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Devwudfw

Lq klv idprxv prqrjudsk/ Oxfdv +4<;:, sxw iruwk dq dujxphqw wkdw wkh zhoiduh jdlqv
iurp uhgxflqj wkh yrodwlolw| ri djjuhjdwh frqvxpswlrq duh qhjoljleoh1 Vxevhtxhqw zrun wkdw
kdv uhylvlwhg Oxfdv* fdofxodwlrq kdv frqwlqxhg wr �qg rqo| vpdoo ehqh�wv iurp uhgxflqj
wkh yrodwlolw| ri frqvxpswlrq/ ixuwkhu uhlqiruflqj wkh shufhswlrq wkdw exvlqhvv f|fohv grq*w
pdwwhu1 Wklv sdshu dujxhv lqvwhdg wkdw  xfwxdwlrqv frxog d�hfw wkh jurzwk surfhvv/ zklfk
frxog kdyh pxfk odujhu h�hfwv wkdq frqvxpswlrq yrodwlolw|1 L suhvhqw dq dujxphqw iru
zk| vwdelol}dwlrq frxog lqfuhdvh jurzwk zlwkrxw d uhgxfwlrq lq fxuuhqw frqvxpswlrq/ zklfk
frxog lpso| vxevwdqwldo zhoiduh h�hfwv dv Oxfdv +4<;:, douhdg| revhuyhg lq klv fdofxodwlrq1
L hvwdeolvk xsshu erxqgv rq wkh zhoiduh h�hfwv ri vwdelol}dwlrq wkdw vxjjhvw wkh| frxog eh
txlwh vl}deoh1

WWkh dxwkru dfnqrzohgjhv khosixo frqyhuvdwlrqv zlwk Pdufr Edvvhwwr dqg Doh{ Prqjh1



Lqwurgxfwlrq

Lq klv idprxv prqrjudsk/ Oxfdv +4<;:, sxw iruwk dq hohjdqw dujxphqw wkdw wkh zhoiduh h�hfwv

ri exvlqhvv f|fohv lq wkh Xqlwhg Vwdwhv duh qhjoljleoh1 Wkh orjlf ri dujxphqw lv dv iroorzv1

Frqvlghu d uhsuhvhqwdwlyh frqvxphu zlwk d frqyhqwlrqdo wlph0vhsdudeoh frqvwdqw0uhodwlyh ulvn

dyhuvlrq +FUUD, xwlolw| ixqfwlrq
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zkhuh � � 31 Wklv frqvxphu lv jlyhq d frqvxpswlrq vwuhdp F| gh�qhg e|

F| @ +4 . �,| +4 . %|,Ff

zkhuh � uh hfwv wkh dyhudjh jurzwk ri frqvxpswlrq ryhu wlph/ dqg %| lv dq l1l1g1 udqgrp yduldeoh

zlwk phdq }hur dqg yduldqfh �20 wkdw fdswxuhv ghyldwlrqv ri frqvxpswlrq iurp lwv wuhqg jurzwk

udwh1 Wkh sdudphwhuv � dqg �20 fdq eh hvwlpdwhg iurp gdwd rq orj shu0fdslwd frqvxpswlrq iru

wkh Xqlwhg Vwdwhv ryhu wkh srvw0zdu shulrg1 Wr ghwhuplqh wkh frvwv ri djjuhjdwh  xfwxdwlrqv/

Oxfdv dvnv zkdw iudfwlrq ri klv lqlwldo frqvxpswlrq Ff wklv frqvxphu zrxog eh zloolqj wr vdful�fh

lq rughu wr vwdelol}h klv frqvxpswlrq vwuhdp/ l1h1 wr uhsodfh %| zlwk lwv phdq H +%|, @ 31 Iru

uhdvrqdeoh hvwlpdwhv ri ulvn dyhuvlrq �/ wkh dqvzhu wxuqv rxw wr eh dvwrqlvklqjo| vpdoo= ohvv wkdq

3=4(1 E| frqwudvw/ frqvxphuv zrxog eh zloolqj wr vdful�fh d pxfk odujhu iudfwlrq ri fxuuhqw

frqvxpswlrq/ derxw 53( zkhq � @ 4/ lq rughu wr lqfuhdvh wkh jurzwk udwh � e| rqh shufhqwdjh

srlqw1

Ydulrxv dxwkruv kdyh vlqfh uhylvlwhg Oxfdv* fdofxodwlrq/ exw iru wkh prvw sduw kdyh frqwlqxhg wr

�qg rqo| vpdoo h�hfwv iurp vwdelol}dwlrq/ ixuwkhu uhlqiruflqj wkh shufhswlrq wkdw exvlqhvv f|fohv

kdyh rqo| d qhjoljleoh lpsdfw rq zhoiduh1 Rqh olqh ri dwwdfn kdv irfxvhg rq wkh vkrfn surfhvv

%|1 Wkh �uvw wr pdnh wklv dujxphqw zdv Lpurkrurjox +4<;<,1 Vkh fulwlfl}hv Oxfdv* fdofxodwlrq

iru lwv lpsolflw dvvxpswlrq wkdw djhqwv kdyh dffhvv wr ixoo lqvxudqfh/ zklfk jxdudqwhhv wkhp wkh

dyhudjh ohyho ri frqvxpswlrq hdfk shulrg1 Li djjuhjdwh vkrfnv gr qrw d�hfw djhqwv xqlirupo|

dqg frqvxpswlrq lqvxudqfh lv lpshuihfw/ wkh yrodwlolw| ri hdfk lqglylgxdo*v frqvxpswlrq vwuhdp

zrxog eh juhdwhu wkdq wkh yrodwlolw| ri shu fdslwd frqvxpswlrq �20 1 Exw Lpurkruxjox*v fdofx0

odwlrqv |lhog d frvw ri djjuhjdwh  xfwxdwlrqv wkdw lv qrw wkdw pxfk odujhu wkdq Oxfdv* ruljlqdo

hvwlpdwh> vkh �qgv d frvw ri rqo| 3=6( zkhq � @ 4=81 Pruhryhu/ vxevhtxhqw sdshuv e| Dwnhvrq
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dqg Skhodq +4<<7, dqg Nuxvhoo dqg Vplwk +4<<<, dujxh wkdw khu qrwlrq ri vwdelol}dwlrq uhpryhv

wrr pxfk lglrv|qfudwlf ulvn idfhg e| djhqwv dorqj zlwk djjuhjdwh ulvn1 Wkh| �qg }hur dqg

hyhq qhjdwlyh ehqh�wv wr vwdelol}dwlrq zkhq djjuhjdwh ulvn lv vwdelol}hg lq d zd| wkdw ohdyhv

wkh lglrv|qfudwlf ulvn idfhg e| djhqwv xqd�hfwhg14 Dqrwkhu fulwlflvp irfxvhv rq wkh idfw wkdw

wkh %| surfhvv dvvxphg lq Oxfdv* fdofxodwlrq lv qrw vx!flhqwo| shuvlvwhqw1 Li djhqwv kdg wr ehdu

wkh frqvhtxhqfhv ri djjuhjdwh vkrfnv iru h{whqghg shulrgv/ wkh| zrxog eh pruh dyhuvh wr  xf0

wxdwlrqv1 Wkh fdofxodwlrqv zkhq %| iroorzv d udqgrp zdon zlwk guliw duh uhsruwhg lq Revwihog

