have an extreme value
distribution (although for computational reason we will consider normally distributed €;; when
implementing the model from Section 5.1). Then the probabilities s;(z) have a logit form:

o exp(g(xj,z))
Sj( ) = 7 :
Zkzl exp(g(zk, 2))
This in turn implies that the log of the ratio of the probability of choice j versus choice k has
the form

In <Sﬂ'(z)> — 9(X;2) — 9(X, 2).

sk(z)

We can normalize the functions g(z, z) by setting g(Xi,2) = 0. For a finite number of choices,
all with unique characteristics, we can always find a continuous function g(z, z) that satisfies this
restriction for all pairs (7, k). Hence in this setting we cannot reject the semi-parametric version
of the conditional logit model, nor its implication of independence of irrelevant alternatives.
One reason we cannot reject the simple model is that we do not see individuals choosing
among products that appear similar. In other words, there may be no choices with similar
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observable characteristics. In order to investigate identification issues further it is useful to
consider a setting with a large number of choices where it would be guaranteed that some
choices are similar in observable characteristics. Following Berry, Linton and Pakes (2003) we
assume that for all choices j and for all individual characteristics z the choice probabilities,
normalized by the number of choices, are bounded away from zero and one, so that we have
0 < c<J-si(z) << 1. Identification questions will refer to settings where we observe J-s;(z)
for a large number of choices and all z € Z. With the choice characteristics in a compact subset
of RE it follows that eventually we will see choices with very similar observed characteristics.
Now suppose we have two choices j and k£ with X; very close to X},. In that case, under some
Lipschitz condition on the utility function, we would expect to see the same choice probability
within a given subpopulation, or s;(z) ~ s(2). If in fact we find that the choice probabilities
differ substantially, the model is misspecified. One possible source of misspecification is an
unobserved choice characteristic. Note that the finding s;(z) # si(z) cannot be explained
by (unobserved) heterogeneity in individual preferences: if the two products are identical in
all characteristics, their market shares within the same market should be identical (given the
additional independent error ¢;;).

Now let us consider whether, and under what conditions, it is sufficient to have a single
unobserved product characteristic. Much of the existing literature (e.g. BLP) assumes that
the utility function is strictly monotone in the unobserved choice characteristics for each indi-
vidual, and that there is a single unobserved product characteristic. We now argue that this
combination of assumptions can be rejected by the data. Without loss of generality assume
that g(z,z,£) is nondecreasing in £. Consider two choices j and k with the same values for
the observed choice characteristics X; = Xj. Suppose that for a given subpopulation with
observed characteristics Z; = z we find that s;(z) > si(z). We can infer that the unobserved
choice characteristic for product j is larger than that for product k: &§; > &,. Now suppose we
have a second subpopulation with different individual characteristics Z; = 2z’. The assumption
of monotonicity of the utility function in £ implies that the same ordering of the choice proba-
bilities must hold for this second subpopulation: s;(2’) > si(z). If we find that s;(z") < sk(2),
the original model must be misspecified.

One possible source of misspecification is the presence of multiple unobserved choice char-
acteristics. Suppose there are two unobserved choice characteristics ;1 and ;2. In that case
it could be that individuals with Z; = z put more weight in the utility function on the first
characteristic £.1, and as a result prefer product j to product k because ;1 > &1, and individ-
uals with Z; = 2’ put more weight on the second characteristic €5 and prefer product k& to j
because §jo < {x2. This argument shows that in settings with a single market and no variation
in product characteristics, the presence of multiple choices with similar observed choice char-
acteristics can imply the presence of at least two choice characteristics under monotonicity of
the utility function in the unobserved choice characteristic. Again, the presence of unobserved
individual heterogeneity cannot explain the pattern of the probabilities described above. An
alternative source of misspecification has been considered in an interesting study of the demand
for television shows by Goetler and Shachar (2001). They allow for the presence of multiple
unobserved characteristics that enter the utility function in a non-monotone manner (in their
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application consumers have a bliss point in each unobserved choice characteristics, and utility
is quadratic; each consumer’s bliss point is unrestricted). Models with multiple unobserved
product characteristics have been considered in an interesting series of papers by Keane and
coauthors (Elrod and Keane, 1995; Harris and Keane, 1997; Keane, 1997, 2004), and in work by
Poole and Rosenthal (1985). Keane and coauthors use simulation methods to obtain maximum
likelihood estimates typically with panel data. They find that cross section data are generally
insufficient to obtain precise estimates of the unobserved choice characteristics, and report that
the likelihood functions generally have multiple modes. We will use Bayesian methods to avoid
some of these problems.

Here, we argue that with a flexible model and a countable number of products, a single
dimension of unobserved product characteristics can rationalize the data. However, it is nec-
essary that utility be nonmonotone in this unobservable. With a restriction to utility that is
monotone in the unobservable, it is not sufficient to have a single unobserved product charac-
teristic. However, one can say more. In the example it was possible to rationalize the data with
two unobserved choice characteristics that enter the utility function monotonically. We show
that this is true in general. The following theorem formalizes this. The setting is one with a
countable number of products with identical observed product characteristics, and a compact
set of observed individual characteristics. There are many individuals, so the market shares
s;j(z) are known for all z € Z and for all j =1,...,J. We show that irrespective of the number
of products J we can rationalize the pattern of market shares with a utility function that is
increasing in two unobserved product characteristics.

Theorem 3.1 Suppose there is for each subpopulation indexed by characteristics z € Z a tri-
angular array of market shares sjj(z), j = 1,...,J, for J products with identical product
characteristics, for J = 1,...,00, such that for all J, Z}]:o sjj(z) = 1. We can rationalize
these market shares with a utility function

Uij = 9(Z;, &) + €ij,

where €;; is independent of & and Z; with an extreme wvalue distribution, and with g(z,§)
continuous in &. Moreover we can also rationalize these market shares with a utility function

Uij = h(Z;, &5, 25) + €ij

where €;5 is independent of £15, a5 and Z; with an extreme value distribution, and with h(z, &1, &)
continuous and monotone in & and Eo.

Proof: The proof is constructive. Under the assumptions in the theorem we can infer the
market shares s;(z) for all choices and all values of z. The form of the utility function implies
that the market shares have the form

8'(Z) _ eXp(g(Z7£j)) ‘
T exp(g(z, &)

Define rj(z) = In(s;(2)/s1(z)) (so that 71(z) = 0). The proof of the first part of the theorem
amounts to constructing a function g(z,§) and a sequence &, ..., ¢ such that r;(2) = g(z,&;)
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for all z and j. First, let
& =1-27forj=1,...,J. (3.2)

Next, for £ € [0, 1]

7i(2) if&=1-275=1,...,J
(2.6) 0 if 0 <¢<27t (33)
2’7 = _ _ —1 . _ (s .
g rj(2) + 55520 (1 (2) — 75(2)) if1-270 <&<1—2°0tY
ry(2) if 1-277 <¢<1.