+4<<7d,1 Iru suhihuhqfh sdudphwhuv wkdw duh vlplodu wr wkrvh xvhg e| Oxfdv/ kh �qgv frvwv ri

exvlqhvv f|fohv wkdw duh djdlq derxw 3=6(15

D vhfrqg olqh ri dwwdfn kdv irfxvhg rq suhihuhqfhv/ dujxlqj wkh FUUD xwlolw| ixqfwlrq lv wrr

uhvwulfwlyh dqg frxog xqghuhvwlpdwh wkh ehqh�wv ri vwdelol}dwlrq1 Revwihog +4<<7d, frqvlghuv

qrq0h{shfwhg xwlolw| suhihuhqfhv wkdw fdq vhsdudwh ehwzhhq ulvn0dyhuvlrq dqg lqwhuwhpsrudo

vxevwlwxwlrq1 Exw rqfh djdlq/ e| Revwihog*v rzq fkdudfwhul}dwlrq/ wklv udlvhv wkh zhoiduh h�hfw

iurp d plfurvfrslf ohyho wr phuho| vpdoo/ dqg wkh hvwlpdwhg frvw uhpdlqv ehorz 4(16 Shp0

ehuwrq +4<<9e, dqg Gropdv +4<<;, frqvlghu d gl�huhqw fodvv ri qrq0h{shfwhg xwlolw| suhihuhqfhv

wkdw h{klelw c�uvw0rughu* ulvn dyhuvlrq/ dujxlqj wkdw vxfk suhihuhqfhv fdswxuh revhuyhg dwwlwxghv

wrzdugv odujh dqg vpdoo ehwv wkdw duh lqfrqvlvwhqw zlwk h{shfwhg xwlolw|1 Vrph ri wkhlu hvwlpdwhv

duh yhu| odujh/ exw rqo| xqghu wkh dvvxpswlrq wkdw %| lv yhu| forvh wr d xqlw urrw1 Hyhq zkhq

%| lv dxwrfruuhodwhg zlwk � @ =<;/ Gropdv uhsruwv wkdw wkh frvwv ri  xfwxdwlrqv gr qrw h{fhhg

4Lq d sdudooho ghedwh/ Fodun/ Ohvolh/ dqg V|prqv +4<<7, hvwlpdwh wkh yrodwlolw| ri lqglylgxdo lqfrph iurp sdqho
gdwd dqg hvwlpdwh d frvw ri f|fohv durxqg qlqh0whqwkv ri rqh shufhqw iru wkh Xqlwhg Nlqjgrp1 Wklv hvwlpdwh lv
fulwlfl}hg lq Shpehuwrq +4<<9d, iru frxqwlqj wkh uhgxfwlrq ri sxuho| lglrv|qfudwlf ulvn dv d ehqh�w ri vwdelol}dwlrq1

5Ehdxgu| dqg Sdjhv +4<<<, frpelqh wkh wzr fulwlflvpv e| vwxg|lqj kljko| shuvlvwhqw lglrv|qfudwlf vkrfnv1
Wkh| rewdlq frvwv wkdw udqjh ehwzhhq � dqg eI1 Wklv dssurdfk vhhpv d surplvlqj zd| wr jhqhudwh pruh frvwo|
exvlqhvv f|fohv/ hvshfldoo| vlqfh wkh zd| lq zklfk wkh| lqwurgxfwlrq vwdelol}dwlrq lv lppxqh wr wkh fulwltxh wkdw
lw holplqdwhv lglrv|qfudwlf ulvn1 Krzhyhu/ lw lv yxoqhudeoh wr Oxfdv* revhuydwlrq wkdw li wkh frvwv ri  xfwxdwlrqv
vwhp iurp lqfrpsohwh lqvxudqfh/ srolf|pdnhuv vkrxog dlp wr surprwh lqvxudqfh udwkhu wkdq vwdelol}dwlrq1

6Wdoodulql +4<<<, dujxhv wkdw Revwihog*v sdudphwhuv duh lqfrqvlvwhqw zlwk wkh htxlw| suhplxp1 Kh jhqhudwhv d
odujh frvw ri exvlqhvv f|fohv xvlqj d frh!flhqw ri ulvn dyhuvlrq wkdw lv rughuv ri pdjqlwxgh juhdwhu wkdq Revwihog1
D vlplodu srlqw lv pdgh lq Fdpsehoo dqg Frfkudqh +4<<8, zkr xvh qrq wlph0vhsdudeoh suhihuhqfhv wr h{sodlq wkh
htxlw| suhplxp dqg uhsruw d odujh frvw ri exvlqhvv f|fohv/ dowkrxjk Rwurn +4<<<, dujxhv wkdw d pruh �glvflsolqhg�
fdoleudwlrq ri qrq0vhsdudeoh suhihuhqfhv jhqhudwhv rqo| vpdoo zhoiduh h�hfwv1 Wkhvh dujxphqwv qrwzlwkvwdqglqj/
wkh htxlw| suhplxp grhv qrw qhfhvvdulo| lpso| odujh frvwv ri exvlqhvv f|fohv1 Iluvw/ wkh htxlw| suhplxp frxog
eh gxh wr pdunhw iulfwlrqv1 Vhfrqg/ dv Doyduh} dqg Mhupdqq +4<<<, srlqw rxw/ wkh htxlw| suhplxp dqg wkh frvw
ri frqvxpswlrq  xfwxdwlrqv duh glvwlqfw1 Wkh| hvwlpdwh d idfwru prgho iru wkh pdujlqdo xwlolw| ri frqvxpswlrq
xvlqj �qdqfldo gdwd/ dqg sxw dq xsshu erxqg rq wkh ehqh�wv ri vwdelol}dwlrq ri f��I1
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4( iru uhdvrqdeoh sdudphwhul}dwlrqv1