This function g(z,£) is continuous in £ on [0, 1] for all z, and piece-wise linear with knots at
1—27J,

To construct the function h(z,&;,&2) we use the fact that a continuous function k(§) of
bounded variation on a compact set can be written as the sum of a nondecreasing continuous
function k1 (§) and a nonincreasing function ko(§). We apply this to the function g(z,§) in (3.3)
for each value of z so that ¢g(z,§) = hi1(z,§) + ha(z,€) with hy(z,§) nondecreasing and ha(z, &)
nonincreasing, and both continuous. Then define

h(z,&1,62) = hi(2,&1) + ha(2,1 = &), (3.4)

which is by construction nondecreasing and continuous in both §; and §. Then choose §1; = &;
and &5 = 1 —&;, where ; is as defined in equation (3.2), and the function satisfies

h(z7£1j7£2j) = h(zvgjv 1- gj) = hl(zvéj) + h2(z7£j) = g(zvgj) = ’f’j(Z). (35)

O

In both cases, utility will potentially be highly nonlinear in the unobservable, and so with
a restriction to linear and monotone effects of the unobservables, a particular functional form
might fit better with multiple dimensions of unobservables, to capture nonlinearities in the true
model.

The restriction in the theorem that all products have the same observed characteristics is
imposed only to simplify the notation. We can allow for a finite set of different values for the
observed product characteristics. More generally, we interpet this theorem as demonstrating
that unless one allows for utility functions that are highly nonlinear with derivatives large in
absolute value, one will need two unobserved product characteristics (or one if one allows for
non-monotonicity in this unobserved product characteristic), in order to rationalize arbitrary
patterns of market shares.

To see how the construction from Theorem 3.1 would be implemented in practice, consider
an application to yogurt data. The details of the data (individual-level scanner data from A.C.
Nielsen) and the application are described in more detail below. Here, we ignore differences
in product characteristics of yogurt (most notably price) and simply estimate market share of
each of eight brands as a function of consumer income. Thus, in the notation of Theorem 3.1,
the market share of each yogurt brand as a function of income is s;(z). The top panel of Figure
1 illustrates the utility function g(Z;,&;) (relative to the most popular brand, Dannon) that
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rationalizes the observed market share functions following the construction from the theorem.
The non-monotonicity of the utility function is apparent. The bottom two panels illustrate the
function h(Z;,&15,&25) from Theorem 3.1, where h is monotone in both unobservables. The
function is evaluated at two different values of income, highlighting the fact that high-income
consumers appear to be less sensitive to the first unobserved product characteristic, which is
roughly related to low price.

3.2 Multiple Markets

In this section we consider the evidence for the presence of unobserved heterogeneity at the
individual level. To some extent allowing for such heterogeneity substitutes for heterogeneity
in unobserved choice characteristics. It was argued before that in the case with no unobserved
choice or individual characteristics one would expect to see the choice probabilities be equal
to zero or one. Introducing unobserved individual characteristics will generate a distribution
of choices in that case. More importantly, however, is that unobserved choice characteristics
generate substitution patterns that are more realistic. Consider again a situation with a large
number of individuals, a finite number of choices J, with no unobserved choice or individual
characteristics, and an additive error term, U;; = g(Xj, Z;) + €;;, where €;; has an extreme
value distribution, and €;; is independent of €, unless (,j) = (I,k). We have already argued
that such a model fits the data arbitrary well. However, suppose that we have data from
multiple markets. Markets may be separately geographically or over time. These markets have
different populations, and thus potentially different distributions of individual characteristics.
We assume that the choice set is the same in all markets, but the observed choice characteristics
of the products may differ between markets. Key examples of such choice characteristics that
vary by market include prices and marketing variables in demand applications.

In order to discuss this setting we need to return to the general notation of Section 2. Let
m =1,..., M index the markets. In market m there are N,, individuals. They choose between
J products, where product j has observed characteristics Xj,, and unobserved characteristics
&;j. The utility for individual 4 in market m associated with product j is

Uiim = 9(Xjm» &5, Zi, Vi) + €ijm,

fori=1,...,Ny,j=1,...,J,and m = 1,..., M. The idiosyncratic error €;;,, is independent
of €y unless (4,7, m) = (', j',m’), and has an extreme value distribution.
First consider a model with no unobserved individual characteristics, so that

Uijm = 9(Xjm, &, Zi) + €ijm.

Recall that the unobserved choice characteristics do not vary by market. Consider a subpopu-
lation of individuals with observed characteristics Z; = z. Consider two markets m and m/, and
three choices, where for two of the choices, j and k, the characteristics do not differ between
markets, and for the third choice, [, the observed characteristics do differ between markets, so
that X, = Xjm, Xem = Ximy, and X, # Xjpy. In this case the market share of choice j in
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markets m and m' is

exp(9(Xjm,&j,2))
eXp(g(ijv 6]7 Z)) + eXp(g(ka7 6/67 Z)) + eXp(g(le7 Elv Z)) ,

Sjm(2) =

and

_ eXp(g(ij’7£j7z))
eXp(g(ij’7 6]7 Z)) + eXp(g(ka’7 gkv Z)) + exp(g(le/, gl) Z)) .

Sjm’(z)

The ratio of the market shares for choices j and k in the two markets are

sm(2) _ ep((Xm &.2) L swe() _ ep(g(Xm2)
Skm(Z) exp(g(ka7§k7z)), Skm/(Z) exp(g(kar,fk,z))
These relative market shares are identical in both markets because Xj;,, = X}, and Xy, =

Xim, and the unobserved choice characteristics do not vary by market by assumption. Thus the
independence of irrelevant alternatives property of the conditional logit model implies in this
case that the ratio of market shares for choices k and j should be the same in the two markets.’
If the two ratios differ, obviously one possibility is that the unobserved choice characteristics for
these choices differ between markets. Ruling this out by assumption, another possibility is that
there are unobserved individual characteristics that imply that individuals who are homogenous
in terms of observed characteristics do in fact have differential preferences for these choices.

One direction one can take the unobserved individual heterogeneity is by relaxing the inde-
pendence between the ¢;;,, for different products in the same market for the same individual.
With sufficient variation in the observed choice characteristics one can identify the full covari-
ance structure for the differenced residuals €;.,,, — €;1,, after normalizing one of the variances to
unity. In the probit setting, this corresponds to the full multinomial probit model analyzed in
McCulloch, Polson and Rossi (2000).

Here we focus on a different approach, one that has some advantages in terms of inter-
pretability of unobservables (which in turn can lead to more natural counterfactual predictions
about new products, as discussed further below). Rather than generalizing the structure of the
idiosyncratic error term ¢;; we are interested in generating structure on the covariance matrix
of the unobserved component by allowing for individual-specific choice-invariant unobserved
components. These components are interpreted as individual preferences for product charac-
teristics, such as a taste for quality. As before, let us denote such components by v;. For the
time being we assume the individual unobserved component is independent of observed choice
characteristics. Now we allow the utility to be

Uijm = U(Xjm, Zi, Vi) + €ijms

still with the ¢;;,, independent across all dimensions.
Note that this model does not allow for an arbitrary correlation structure for the unob-
servable components of utility. By adding unobserved choice characteristics, each with its own

5Although other functional forms for the distribution of ¢;; do not impose the independence of irrelevant
alternatives property, as long as independence of €;; is maintained, other functional forms also impose testable
restrictions on how market shares vary when product characteristics change.
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individual unobserved taste differences, one can make the correlation structure richer. As Mc-
Fadden (1981) discusses, if one introduces J choice characteristics, each corresponding to an
indicator that is turned on for a single choice, and with individual heterogeneity in tastes for each
of these characteristics, one can obtain an unrestricted covariance matrix for the unobserved
components. We do not follow this route, and the precise extent of individual heterogeneity
required to rationalize a given dataset remains an open question.

4 Predicting the Market Share of New Products

Suppose we wish to predict the market share of a new product, call it choice 0. In order
to make such a prediction, the analyst must provide some information about the product’s
observed and unobserved characteristics. One possibility is to consider products that lie is
some specified quantile of the distribution of characteristics in the population. For example,
one could consider a product with the median values of observed and unobserved characteristics.
However, that may or may not be an interesting hypothetical product to consider, since products
in the population may tend to be outliers in some dimensions and not others.

A second alternative approach might be to make some assumptions about the costs of entry
and production at various points in the product space, and to calculate the optimal position for a
new product. Although an assumption of equilibrium pricing on the part of firms might enable
inferences about marginal costs of production for different products, additional assumptions
would be required to estimate entry costs at different points.

If there are many products, a third approach would be to model the joint distribution of
observed and unobserved product characteristics in the population, and take draws from that
joint distribution, thus generating a distribution of predicted market shares. Our estimation
routine generates different conditional distributions of unobserved characteristics for each prod-
uct, and to construct this joint distribution, it would be necessary to combine these estimates
with an estimate of the marginal distribution of observed characteristics. Some extrapolation
would be required to infer this distribution at values of observed characteristics that are not
observed in the population.

Finally, as a fourth approach, in some cases it might be interesting to consider entry of
a product with prespecified observed characteristics but unknown unobserved characteristics.
For example, a foreign entrant might be planning to introduce an existing product with ob-
servable attributes into the markets under study. In that case, the analyst must make some
decisions about how to model the unobserved characteristics for this product. One possibility is
to use the marginal distribution of unobserved product characteristics in the population. This
is the method we use in our empirical application. However, this approach has some important
limitations. Most importantly, it does not account for the fact that unobserved characteristics
may vary systematically with observed characteristics: for example, prices may vary with un-
observed quality. As described in the third approach, it is possible to generate an estimate of
the distribution of unobserved characteristics conditional on a particular set of observables, but
it requires some extrapolation; since our application has only eight brands, we do not pursue
it here.
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Following the third or fourth approaches, one immediate implication of the presence of
unobserved choice characteristics is that we are not be able to predict the market share exactly.
Instead, a given set of observable characteristics of a new product would be consistent with a
range of market shares. We view this as a realistic feature of the model. Of course, the analyst
is free to put more structure on the prediction of the unobservable characteristics, along the
lines suggested in the second approach.

5 A Bayesian Approach to Estimation

This section presents a proposed approach for estimating a model with multiple unobserved
choice characteristics. We begin by presenting a parametric model, and then we describe a
Bayesian approach to estimation.

5.1 The Parameterized Model

Recall the general model for Ujjp,:
Uljm = g(ij7 6]7 Zia Vi) + €ijm,

where the additional component €;;,, is assumed to be independent of (X, &;, Z;,v;). Rather
than assume that each €;;,, has an extreme value distribution, as we did in some of the discussion
above, for the purposes of estimation we assume that it has a standard (mean zero, unit
variance) normal distribution, independent of (X;n,,&;, Z;,v4), as well as independent across
choices, markets and individuals. We parametrize the systematic part of the utility associated
with choice j as

9 Xjm» &5 Zis vi) = XjmBi + v
where the individual specific coefficients 0; satisfy:

0; = ( bi ) = AZ; + v

Yi
In this representation (; is a K-dimensional column vector, ; is an P-dimensional column
vector, A is a (K + P) x L-dimensional matrix, and v; and 6; are (K + P)-dimensional column
vectors.
The unobserved components of the individual characteristics are assumed to have a normal

distribution:

Vi|Xma Zj ~ N(Ov Q),

where X, is the J x K matrix with jth row equal to X}, and Q is a (K + P) x (K + P)-
dimensional matrix.

Now we can write Ujjp, as:

!
Uijm = < ngm ) (AZZ +Vi) +€ijm

= XjnQoZi + §AuZ; + X Voi + EiVui + €ijm,
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where A = (A A!)), and v; = (v, v;)', where the subscripts o and u refer to the observed
and unobserved nature of the choice characteristics.
Let us consider the vector of latent utilities for all J choices for individual ¢ in market m:
Uilm
Uiom
Uim = : =(Xm &)AZi+( Xp &)Vi+ €im, (5.6)
UiJm

where £ is the J x P matrix with jth row equal to 53-. Conditional on X,,, Z;, and £ the joint
distribution of the J-vector U.,, is

U,-.myxm,zi,gw\f(( Xp €)AZy (X €)Q( Xy 5)/+IJ).

observed individual characteristics and observed characteristics with

This model imposes considerable structure on the correlation between the latent utilities,
with the covariance matrix and the mean parameters intricately linked, but at the same time
does allow for complex patterns in this correlation structure.