Wklv sdshu sxuvxhv d gl�huhqw dssurdfk wkdw frxog srwhqwldoo| jhqhudwh pxfk odujhu frvwv ri

djjuhjdwh  xfwxdwlrqv wkdq wkh suhylrxv zrun flwhg deryh1 Lw lv prwlydwhg e| Oxfdv* ruljlqdo

revhuydwlrq wkdw vpdoo fkdqjhv lq wkh jurzwk udwh � kdyh yhu| odujh zhoiduh frqvhtxhqfhv1 Dv

vxfk/ li djjuhjdwh  xfwxdwlrqv vrphkrz d�hfwhg wkh dyhudjh jurzwk udwh/ wkh frvwv ri exvlqhvv

f|fohv frxog srwhqwldoo| eh rughuv ri pdjqlwxgh odujhu1 Wklv srvvlelolw| lv h{solflwo| uxohg rxw

e| Oxfdv* wkrxjkw h{shulphqw> kh wuhdwv wkh jurzwk udwh � dv dq h{rjhqrxv sdudphwhu wkdw

lv xqd�hfwhg e| fkdqjhv lq %1 Exw wkhuh duh prghov ri hqgrjhqrxv jurzwk zkhuh wkh ohyho ri

hfrqrplf dfwlylw| d�hfwv wkh lqfhqwlyhv ri djhqwv wr hqjdjh lq jurzwk0hqkdqflqj dfwlylwlhv/ vr

wkdw � @ � +%|,1 Li wklv jurzwk udwh � +%, lv frqfdyh/ vwdelol}dwlrq zrxog lqfuhdvh wkh orqj0uxq

jurzwk udwh ri frqvxpswlrq1 Vlqfh hyhq vpdoo fkdqjhv lq � kdyh yhu| odujh zhoiduh frqvhtxhqfhv/

vwdelol}dwlrq srolf| frxog srwhqwldoo| jhqhudwh zhoiduh h�hfwv wkdw hfolsvh wkrvh ghvfulehg lq

suhylrxv zrun1 Lq rwkhu zrugv/ wkh pdmru frvw ri djjuhjdwh  xfwxdwlrqv frphv qrw iurp yrodwlolw|

lq frqvxpswlrq/ dv kdv ehhq vwuhvvhg lq suhylrxv zrun/ exw ehfdxvh  xfwxdwlrqv lpshgh wkh

surfhvv ri jurzwk1 Zkloh wklv lghd kdv ehhq rffdvlrqdoo| glvfxvvhg lq suhylrxv zrun/ lw kdv |hw

wr eh lqfrusrudwhg lqwr wkh ruljlqdo Oxfdv iudphzrun lq d vdwlvidfwru| zd|17 Wklv lv xqiruwxqdwh/

ehfdxvh wkh qrwlrq wkdw vwdelol}dwlrq fdq vljql�fdqwo| udlvh jurzwk lv idu iurp reylrxv1 Xqghu

zkdw dvvxpswlrqv zloo wkh jurzwk udwh eh frqfdyh lq wkh ohyho ri hfrqrplf dfwlylw|B Krz pxfk

dgglwlrqdo jurzwk vkrxog zh h{shfw iurp wkh holplqdwlrq ri f|folfdo  xfwxdwlrqvB Lv lw hqrxjk

wr jhqhudwh odujhu zhoiduh h�hfwv wkdq zkdw lv fdofxodwhg lq suhylrxv zrunB

Wr dgguhvv wkhvh txhvwlrqv/ L ghyhors d prgho ri hqgrjhqrxv jurzwk lq zklfk vkrfnv d�hfw

wkh ohyho ri hfrqrplf dfwlylw|1 Wkh prgho jhqhudwhv d jurzwk udwh ri wkh irup � @ ! +q +%,,/

zkhuh q +�, lv wkh dprxqw ri uhvrxufhv doorfdwhg wr lqqrydwlrq dfwlylw| dqg ! +�, lv wkh udwh dw

7Wkhuh lv d udwkhu gl�xvh olwhudwxuh zklfk dujxhv wkdw vwdelol}dwlrq |lhogv ehqh�wv rwkhu wkdq uhgxfhg frq0
vxpswlrq yrodwlolw|1 Iru h{dpsoh/ GhOrqj dqg Vxpphuv +4<;;, dqg Udph| dqg Udph| +4<<4, dujxh vwdelol}dwlrq
lqfuhdvhv wkh ohyho ri rxwsxw1 Wklv lv glvfrxqwhg e| Urphu +4<<9,/ zkr flwhv hylghqfh wkdw vwdelol}lqj djjuhjdwh
ghpdqg lv xqolnho| wr d�hfw dyhudjh rxwsxw1 Pruh uhfhqw zrun vwxglhv wkh h�hfwv ri vwdelol}dwlrq rq jurzwk
xvlqj prghov ri idfwru dffxpxodwlrq zlwk olqhdu surgxfwlrq whfkqrorjlhv1 Wklv lqfoxghv Dl}hqpdq dqg Pdulrq
+4<<6,/ Krshqkd|q dqg Pxqldjxuuld +4<<9,/ gh Khn +4<<<,/ dqg Mrqhv/ Pdqxhool/ dqg Vwdffkhwwl +4<<<,/ dv zhoo
dv uhodwhg zrun e| Revwihog +4<<7e, rq wkh jurzwk ehqh�wv ri joredol}dwlrq1 H{fhsw iru Revwihog/ wkhvh sdshuv
duh frqfhuqhg zlwk jurzwk shu vh udwkhu wkdq zhoiduh> krzhyhu/ dv L dujxh ehorz/ wkhvh prghov lpso| rqo| prghvw
zhoiduh jdlqv iurp vwdelol}dwlrq iru uhdvrqdeoh sudphwhuv1 Ilqdoo|/ Udph| dqg Udph| +4<<8, dujxh wkdw yrodwlolw|
dqg jurzwk duh qhjdwlyho| uhodwhg edvhg rq hpslulfdo hylghqfh iurp d furvv frxqwu| hylghqfh1 Exw zlwkrxw d
prgho/ wkh| fdqqrw lqwhusuhw wkh sdudphwhuv wkh| hvwlpdwh vwuxfwxudoo| iru zhoiduh fdofxodwlrqv1
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zklfk wkh lqqrydwlrq vhfwru ghyhorsv ehwwhu whfkqrorjlhv iru surgxflqj jrrgv1 Wkh uhgxfhg irup

ixqfwlrq q +%, fdq eh hlwkhu frqfdyh ru frqyh{ lq htxloleulxp/ zklfk pluuruv wkh zhoo nqrzq

dpeljxlw| lq wkh uhodwlrqvkls ehwzhhq lqyhvwphqw dqg xqfhuwdlqw|1 Glplqlvklqj uhwxuqv lq wkh

lqqrydwlrq vhfwru lpso| ! +�, lv frqfdyh1 Wklv lghqwl�hv d irufh zklfk xqdpeljxrxvo| zrunv lq

wkh gluhfwlrq ri pdnlqj vwdelol}dwlrq frqgxflyh iru orqj0uxq jurzwk/ dqg glvwlqjxlvkhv p| prgho

iurp hduolhu zrun rq wkh jurzwk h�hfwv ri vwdelol}dwlrq1 Lq wkrvh sdshuv/ jurzwk h�hfwv rffxu

wkurxjk fkdqjhv lq dyhudjh lqyhvwphqw1 E| frqwudvw/ p| prgho lpsolhv wkdw hyhq zkhq dyhudjh

lqyhvwphqw lv xqd�hfwhg/ vwdelol}dwlrq lqfuhdvhv orqj0uxq jurzwk ehfdxvh lw vprrwkv lqqrydwlrq

ryhu wlph udwkhu wkdq kdylqj lw frqfhqwudwhg lq sduwlfxodu shulrgv1 Vlqfh wklv h�hfw lpsolhv

dq lqfuhdvh lq jurzwk wkdw grhv qrw uhtxluh lq lqfuhdvh lq wkh dyhudjh dprxqw ri uhvrxufhv

hpsor|hg lq lqqrydwlrq/ lw frxog kdyh d vxevwdqwldo lpsdfw rq zhoiduh> d fdoleudwlrq vxjjhvwv

wkdw dv dq xsshu erxqg/ frqvxphuv pljkw eh zloolqj wr jlyh xs dv pxfk dv 6 � :( ri wkhlu

fxuuhqw frqvxpswlrq wr vwdelol}h djjuhjdwh  xfwxdwlrqv/ qhduo| wzr rughuv ri pdjqlwxgh juhdwhu

wkdq Oxfdv* ruljlqdo fdofxodwlrq1 Wkh lpsdfw rq zhoiduh frxog eh hyhq eljjhu xqghu dowhuqdwlyh

dvvxpswlrqv wkdw lqyroyh rffdvlrqdoo| elqglqj frqvwudlqwv rq wkh hqwuhsuhqhxuv zkr hqjdjh lq

lqqrydwlrq1 Dq xsshu erxqg doorzv wkh srvvlelolw| wkdw lqglylgxdov zrxog eh zloolqj wr vdful�fh

dv pxfk dv 58 � 68( ri wkhlu fxuuhqw frqvxpswlrq/ dowkrxjk wklv lv vxuho| dq ryhuo| jhqhurxv

hvwlpdwh ri wkh jdlqv iurp vwdelol}dwlrq1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 4 ghyhorsv wkh edvlf prgho ri U)G zlwk glplqlvk0

lqj uhwxuqv wr lqqrydwlrq1 Vhfwlrq 5 uhodwhv wklv prgho wr suhylrxv zrun rq vwdelol}dwlrq dqg

hqgrjhqrxv jurzwk1 Vhfwlrq 6 glvfxvvhv wkh uroh ri rffdvlrqdoo| elqglqj frqvwudlqwv1 Vhfwlrq 7

hvwlpdwhv xsshu erxqgv rq wkh h�hfw ri vwdelol}dwlrq rq orqj0uxq jurzwk dqg zhoiduh1 Vhfwlrq

8 frqfoxghv1

41 D Prgho ri Glplqlvklqj Uhwxuqv

Wr vwxg| krz  xfwxdwlrqv d�hfw wkh orqj0uxq jurzwk udwh ri wkh hfrqrp|/ L qhhg d prgho ri

hqgrjhqrxv jurzwk wkdw dgplwv  xfwxdwlrqv lq wkh ohyho ri hfrqrplf dfwlylw|1 Prghov ri whfk0

qrorjlfdo lqqrydwlrq vxfk dv Jurvvpdq dqg Khospdq +4<<4, dqg Djklrq dqg Krzlww +4<<5,

vdwlvi| wklv fulwhulrq1 Wkhvh prghov kdyh wzr lpsruwdqw ihdwxuhv1 Iluvw/ wkh| dvvxph d pr0

qrsrolvwlf frpshwlwlrq iudphzrun lq zklfk ghpdqg vkrfnv fdq fkdqjh wkh ohyho ri hfrqrplf

dfwlylw|1 Vhfrqg/ fkdqjhv lq wkh ohyho ri hfrqrplf dfwlylw| d�hfw wkh lqfhqwlyhv wr lqqrydwh e|
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fkdqjlqj wkh vl}h ri wkh pdunhw d prqrsrolvw frxog fdswxuh li kh ghyhorsv d vxshulru surgxfwlrq

whfkqrorj|1 Wkh sduwlfxodu vrxufh ri  xfwxdwlrqv lq p| prgho duh vkrfnv wr wkh frpsrvlwlrq ri

jryhuqphqw vshqglqj1 Wklv fkrlfh lv pdgh iru frqyhqlhqfh/ qrw ehfdxvh L zlvk wr dujxh wkdw

jryhuqphqw vshqglqj lv dq lpsruwdqw vrxufh ri djjuhjdwh  xfwxdwlrqv1 Dq| uljrurxv prgho ri

vwdelol}dwlrq zrxog uhtxluh d jryhuqphqw dxwkrulw|/ dqg doorzlqj jryhuqphqw wr dovr dfw dv wkh

vrxufh ri vkrfnv khosv plqlpl}h qrwdwlrq1 Wkh vrxufh ri wkh vkrfn grhv qrw sod| dq lpsruwdqw

uroh lq wkh iroorzlqj dqdo|vlv/ dqg wkh sduwlfxodu vkrfn L lqyhvwljdwh fdq eh ylhzhg dv d sur{|

iru ghpdqg vkrfnv pruh jhqhudoo|18 Wkh �uvw sduw ri wklv vhfwlrq vhwv xs wkh prgho/ dqg wkh