5.2 Posterior Calculations

In order to estimate the parameters of interest and do inference we use a Bayesian approach.
We specify prior distributions for the parameters A, 2, and £ and use MCMC methods for
obtaining draws from the posterior distribution of these parameters and functions thereof. The
structure of the model is particularly well suited to such an approach. There are large numbers
of parameters that can be treated as unobserved random variables and imputed in the MCMC
algorithm. In addition, the likelihood function is likely to have multiple modes, implying that
quadratic approximations to its shape are likely to be poor, resulting in poor properties of large
sample confidence intervals for the underlying parameters. It should be noted though that
these multiple modes need not make the normal approximation to the posterior distribution
of the effects of policies of interest (e.g., price changes, or the market share of a new product)
inaccurate. For example, one problem with frequentist inference in the current setting with at
least two unobserved product characteristics is that these are never separately identified. This
does not matter for most purposes because many estimands of interest would be invariant to the
re-labelling of the unobserved product characteristics. However, if an asymptotic approximation
is based on a quadratic approximation to the likelihood function in all its arguments, followed
by the delta method, the results could be sensitive to such multiple modes. More generally,
the numerical problems in locating the maximum or maxima of the likelihood function can be
severe.

The implementation of the MCMC algorithm borrows heavily from Rossi, McCulloch and
Allenby (1996), RMA hereafter, as well as more indirectly from work by Chib and Greenberg
(1998) on Gibbs sampling in latent index models. For a general discussion of Markov- Chain-
Monte-Carlo (MCMC) methods see Tanner (1993), Gelman, Carlin, Stern and Rubin (2004),
and Geweke (1997). Here we briefly discuss the general approach we take in this paper. The
appendix contains more details on the specific implementation.
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The specific model we estimate is given in (5.6). Let Y;; denote the choice, Y;; € {1,...,J}.
We observe T; choices for individual 7, each in a different market. For each of these choices we
observe the product choosen, the product characteristics of the all the products in that market,
Xjm, and the individual characteristics Z;;. We assume that conditional on v;, &;, Z;, and
Xjm the idiosyncratic error term ¢;;; is normally distributed with mean zero and unit variance.
Conditional on &;, Z;¢, and X}, the unobserved individual component v; is normally distributed
with mean zero and covariance matrix 2.

We construct a Markov-Chain-Monte-Carlo sequence that imputes the unobserved latent
utilities U; ;;, the individual specific parameters 3; and +;, and the unobserved product charac-
teristics £;, and delivers draws from the posterior distribution of the common parameters A, €
. We divide the unobserved random variables (including the parameters) into five groups. The
first consists of the latent utilities Uy for all individuals and all choices. The second consists
of the individual taste parameters 6; = ((3;,;) for all individuals. The third group consists of
the (matrix-valued) common taste parameter A. The fourth group consists of the unobserved
choice characteristics ;. The final group consists of the covariance matrix of the individual
taste parameters €.

In order to calculate the posterior distribution we need to specify prior distributions for
common parameters €, A, and for the unobserved choice characteristics £;. We use proper prior
distributions for each parameter. The prior distribution on each element of A is normal with
mean zero and variance 1/4. The elements of A are assumed to be independent a priori. The
prior distribution on 2 is Wishart with parameters 100 and 0.01 times the M 4+ P dimensional
identity matrix. The prior distribution on ¢; is normal with mean zero and unit variance, with
§; a priori independent of &, (although we do not restrict the posterior to be independent).
An alternative would be to use a hierarchical prior distribution for the unobserved product
characteristics.

6 Application

6.1 Data

To illustrate the methods developed in this paper we analyze the demand for yogurt using
scanner data from a market research firm (A.C. Nielsen) collected from 1985 through 1988.
See Ackerberg (1998, 1999) for more information regarding these data. We focus on data from
a single city, Springfield, Illinois. We restrict attention to purchases of a single-serving size.
We excluded purchases where more than a single unit of yogurt was purchased.® Eight brands
of yoghurt appear in the remaining dataset. We have a total of 16,824 purchases by 1038
households. These are divided over 21 stores during a period of 138 weeks. For each household
we use a single observed household characteristic, household income. This is measured in 14
categories. ranging from 0-5,000 to more than 100,000. For each category we impute the mid-

5We lose about one third of the observations due to this restriction. This is clearly a crude approach to
dealing with the issues that arise in modeling multiple purchases, which may include multiple purchases of a
single brand as well as purchases of more than one brand on a single trip. However, it simplifies the analysis and
exposition of the application of the methods.
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point of the category as the actual household income, with 125,000 for the highest (over 100,000)
income category. Table 1 presents some summary statistics for this variable and for the number
of purchases per household. We average the income over the 1038 households weighted by the
number of purchases per household.

For each yogurt brand we use two observed characteristic, price measured in cents” and
a binary indicator for whether the product was featured in advertising that week. For each
purchase we directly observe these variables for the brand that was actually purchased. For
our analysis we also need to know the values of these variables for the seven brands that were
not purchased in that transaction for that particular market. We take the market to be a store
in a particular week. We impute the price for the other seven brands by taking the average
price for all purchases of each of these seven brands over all transactions for that brand in the
same week and in the same store. We impute the feature variable as one if for any purchase
of that brand in the same store in the same week the product was featured. Typically there
was no recorded purchase for at least some of the eight brands during that week in that store.
In that case we remove the brands for which there were no purchases from the choice set of
the individual for that purchase. As a result the choice set varies in size across observations.
On average there are 2.36 brands in a consumer’s choice set on a trip in which the consumer
purchased yogurt.

Table 2 reports summary statistics for the eight brands. We report averages over all pur-
chases where the brand was included in the choice set, as well as over purchases of each brand.
For example, the second row of Table 2 presents the information for the biggest brand, Dannon.
Its market share is 49%. Its average price (averaged over all purchases where dannon was in
the choice set) was 60.13 cents, rangeing from 20 cents to 73 cents. It was featured in the store
during 9% of the purchases. It was in 88% of the choice sets. Averaged over all purchases of
Dannon its price was 58.36 cents, slightly lower than the average over all purchases. It was
more likely to be featured when it was purchased. On average there were 2.25 products in the
choice set when Dannon was purchased.

6.2 Posterior Distribution of Parameters and Elasticities

We estimate four versions of the model. These versions are nested, so that it is straightforward to
see the biases generated by placing unwarranted restrictions on the model. First we estimate the
model with no unobserved product characteristics (P = 0), and with no unobserved individual
characteristics (€2 = 0). The second model allows for individual unobserved heterogeneity by
freeing up €. The third model incorporates a single unobserved choice characteristic (P = 1).
The fourth model allows for two unobserved product characteristics (P = 2).