vhfrqg fkdudfwhul}hv lwv htxloleulxp19

4141 Vhwxs

Wkh hfrqrp| frqwdlqv wkuhh djhqwv=

41 D uhsuhvhqwdwlyh djhqw/ zkr frqvxphv jrrgv dqg vxssolhv oderu

51 D jryhuqphqw/ zklfk wd{hv wkh djhqw dqg vshqgv wkh uhyhqxh lw froohfwv

61 Hqwuhsuhqhxuv/ zkr kluh oderu wr surgxfh jrrgv dqg wr ghyhors qhz surgxfwlrq phwkrgv

Frqvlghu wkh wkuhh djhqwv lq wxuq1 Iluvw/ wkh uhsuhvhqwdwlyh djhqw kdv vwdqgdug FUUD suhihu0

hqfhv ryhu d frqvxpswlrq djjuhjdwh/ l1h1 klv xwlolw| dw d gdwh w lv jlyhq e|

X +F|, @
F�3�
| � 4

4� �

zkhuh � � 3 dqg F| lv d Free0Grxjodv djjuhjdwru ryhu frqvxpswlrq jrrgv f�| iru m 5 ^3> 4`=

F| @ h{s

�] �

f
oq f�| gm

�
8Zkloh wkh vrxufh ri djjuhjdwh  xfwxdwlrqv kdv qr ehdulqj rq wkh txhvwlrq ri zkhwkhu vwdelol}dwlrq d�hfwv

jurzwk/ wkh vrxufh ri djjuhjdwh  xfwxdwlrqv lv fuxfldo iru ghwhuplqlqj wkh frvwv ri vwdelol}dwlrq/ zklfk xowlpdwho|
ghwhuplqhv zkhwkhu vwdelol}dwlrq lv ghvludeoh1 Exw wkh srlqw ri wklv sdshu wr fkdoohqjh wkh qrwlrq wkdw vwdelol}dwlrq
kdv qr �uvw rughu zhoiduh h�hfwv/ qrw wr dujxh wkdw vwdelol}dwlrq lv rswlpdo1

9Vlqfh zulwlqj wklv sdshu/ L kdyh ehfrph dzduh ri d uhodwhg prgho e| Idwdv +4<<;,1 Dvlgh iurp gl�hulqj lq
fhuwdlq ghwdlov iurp wklv prgho/ kh irfxvhv rq gl�huhqw txhvwrqv1

8



Wlph lv frqwlqxrxv/ dqg wkh djhqw fduhv derxw klv h{shfwhg glvfrxqwhg xwlolw|] "

f
X +F|, h

34|gw

zkhuh � A 3 lv klv glvfrxqw udwh1 L fkrrvh FUUD xwlolw| ghvslwh lwv gudzedfnv zklfk duh

glvfxvvhg lq wkh Lqwurgxfwlrq> wkhvh frqfhuq dwwlwxgh wrzdugv ulvn/ zklfk lv qrw lpsruwdqw

iru p| dqdo|vlv1 Iru wklv uhdvrq/ � vkrxog eh lqwhusuhwhg dv wkh lqyhuvh ri wkh hodvwlflw| ri

lqwhuwhpsrudo vxevwlwxwlrq udwkhu wkdq d frh!flhqw ri ulvn0dyhuvlrq1

Wkh djhqw lv hqgrzhg zlwk O xqlwv ri oderu hdfk lqvwdqw1 Ohlvxuh grhv qrw hqwhu klv xwlolw|

ixqfwlrq/ vr kh vxssolhv doo ri klv oderu zkhqhyhu wkh zdjh lv srvlwlyh1 Wkh djhqw dovr rzqv doo

fodlpv rq wkh sur�wv ri hqwuhsuhqhxuv lq wklv hfrqrp|/ srvlwlyh dqg qhjdwlyh1 Iroorzlqj Oxfdv/

L devwudfw iurp vdylqjv> wkh djhqw pxvw frqvxph doo ri klv glvsrvdeoh lqfrph/ zklfk lv wkh vxp

ri oderu lqfrph dqg sur�wv qhw ri dq| wd{ oldelolwlhv1 Wkh rqo| fkrlfh kh pxvw pdnh lv krz

wr doorfdwh klv lqfrph dfurvv gl�huhqw jrrgv1 Vlqfh F| lv d Free0Grxjodv djjuhjdwru/ kh zloo

vshqg dq htxdo dprxqw rq hdfk jrrg m 5 ^3> 4`1 Lqwhjudwlqj ryhu doo jrrgv lpsolhv wkh vshqglqj

udwh rq hdfk jrrg m lv wkh vdph dv glvsrvdeoh lqfrph/

s�f� @

] �

f
s�f�gm @ �.Z � W

zkhuh � ghqrwhv djjuhjdwh sur�wv/ Z ghqrwhv oderu lqfrph/ dqg W ghqrwhv wd{ oldelolwlhv1 Ohw

\ � �.Z ghqrwh jurvv qrplqdo lqfrph1

Qh{w/ frqvlghu wkh jryhuqphqw vhfwru1 Jryhuqphqw wd{hv wkh oderu lqfrph ri wkh djhqw dqg xvhv

wkh ixqgv lw udlvhv wr �qdqfh ydulrxv h{shqglwxuhv1 Wkh wd{ udwh lv d frqvwdqw � 5 +3> 4,1 Vlqfh

oderu vxsso| lv lqhodvwlf/ wklv wd{ lv htxlydohqw wr d oxps0vxp wd{1 Krzhyhu/ wkh idfw wkdw wkh

wd{ lv sursruwlrqdo wr oderu lqfrph lv lpsruwdqw/ vlqfh lw lpsolhv jryhuqphqw uhyhqxh jurzv dv

oderu uhvrxufhv ehfrph pruh surgxfwlyh1 Zlwkrxw wklv dvvxpswlrq/ jryhuqphqw vkduh ri wrwdo

rxwsxw zrxog hyhqwxdoo| ydqlvk1 Lq zkdw iroorzv/ L zloo xvh oderu dv wkh qxphudluh jrrg1 Wkh

wd{ uhyhqxh lq hdfk lqvwdqw lv wkhuhiruh W @ �O1 Wkh exgjhw lv dozd|v edodqfhg/ l1h1 wkh hqwluh

wd{ uhyhqxh W lv vshqw dw hdfk lqvwdqw1 Wkh h{shqglwxuhv ri wkh jryhuqphqw sd| iru jrrgv dqg