In Table 3 we report the posterior distribution for selected parameters. First, we report the
posterior mean and standard deviation for the average of the price coefficient Bprice. We also

"We ignore the presence of coupons. Coupons are notoriously difficult to deal with because whether or not
a consumer has access to a coupon is unobservable. It is possible to impute whether a coupon was in principle
available in a market by checking whether any consumer used one for a particular product in a particular week,
but not all consumers are aware of available coupons. See Osborne (2005) for a clever way of estimating the
propensity to use coupons.
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report measures of the variation in this coefficient. We decompose this variation into the part
due to variation in the observed individual coefficients and due to variation in the unobserved
individual characteristics. We report the standard deviation of both components. We also
report the summary statiistics for the average and the two standard deviations of the feature
coefficient Sreature- Finally, we report summary statistics of the posterior distribution of the
effect of income on the price coefficient, Apice income, and the effect of income on the feature
CoefﬁCienty Afeature,income-

For the model with two unobserved product characteristics we see that on average a higher
price lowers utility (the posterior mean of the average over all individuals of Byyice is negative),
but that there is considerable variation in the price coefficient between individuals. This varia-
tion is partly due to variation in the observed individual characteristics (a standard deviation
of 0.233) and partly due to variation in the unobserved individual characteristics (a standard
deviation of 0.463). On average being featured increases demand for a product. Invididuals
with higher income are found to be less price-sensitive (the posterior mean of Apice income 1S
positive). With income measured in 10,000’s of dollars, the point estimates suggest that in-
dividuals with a household income of —0.409/0.69) - 10,000 ~ 60,000 have a price coefficient
of approximately zero. (Recall from Table 1 that average household income in this data set is
35,000.) Income does not appear to have much of an effect on the relation between feature and
demand.

It is interesting to note that with no unobserved choice characteristics the model estimates
a much larger role for the feature variable. This would be consistent with the feature variable
being a noisy measure for the unobserved product characteristics that actually matter for utility.

A potentially important difference between the estimates from model with two unobserved
choice characteristics and the model with only one is that the estimated standard deviation of
the price coefficient is larger in the model with one unobserved choice characteristic (.541 versus
463, with the standard deviations of these parameters equal to .021 and .027, respectively).
This suggests that using a model that is too restrictive in terms of unobservable product char-
acteristics can force estimates that imply too much heterogeneity in price sensitivity. For some
counterfactuals, these differences might lead to inaccurate predictions. For example, using a
model with only one unobserved product characteristic, the entry of a low-price, low-quality
brand or a high-price, high-quality brand might lead to predictions of market shares for the
new product that are too large.

Next we report own- and cross-price elasticities for the eight brands. To estimate the
elasticities, we first estimate them for each individual conditional on the choice sets and the
unobserved individual and choice characteristics. Then we average over all individuals. The
results for the four models are in Tables 4-7. For the first two models we see large positive
own price elasticies, as well as numerous (large) negative cross-price elasticities. For the model
with one unobserved characteristic the elasticities have a few entries with unexpected signs and
magnitudes. For the model with two unobserved product characteristics we see all of the own-
and cross-price elasticities are of the expected sign, and they are of reasonable magnitudes (all
own price elasiticies are larger than one in absolute value). For the largest brand, Dannon, the
own-price elasticity is -5.37, and the cross-price elasticity of Dannon with respect to Weight
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Watchers is 1.17. These results suggest an important role for unobserved product characteris-
tics, which could include the propensity to issue coupons (which were excluded from our model
for simplicity), quality, flavor mix, and brand recognition.

6.3 Predicting Market Shares for New Products

To compare the counterfactual predictions arising from the different models, we simulate mar-
ket shares for a new products. The product we introduce has the same observed characteristics
in each market, a price equal to the average value of the price in the entire market (47 cts),
and is never featured (feature= 0). It is included in every individual’s choice set. For the
first two models this information is sufficient to predict the market share. For the models with
unobserved product characteristics we also need to specify values for the unobserved charac-
teristics. As discussed in Section 4, we draw the unobserved choice characteristics randomly
from the marginal distribution of unobserved choice characteristics estimated from the sample.
This has the effect of making the predicted market shares more uncertain, so that even with an
infinitely large sample we would not be able to predict the market share for the new product
with certainty. Instead, there is a range of possible market shares, depending on the values of
the unobserved characteristics.

The results for this exercise are in Table 8, where the additional variation from adding
unobservable product characteristics is apparent. Perhaps surprisingly, there is little change in
the estimates from including two versus one unobserved product characteristic.

7 Conclusion

This paper explores an issue first raised by McFadden (e.g., McFadden, 1981), namely the ex-
tent to which discrete choice models should incorporate unobserved product characteristics in
order to rationalize choice data in settings with many products and/or multiple markets. We
find that in general a model should include at least one unobserved choice characteristic. In
many empirical implementations, utility is restricted to be monotone in a single unobserved
choice characteristic; however, we find that up to two unobserved choice characteristics may be
required to rationalize choice data if monotonicity is imposed. More than two unobserved char-
acteristics may be needed only if the functional form of the utility function (and in particular,
its dependence on unobserved characteristics) is restricted.

We then argue that Markov-Chain Monte Carlo methods are particularly appropriate for
this problem, and we propose an estimation strategy. We illustrate the method using scanner
data about yogurt purchases. Our main findings are that the inclusion of two unobserved choice
characteristics leads to more reasonable estimates of elasticities, and that there is less individual
unobserved heterogeneity in price sensitivity than would be implied by the (nested) model with
one unobserved product characteristic.

We also argue that our approach leads to more realistic predictions about the heterogeneity
in potential market shares that might arise on introduction of a new product. With additional
structure, these predictions can be sharpened. In addition, the dependence of predicted market
share on the location of a new product in characteristic space (both observable and unobservable
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characteristics) can be analyzed. We believe that an important advantage of the framework we
propose is that the unobservable component of utility has a fair amount of structure, and the
interpretability of the resulting estimates help guide the researcher in conducting counterfactual
simulations. In applications, it may be possible to analyze and interpret the unobservable
product characteristics, in order to gain a sense of how existing products are positioned and to
help discover what parts of the product space might be most ripe for entry.

A number of questions are left open for future work. Among these is the question of how
much individual heterogeneity is necessary to rationalize choice data in a variety of settings,
and how that depends on any functional form or monotonicity restrictions that are imposed in
the specification of individual utility.



APPENDIX A: IMPLEMENTATION OF THE MARKOV-CHAIN-MONTE-CARLO ALGORITHM

In this appendix we describe the specific implementation of the Gibbs algorithm we use for obtaining
draws from the posterior distribution of the parameters of interest. It relies critically on viewing the
latent utitilies as well as the individual specific parameters as unobserved random variables to be imputed
given the observed variables. The implementation borrows heavily from Rossi, McCulloch and Allenby
(1996), RMA hereafter, as well as more indirectly from Chib (2003) and Chib and Greenberg (1998).
For a general discussion of Markov-Chain-Monte-Carlo (MCMC) methods see Tanner (1993), Gelman,
Carlin, Stern and Rubin (2004). For notational simplicity we focus on the case with a single market and
with only one purchase per household.

PRELIMINARY RESULT
Suppose that X and Y are random vectors of dimension Mx and My respectively, with

le ~ N(a + BY, Ex|y),

YNN(/Ly,Ey).
Here a is Mx x 1, Bis Mx x My, ¥xy is Mx X Mx, py is My x 1, and ¥y is My x My. Then

—1 -1
Y|X ~ N ((B’E;(}YB +37)  (Bgh X + 37y ), (BER B+ 57 > . (A1)

STEP I: STARTING VALUES

The first step consists of choosing starting values for the individual characteristics §; and ~;, for i =
1,..., N, for the choice characteristics &, k& = 1,..., K, and the latent utilities U;;. If there is only
a single unobserved product characteristics the starting values are drawn randomly from a standard
normal distribution. With P > 1 the starting values for the first set of unobserved choice characteristics
is set equal to the posterior mode for the unobserved product characteristic in the P = 1 case, which is
&1. = (). The starting values for the second unboserved choice characteristic are drawn from a standard
normal distribution. Next, we draw the latent utilities in two steps. We first fix the latent utilities
at one for the product choosen and at zero for the products not choosen. Then we sequentially draw
the latent utilities from a truncated normal distribution with mean zero and unit variance, with the
truncation determined by the values of the other latent utilities. Finally, we draw starting values for
the individual-specific parameters 3; and ~y; using the latent utilities and the observed and unobserved
choice characteristics, as described in more detail in Step III below.

STEP II: LATENT UTILITIES Uj;

The second step consists of drawing the latent utilities U;; given the observed choices Y = (Y1,Y5,...,Yn)/,
the observed individual characteristics Z, the observed and unobserved choice characteristics X and &,
and the individual preference parameters § and . Following RMA we do this sequentially, individual by
individual, and choice by choice, each time conditioning on the latent utilities for the other K —1 choices.
Thus, for the jth choice, we draw from the conditional distribution of U;; given Y;, (Uik)k=1,..., 765, X,
Z, 3, v, Q, and A.

First note that

Uij|Ui1,---,Uij717Uij+17...,UfL'J,Ul.,...,Uifl.,Ui+1.7...,UN.,Y,X,Z,&,B,FY,A,Q

~ Ul]|Ull7' -.7Uij_1,Uij+17.. .,UiJ,Ul.,. -.,Ui_l.,Ui+1.7.. .,UN.,Y7X,Z7§,6,7.
~UijlUit, .o Uij—1, Uijgs -, Uiy, Ya, X5, &5, Biy v

Conditioning only on Xj, 3;, &;, and ~;, we have

Uij ~ ./\/'(X]/ﬂl +§;”yi, 1).
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Conditioning also on Y; and U;; for k # j changes this into a truncated normal distribution. Let
N(c, p,0%) denote a normal distribution with mean p and variance o truncated from below at ¢, and

N(c,p,0%) a a normal distribution with mean p and variance o2 truncated from above at c. If Y; = j,
then U;; > maxyx; U;j, and so

Uij|lUit, - Uij—1, Uija, - - Uiy, Yi = §, X5, B3, §5,7v ~ N (rili;(Uik,X]‘ﬁi + &i, 1) .
Similarly, if ¥; # j, then U;; < maxg+; Uy, and so
UijlUirs - Usj1, Uijrs . Uig, Ys # 5, X5, 8, 65,7 ~ N (T}Cli;(UikvX]/‘ﬁi + &, 1> -

The problem of drawing from a normal truncated from below or above can be reduced to that of
drawing from a standard (mean zero, unit variance) normal distribution truncated from below by c.
Again following RMA we consider three cases. If ¢ < 0 we draw v from a standard normal distribution
and reject the draw if w < ¢. If 0 < ¢ < 0.6 we draw from the distribution of |v| where v has a
standard normal distribution, and reject the draw if |v| < ¢. If ¢ > 0.6, we use importance sampling.
We draw v from a standard exponential distribution, divide by ¢ and add c¢. We then accept the draw
with probability equal to the ratio of the normal density to the density we drew from, divided by the
maximum of that ratio over the range of the random variable. This leads to an acceptance probability
equal to:

exp(=¢?/2) (1/v/2m) exp(—v*/2)

cV2r cexp(—c(v —¢))

STEP III: INDIVIDUAL COEFFICIENTS (3; AND *;
Consider the distribution of the K + P-dimensional vector of individual coefficients, 8; = (8., ~.)":

97/|{9]}]7&17U7Y7X7 Z7§7 A,Q ~ HilUiaxuga Zi7A7Q

Consider the conditional distribution of the latent utilities:
X ) !
Uij|X7 Zi,ei,f,A,Q ~N (( gj > 0;, 1) .
J

Define the J-vector U;. = (Ujy Uiz ... U;y), the K X J matrix X = (X; X2 ... X;) and the P x J
matrix £ = (& & ... &7), so that

’
Ui'|X7Zi76‘iu§7AaﬂNN<( )5( ) 91‘7]J>.
Also,
91|X7 Ziagu Au Q~ N(Zq,A, Q) .
Hence, using (A.1),
9i|Ui"X7§a Z’ivAvQ ~

() )

—1

(X ¢/ U+ 97 2.8) ", (( (X >+Q>
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STEP IV: COMMON REGRESSION COEFFICIENTS A
Let 6 be the N x (K + P) dimensional matrix with ith row equal to 6. Then:

AlY,X,Z,£,0,9 ~A|Z,0,Q.
Moreoever, the N rows of 6 are independent of each other conditional on (Z, A, ), and
0;1Z,A,Q ~ N(A'Z;, Q).

Let 6 = (A1, D2, ..., A(x4p).), so that 0 is a L - (K + P)-dimensional column vector. Then we can
write

0,12, A, Q2 ~ N (i @ (21))5, ).

Stack all the K 4 P vectors ¢; into a N x (K + P) dimensional column vector 6, and stack all the matrices
Ixip®(Z!) into the N- (K + P) x L- (K + P) matrix Z. Then we have the following distribution for 6:

01Z,A,Q ~ N(Z6, Iy @ Q).