jryhuqphqw zrunhuv=

W @ J| .Q|

9



zkhuh J| ghqrwhv jryhuqphqw vshqglqj rq jrrgv/ dqg Q| ghqrwhv wkh wrwdo zdjh eloo ri jry0

huqphqw hpsor|hhv1 Jlyhq wkh qrupdol}dwlrq wkdw oderu lv wkh qxphudluh/ wkh odwwhu lv dovr

wkh qxpehu ri zrunhuv hpsor|hg e| wkh jryhuqphqw1 Wklv qrwdwlrq pljkw eh d olwwoh frqixvlqj

dw �uvw/ hvshfldoo| vlqfh J| lv d qrplqdo txdqwlw| zkloh F| lv d uhdo txdqwlw|1 Krzhyhu/ lw lv

frqyhqlhqw wr zrun zlwk qrplqdo txdqwlwlhv lq vroylqj wkh prgho/ hyhq wkrxjk zh xowlpdwho|

fduh derxw uhdo frqvxpswlrq1 L ghqrwh qrplqdo frqvxpswlrq e| S|F| �
U �
f s�|f�|1

Jryhuqphqw h{shqglwxuhv rq jrrgv duh dvvxphg wr eh doorfdwhg htxdoo| dfurvv wkh gl�huhqw

frpprglwlhv/ l1h1 vshqglqj rq hdfk jrrg m dw gdwh w lv wkh vdph dprxqw j| uhjdugohvv ri wkh

sulfh ri wkdw jrrg1 Lw iroorzv wkdw djjuhjdwh jryhuqphqw vshqglqj rq jrrgv lv htxdo wr j|/ vlqfh

J| @

] �

f
j|gm @ j|

Iroorzlqj Pdwvx|dpd +4<<8,/ L dvvxph wkh jryhuqphqw pdlqwdlqv d frqvwdqw wd{ froohfwlrq

W exw shulrglfdoo| vkliwv wkh frpsrvlwlrq ri vshqglqj ehwzhhq jrrgv dqg oderu1 Vshfl�fdoo|/

djjuhjdwh jryhuqphqw h{shqglwxuhv J| fdq dvvxph rqh ri wzr ydoxhv/ J� A Jf/ dqg vzlwfkhv

ehwzhhq wkhvh wzr ydoxhv dw d udwh � shu xqlw ri wlph1 Wkhvh vkliwv lq wkh frpsrvlwlrq ri

jryhuqphqw h{shqglwxuhv dfw dv wkh vrxufh ri  xfwxdwlrqv lq wkh hfrqrp|1 Ghqrwh wkh dvvrfldwhg

qxpehu ri jryhuqphqw zrunhuv hpsor|hg lq hdfk uhjlph e| Qf @ W � Jf dqg Q� @ W � J�/

uhvshfwlyho|1 Exgjhw edodqfh lpsolhv Qf A Q�/ l1h1 pruh zrunhuv fdq zrun lq wkh sulydwh vhfwru

zkhq jryhuqphqw vkliwv lwv vshqglqj wrzdugv jrrgv1

Ilqdoo|/ L wxuq wr hqwuhsuhqhxuv1 Wkh| sod| wzr urohv lq wkh hfrqrp|= wkh| surgxfh wkh ydulrxv

jrrgv m 5 ^3> 4`/ dqg wkh| vhdufk iru ehwwhu zd|v ri surgxflqj wkhvh jrrgv1 Lq erwk fdsdflwlhv/

wkh| duh gulyhq e| sur�w pd{lpl}dwlrq1 Wkh qdwxuh ri surgxfwlrq lq wklv hfrqrp| lv dv iroorzv1

Hdfk jrrg m lv dvvrfldwhg zlwk d qxpehu p� wkdw uh hfwv wkh kljkhvw jhqhudwlrq ri whfkqrorj|

dydlodeoh iru surgxflqj wkdw jrrg1 Sxw dqrwkhu zd|/ p� lv wkh qxpehu ri wlphv wkh whfkqrorj|

iru surgxflqj jrrg m kdv ehhq lpsuryhg xsrq vlqfh gdwh w @ 31 Hdfk jhqhudwlrq frqyhuwv

oderu lqwr rxwsxw dw d olqhdu udwh/ exw vxffhvvlyh jhqhudwlrqv duh pruh surgxfwlyh1 Vshfl�fdoo|/

wkh p0wk jhqhudwlrq whfkqrorj| doorzv rqh xqlw ri oderu wr surgxfh �6 xqlwv ri rxwsxw/ zkhuh

� A 4 lv wkh udwh ri surjuhvv dvvrfldwhg zlwk hdfk lpsuryhphqw1 Whfkqrorjlhv duh surwhfwhg e|

lqgh�qlwh sdwhqwv/ vr rqo| wkh fuhdwru ri wkh p0wk jhqhudwlrq whfkqrorj| fdq xvh lw wr surgxfh

jrrgv1 Vwloo/ wkh ghyhorsphqw ri wkh p0wk jhqhudwlrq doorzv rwkhu hqwuhsuhqhxuv wr ghyhors wkh

:



p. 40wk jhqhudwlrq/ vr glvfryhulqj d qhz surgxfwlrq whfkqltxh khosv erwk wkh lqqrydwru zkr

glvfryhuv lw dqg klv frpshwlwruv1

L �uvw ghvfuleh hqwuhsuhqhxuv lq wkhlu fdsdflw| dv surgxfhuv1 Hdfk hqwuhsuhqhxu zloo surgxfh

xvlqj wkh kljkhvw jhqhudwlrq kh kdv dffhvv wr1 Klv rqo| uhdo ghflvlrq lv zkdw sulfh wr fkdujh

iru klv jrrg1 Vlqfh erwk frqvxphu dqg jryhuqphqw vshqglqj rq hdfk jrrg duh lqghshqghqw

ri wkh sulfh/ ghpdqg iru hdfk jrrg lv xqlw hodvwlf1 Hdfk prqrsrolvw zloo wkhuhiruh zdqw wr vhw

dv kljk d sulfh dv srvvleoh> wklv zd|/ kh hduqv wkh vdph uhyhqxh exw fdq surgxfh ihzhu jrrgv1

Exw kh fdqqrw srvw d sulfh wkdw lv wrr kljk> li klv sulfh h{fhhgv wkh frvw ri surgxflqj d vlqjoh

xqlw ri klv qh{w prvw h!flhqw frpshwlwru/ wkh odwwhu zloo srvw d voljkwo| orzhu sulfh dqg vwhdo

dzd| doo ri klv exvlqhvv1 Khqfh/ surgxfhuv txrwh d sulfh htxdo wr wkh pdujlqdo frvw ri wkhlu

prvw h!flhqw frpshwlwru/ dqg wkh hqwuhsuhqhxu zlwk wkh kljkhvw jhqhudwlrq ri whfkqrorj| zloo

eh wkh rqh vxsso|lqj jrrgv wr wkh pdunhw1 Wklv lpsolhv wkdw dq hqwuhsuhqhxu zlwk wkh p0wk

jhqhudwlrq whfkqrorj| zloo vhw klv sulfh s� wr �
3E63��= klv qh{w prvw h!flhqw frpshwlwru qhhgv

�3E63�� zrunhuv wr surgxfh rqh xqlw ri rxwsxw/ dqg hdfk zrunhu lv sdlg d zdjh qrupdol}hg wr

41 Dw wklv sulfh/ wkh qxpehu ri xqlwv wkh prqrsrolvw zloo vhoo lv jlyhq e|

\ � W .J

s�
@ �63� +\ � W .J, +414,

Wr surgxfh hdfk ri wkhvh xqlwv/ kh qhhgv wr kluh �36 xqlwv ri oderu1 Khqfh/ klv wrwdo oderu

uhtxluhphqw lv jlyhq e| �3� +\ � W .J,1 Zlwk oderu dv wkh qxphudluh/ wklv lv dovr wkh wrwdo

frvw ri surgxflqj wkh txdqwlw| lq +414,1 Klv sur�wv zloo wkhq htxdo klv uhyhqxh qhw ri frvwv/ ru

� @ s�f� �
4

�
+\ � W .J,

@
�� 4

�
+\ � W .J, +415,

Lq zkdw iroorzv/ L uhvwulfw dwwhqwlrq wr Pdunry htxloleuld lq zklfk qrplqdo lqfrph \ ghshqgv

rqo| rq wkh ohyho ri jryhuqphqw vshqglqj J1 Lq vxfk dq htxloleulxp/ sur�wv � zloo ghshqg rqo|

rq wkh ohyho ri jryhuqphqw vshqglqj1 Ohw �f ghqrwh sur�wv zkhq J @ Jf dqg �� zkhq J @ J�1

Ilqdoo|/ L ghvfuleh hqwuhsuhqhxuv lq wkhlu fdsdflw| dv lqqrydwruv1 L dvvxph wkhuh duh rqo| wzr

hqwuhsuhqhxuv lq vhfwru m dw dq| srlqw lq wlph= rqh zkr rzqv wkh sdwhqw wr wkh ehvw dydlodeoh

whfkqrorj| dqg surgxfhv rxwsxw/ dqg wkh rwkhu zkr fdq zrun rq ghyhorslqj d ehwwhu whfkqrorj|

iru surgxflqj wklv jrrg1 Suhylrxv zrun kdv dyrlghg kdylqj wr pdnh vxfk dq h{solflw dvvxpswlrq

;



e| lpsrvlqj frqvwdqw uhwxuqv wr vfdoh lq uhvhdufk dorqj zlwk iuhh hqwu|1 Lq wklv fdvh/ wkh qxpehu

ri srwhqwldo hqwudqwv grhv qrw pdwwhu/ dqg dq lqfxpehqw prqrsrolvw zloo qhyhu fkrrvh wr hqjdjh

lq uhvhdufk lq htxloleulxp1 Suhflvho| ehfdxvh L zdqw wr doorz iru glplqlvklqj uhwxuqv/ L qhhg

wr dgg wkhvh dvvxpswlrqv1: Li wkh uhvhdufkhu0hqwuhsuhqhxu hpsor|v q zrunhuv iru uhvhdufk/ kh

glvfryhuv wkh qh{w jhqhudwlrq whfkqrorj| dw d udwh ! +q, shu xqlw ri wlph1 Wkh ixqfwlrq ! +q,

lv vwulfwo| lqfuhdvlqj dqg frqfdyh/ zlwk ! +3, @ 3/ dqg vdwlv�hv wkh xvxdo erxqgdu| frqglwlrqv

olp
?<f

!� +q, @ 4 dqg olp
?<"

!� +q, @ 31 Frqfdylw| lq ! +q, lv dvvrfldwhg zlwk glplqlvklqj uhwxuqv

lq uhvhdufk dqg ghyhorsphqw= wkh frqwulexwlrq ri wkh pdujlqdo zrunhu wr wkh suredelolw| ri

vxffhvv ghfuhdvhv zlwk hdfk dgglwlrqdo zrunhu1 Ghqrwlqj wkh ydoxh ri d vxffhvvixo lqqrydwlrq e|

y|/ wkh lqqrydwru*v sureohp lv wr fkrrvh q wr pd{lpl}h ! +q, y| � q/ vr

!� +q, y| @ 4 +416,

4151 Htxloleulxp

Zlwk wkh ghvfulswlrq ri wkh hfrqrp| frpsohwh/ L fdq surfhhg wr fkdudfwhul}h lwv htxloleulxp1 Dv

xvxdo/ dq htxloleulxp lv d vhw ri sulfhv dqg d vhw ri txdqwlwlhv dw hdfk lqvwdqw vxfk wkdw +4, djhqwv

fkrrvh sulfhv dqg txdqwlwlhv rswlpdoo|> +5, wkh jryhuqphqw exgjhw lv edodqfhg> dqg +6, vxsso|

dqg ghpdqg duh htxdo lq doo rxwsxw dqg idfwru pdunhwv1 Dv qrwhg ehiruh/ L irfxv rq Pdunry

htxloleuld lq zklfk qrplqdo yduldeohv ydu| rqo| zlwk wkh ohyho ri jryhuqphqw vshqglqj> lw lv

dq rshq lvvxh dv wr zkhwkhu rwkhu htxloleuld dovr h{lvw1 Lq zkdw iroorzv/ L uhgxfh wkh sureohp

ri vroylqj iru dq htxloleulxp wr rqh ri vroylqj rqo| iru q/ wkh qxpehu ri zrunhuv hpsor|hg lq

lqqrydwlrq1 Doo uhpdlqlqj sduwv ri wkh htxloleulxp fdq eh uhfrqvwuxfwhg iurp wklv yduldeoh1 Wr

gr wklv/ L pdnh xvh ri wkh �uvw rughu frqglwlrq +416,/ zklfk h{suhvvhv q dv d ixqfwlrq ri wkh

ydoxh ri d sdwhqw y1 Wkxv/ d qhfhvvdu| �uvw vwhs lv wr h{suhvv y lq whupv ri q1

Lq vroylqj iru y/ L xvh wkh dssurdfk ri Oxfdv +4<:;,1 Wkdw lv/ vxssrvh wklv hfrqrp| kdv d

pdunhw iru sdwhqwv1 Vlqfh wkh uhsuhvhqwdwlyh djhqw rzqv doo sdwhqwv lq htxloleulxp/ wkh ydoxh ri

d sdwhqw pxvw eh vxfk wkdw kh lv lqgl�huhqw ehwzhhq ex|lqj rqh dqg vhoolqj rqh1 Wkh h{shfwhg

xwlolw| iurp ex|lqj d sdwhqw lv wkh pdujlqdo ydoxh ri frqvxpswlrq rqh frxog d�rug zlwk wkh