The prior distibution for § is normal with mean equal to the L- (K + P)-vector of zeros, and as variance
Ug times the L - (M + P)-dimensional identity matrix I Lx(K+pP)- Thus the posterior distribution for &

given (Y, X, Z,&,Q,0) is

0Y,X,Z,£,Q,0

~ N —1 - ~ o\ —1
~/\/<(052-ILX(M+p)+Z’(IN®Q_1)Z) (z’(IN®Q—1)9),(052-ILX(M+p>+z'(IN®Q—1)z) )

STEP V: LATENT CHOICE CHARACTERISTICS §;
Consider the conditional distribution of the latent choice characteristics &;:

&10,U,&1,...,6-1,8+1, -, 80, Y, X Z, A, Q ~ €U 5, X, 6.
First,

Uij = BiXjIU1j, - Uiz1,3, Uir gy - -, Unjs 0,€ ~ N (7365, 1),
so that

U;—BX;|X,0;,§ ~ N (&, In),

where  is the N x K matrix with ith row equal to 8., and 7 is the N x P matrix with ith row equal to
~; The prior distribution on §; is normal with the mean equal to the P-vector of zeros, and as variance
the P x P dimensional identity matrix. Hence

§lU X 0~ N (0 + 1) (3 (U5 = BX,), (' + 1p) )

STEP VI: COVARIANCE MATRIX OF INDIVIDUAL TASTE PARAMETERS )
First,

QX,Z2,Y,0 ~ Qv,
where v is the N x (K + P) matrix with ith row equal to 0; — Z!A’. Next,

V; 1 I/i/|Q,
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and
I/l|Q ~ N(O, Q)

The prior distribution for Q7! is a Wishart distribution with degrees of freedom 100 and scale matrix
Iy, p. Hence the posterior distribution of Q! given v is a Wishart distribution with degrees of freedom
100 + N and scale matrix Ixp + Ezj\il vV, so

N
QYX,Z,Y, 0 ~W <100+ N, Ixip+ Zmu{) .
=1

CALCULATION OF ELASTICITIES

Here we describe the calculation of the price elasticities reported in Section 6.2. The elasticities vary
by price and individual, and depend on unknown parameters. We summarize these by calculating an
average elasticity over all individuals and transactions, and by integrating out the unknown parameters
using their posterior distribution. First we average over all transactions where products j and k are
both in the choice set:

price, 1 Z opr(Y; = j) (A.2)

€k = .
’ 1 Opricey,

W Zj,ke(ci pr(}/l = ]) N 4, keC;

where C; is the choice set for transaction ¢, consisting of all brands for which we observe a transaction
in the market (store/week combination), and N, is the number of transactions where both products j
and k are in the choice set. We calculate the probability of individual 7 purchasing product j conditional
on the observed and unobserved individual and choice-specific components. Rather than calculating the
exact probability and its derivatives given the unobserved components we approximate them using a the
approximate equality of a normal distribution with mean zero and variance three and an extreme value
distribution, so that

_ exp(V3- (X8 + &)
>orec, exp(V3 - (X4, B + &)

pr(Y; = jlj € Ci, &, Xjm, Bi, Vi) (A.3)

Substituting (A.3) and its derivative into (A.3) gives us the elasticities as a function of the individual
unobserved components 3; and -y; and the unboserved choic characteristics {; (as well as observed quan-
tities). We then average these conditional elastiticities over the posterior distribution of the unknown
quantities.

For the average price price;, we use the average price for product k over all transactions where product
k was in the choice set, that is the average prices in column 2 in Table 2. Note also that in calculating
(A.3) we average over all transactions, in each case calculating the choice probabilities as if all eight
products are in the choice set.
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Table 1: SUMMARY STATISTICS: INDIVIDUAL CHARACTERISTICS

Characteristic mean stand dev minimum maximum
number of purchases 16.21 24.04 1.00 285.00
household income 34.47 22.98 2.50 125.00

The first row gives summary statistics for the number of purchases for the 1038 households.
The second row gives summary statistics for income per household, weighted by the number

of purchases per household. Total number of purchases is 16,824.



Table 2: SUMMARY STATISTICS: CHOICE CHARACTERISTICS

averaged over all transactions

brand purchases

market price feature incl in price feature ave size
Brand share ave stdev min max ave choice set  ave ave choice set
Wght Wtch 0.09 62.74 6.79 25.00 73.00 0.04 0.41 61.33 0.09 2.73
Dannon 0.49 60.13 9.84 20.00 73.00  0.09 0.88 58.36 0.13 2.25
Elmgrove 0.04 3094 3.56 22.00 33.00 0.15 0.11 29.84  0.25 2.77
YAMI 0.04 32.06 9.54 20.00 59.00 0.21 0.11 29.18 0.36 2.56
HWT MDY  0.06 30.72 3.54 25.00 33.00 0.13 0.15 29.33 0.22 2.16
HILAND 0.10 3720 9.62 20.00 55.00 0.16 0.24 35.49 0.21 2.47
NTRL LE 0.02 32.40 10.39 20.00 55.00 0.11 0.11 32.81 0.09 3.10
CTL BR 0.17  35.65 5.79 20.00 45.00 0.20 0.36 34.47  0.23 2.30

Column 2 reports the market share of the brand in this data set.

Columns 3-6 report the average price over all

store/weeks in which this brand was in the choice set, as well as the standard deviation, minimum and maximum.

Column 7 reports the fraction of the times the brand was featured. Column 8 reports the fraction of the store/week

combinations that the brand was in the choice set (had at least one purchase in that market) Columns 7 and 8 report

averages for price and feature variable over the all purchases of the brand. Column 9 gives the average size of the

choice set during the purchases of that brand.



Table 3: SUMMARY STATISTICS POSTERIOR DISTRIBUTION FOR SELECTED PARAMETERS

P=0Q=0 P=0 P= P=2

Parameter mean std mean std mean std mean std

mean(Sprice ) -0.012 0.004 -0.007 0.007 -0.302 0.020 -0.409 0.020
std (Aprice,income * Zincome) 0.253 0.005 0.289 0.041 0.230 0.039 0.233 0.039
v/ Qpriceprice 0 0 0.586 0.022 0.541 0.021 0.463 0.027
mean (Breature) 0.663 0.026 0.743 0.041 0.449 0.051 0.379 0.047
std (Afeature income * Zincome) 0.111  0.008  0.379 0.100 0.070 0.034 0.067 0.037
V/Qteature, feature 0 0 0.983 0.070 0.133 0.017 0.153 0.026
Aprice,income 0.048 0.003 0.060 0.010 0.053 0.011 0.069 0.010
Afeature,income -0.007 0.013 -0.025 0.032 -0.028 0.017 -0.011 0.024

Column 2-3 report the mean and standard deviation for various parameters for the model with no unobserved

choice characteristics (P = 0) and no unobserved individual heterogeneity (2 = 0). Column 4-5 report the mean

and standard deviation for the same parameters for the model with no unobserved choice characteristics (P = 0)

allowing for unobserved individual heterogeneity (€ # 0). Column 6-7 report the mean and standard deviation for

the same parameters for the model with a single unobserved choice characteristics (P = 1) allowing for unobserved

individual heterogeneity (2 # 0). Column 6-7 report the mean and standard deviation for the same parameters for

the model with two unobserved choice characteristics (P = 2) allowing for unobserved individual heterogeneity.