:Dq dowhuqdwlyh dssurdfk zrxog eh wr doorz iru glplqlvklqj uhwxuqv dw wkh djjuhjdwh ohyho udwkhu wkdq wkh
lqglylgxdo ohyho1 Vhh/ iru h{dpsoh/ Vwrnh| +4<<8,1

<



sur�wv lw |lhogv1 Wklv kdv dq h{shfwhg xwlolw| ydoxh ri

H|

�] "

f
X � +F|nr,

gF|nr

g\|nr

�|nrh
34E|nr�gv

�
Wklv kdv wr eh wkh vdph dv wkh xwlolw| iurp vhoolqj wkh sdwhqw1 Lq wkdw fdvh/ wkh frqvxphu fdq

lqfuhdvh klv lqfrph e| y/ zklfk doorzv klp wr lqfuhdvh klv fxuuhqw frqvxpswlrq1 Wkh dgglwlrqdo

xwlolw| iurp wklv rswlrq lv jlyhq e|

X � +F|,
gF|

g\|
y|

Lqgl�huhqfh ehwzhhq wkh wzr |lhogv wkh ydoxh ri d vxffhvvixo lqqrydwlrq=

y| @ H|

�] "

|

X � +F|nr,

X �+F|,

gF|nr@g\|nr

gF|@g\|
�|nrh

34E|nr�gv

�
Wkh iroorzlqj ohppd hvwdeolvkhv wkdw y| h{lvwv zkhq � � 4/ dqg wkdw lw lv d olqhdu ixqfwlrq ri

sur�wv xqghu wkh wzr uhjlphv/ �f dqg ��1 Lwv surri/ dv zhoo dv wkrvh ri doo rwkhu fodlpv lq wkh

sdshu/ lv ghohjdwhg wr wkh Dsshqgl{1

Ohppd 4= Vxssrvh � � 41 Lq d Pdunry vwdwlrqdu| htxloleulxp/ wkh ydoxh ri d vxffhvvixo

lqqrydwlrq lv jlyhq e|

y| @

;AAA?AAA=
4

$ +qf,$ +q�,� �2
+$ +qf,�f . ���, li J| @ Jf

4

$ +qf,$ +q�,� �2
+$ +q�,�� . ��f, li J| @ J�

+417,

zkhuh

$ +q, @ �. �. ! +q, ^4 . +� � 4, oq�`

Qrwh wkdw li qf @ q�/ wkh ydoxh ri d sdwhqw y zrxog eh kljkhu lq zklfkhyhu uhjlph r�huv kljkhu

sur�wv> wklv lv ehfdxvh d sdwhqw lv pruh ydoxdeoh li lw sd|v rxw kljk glylghqgv wrgd| udwkhu

wkdq lq wkh glvfrxqwhg ixwxuh1 Li qf 9@ q�/ wkh sdwhqw frxog eh pruh ydoxdeoh lq wkh orz sur�w

uhjlph/ vlqfh y ghshqgv qrw rqo| rq wkh wlplqj ri sd|rxwv exw dovr rq wkh lqqrydwlrq udwh

! +q,1 Wklv udwh d�hfwv wkh ydoxh ri d sdwhqw lq wzr glvwlqfw zd|v1 Iluvw/ ! uh hfwv wkh udwh dw

zklfk dq hqwuhsuhqhxu*v whfkqrorj| lv uhqghuhg revrohwh e| klv frpshwlwru> d kljkhu ! uhgxfhv

h{shfwhg ixwxuh sur�wv/ pdnlqj wkh sdwhqw ohvv ydoxdeoh1 Vhfrqg/ ! uh hfwv wkh udwh dw zklfk

43



rwkhu jrrgv duh lqqrydwhg1 Idvwhu lqqrydwlrq lq rwkhu vhfwruv frxog pdnh d sdwhqw hlwkhu pruh

ru ohvv ydoxdeoh1 Zlwk pruh udslg jurzwk lq oderu surgxfwlylw|/ uhdo lqfrph dqg khqfh ghpdqg

iru hdfk jrrg jurz pruh udslgo|1 Wklv lqfuhdvhv wkh h{shfwhg sur�wv ri dq lqfxpehqw/ pdnlqj

sdwhqwv pruh ydoxdeoh1 Rq wkh rwkhu kdqg/ wkh pruh udslgo| lqfrph jurzv/ wkh pruh xqhyhq lv

wkh dqwlflsdwhg ixwxuh sur�oh ri frqvxpswlrq1 Wklv pdnhv fxuuhqw frqvxpswlrq pruh ydoxdeoh

wkdq ixwxuh frqvxpswlrq/ uhgxflqj wkh ydoxh ri wkh sdwhqw1 Zklfk ri wkhvh h�hfwv grplqdwhv

ghshqgv rq krz pxfk wkh frqvxphu lv zloolqj wr vxevwlwxwh lqwhuwhpsrudoo|1 Zkhq � � 4 vr wkh

djhqw lv xqzloolqj wr vxevwlwxwh lqwhuwhpsrudoo|/ wkh ydoxh ri d sdwhqw xqdpeljxrxvo| ghfuhdvhv

zlwk !1;

Wr h{suhvv y vroho| lq whupv ri q/ L qhhg wr h{suhvv sur�wv � lq whupv ri q1 Khuh/ L xvh wkh idfw

wkdw djjuhjdwh sur�wv � duh wkh vxp ri sur�wv ri hqwuhsuhqhxuv lq doo vhfwruv qhw wkh frvwv ri

lqqrydwlrq1 Wkdw lv/

� @

] �

f
��gm �

] �

f
q