The parameters reported on include the average effect of price on the utility, the standard deviation of the

component of that effect corresponding to the observed individual characteristics and the standard deviation of

the component of that effect corresponding to the unobserved individual characteristics, the same three parameters

for the feature variable, and the effect of the interactions of income and price and income and feature on utility.

The price is measured in dollars.
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Table 4: ELASTITICIES FOR MODEL WITH NO UNOBSERVED PRODUCT CHARACTERISTICS
AND NO UNOBSERVED INDIVIDUAL HETEROGENEITY (P =0, Q = 0)

With
Respect to — Wght W Dannon Elmgr YAMI HWT HILA NTRL CTL
Wght Wtch 4.94 -5.99 0.93 -0.16 1.18 0.18  -0.04 0.36
Dannon -5.74 1.22 0.84 0.50 0.73 -0.06 -0.03 0.30
Elmgrove 1.10 1.45 -1.83 0.00 2.67 2.65 2.10 2.10
YAMI -0.23 0.91 0.00 -1.19 1.86 -0.29  -0.65 1.13
HWT MDY 1.31 1.29 2.69 291 -1.29 0.00 0.00 4.37
HILAND 0.28 -0.10 1.98 -0.25  0.00 -1.23 2.46 1.68
NTRL LE -0.07 -0.05 1.68 -0.63  0.00 329 -2.84 1.46
CTL BR 0.49 0.42 2.45 1.24 5.12 1.57 1.34 -0.51

Each row reports average elasticities for one product with respect to its own price and with respect to the price of the
seven other products. These elasticities are calculated at the individual level for all markets that had both products
in the choice set and then averaged over all those markets weighted by the number of transactions per market. A “-”

indicates that there were no markets (store/week combinations) with both products.

Table 5: ELASTITICIES FOR MODEL WITH NO UNOBSERVED PRODUCT CHARACTERISTICS
P=0,Q+#0)

With
Respect to — Wght W Dannon Elmgr YAMI HWT HILA NTRL CTL
Wght Wtch 16.16 -17.93 0.72 -1.32 1.06 0.20 -0.21 0.28
Dannon -16.12 4.82 0.92 0.28 0.27 -0.51 -0.32 0.10
Elmgrove 0.74 1.70 -3.13 0.00 9.53 5.96 5.34 5.14
YAMI -2.04 0.52 0.00 -2.20 4.82 4.56 -1.89 2.99
HWT MDY 1.08 0.50 9.60 8.89 -1.94 0.00 0.00 6.92
HILAND 0.31 -0.89 4.71 2.51 0.00 -3.17 7.56 4.60
NTRL LE -0.34 -0.72 4.28 -1.81  0.00 9.60  -7.97 4.46
CTL BR 0.38 0.14 6.63 3.15 12.71  3.80 3.57 -0.61




Table 6: ELASTITICIES FOR MODEL WITH A SINGLE UNOBSERVED PRODUCT CHARACTERIS-
TIC P =1, Q#0)

With
Respect to — Wght W Dannon Elmgr YAMI HWT HILA NTRL CTL
Wght Wtch 1.52 -3.19 0.96 0.34 2.10 0.45 0.11 1.02
Dannon -1.23 -4.28 2.60 3.66 2.66 3.03 1.15 3.64
Elmgrove 0.68 6.40 -6.09 0.00 9.86 10.78  6.60 7.51
YAMI 0.23 9.99 0.00 -7.32  5.68 10.92 1.90 4.57
HWT MDY 1.37 7.23 9.64 13.93  -5.22  0.00 0.00 8.97
HILAND 0.52 6.68 6.79 3.67 0.00 -7.54 8.77 7.06
NTRL LE 0.13 3.75 5.41 2.18 0.00 13.56 -13.12 6.26
CTL BR 0.84 7.34 12.01 4.78 16.78 5.26 3.72 -4.19

Table 7: ELASTITICIES FOR MODEL WITH TwO UNOBSERVED PRODUCT CHARACTERISTICS
P=2 Q#0)

With
Respect to — Wght W Dannon Elmgr YAMI HWT HILA NTRL CTL
Wght Wtch -6.40 2.92 1.83 3.79 3.02 2.04 1.83 2.84
Dannon 1.17 -5.37 2.34 3.94 2.85 3.60 1.60 3.54
Elmgrove 1.48 5.73 -5.60 0.00 8.78 8.82 4.48 7.42
YAMI 2.21 11.15 0.00 =772 5.10 9.12 3.56 3.57
HWT MDY 1.90 7.34 10.16 10.32 -5.10  0.00 0.00 9.34
HILAND 2.58 8.21 7.04 3.81 0.00 -8.49 8.68 8.03
NTRL LE 2.70 5.75 5.01 3.17 0.00 14.39 -14.78 6.29
CTL BR 2.44 7.17 12.63 3.60 21.83 5.99 3.15 -4.51




Table 8 PREDICTED MARKET SHARE FOR NEwW PRODUCT

P=0,Q=0 P=0 P=1 P=2
average 0.254 0.201 0.241 0.254
standard deviation 0.001 0.001 0.110 0.125
0.05 quantile 0.252 0.199 0.117 0.116
0.95 quantile 0.256 0.203  0.360 0.394

The first row contains posterior means for the market share for a new product that
is available in each market (each store/week), always with a price of 47 cents and
not featured. For the models with unobserved product characteristics we draw the
unobserved product characteristic(s) from their estimated marginal distribution.
The second row gives the posterior standard deviation of this market share, and the

third and fourth rows give the 0.05 and 0.95 quantiles of this posterior distribution.
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Case Study: Utility as a Function of Income for
8 Brands of Yoghurt

Utility (Relative to Dannon) as a Function of Income
and a Single Unobserved Characteristic

Utility (Relative to Dannon) as a Function of Two Unobserved
Characteristics, Evaluated at Two Particular Levels of Income

Income
Category 1

Income
Category 13




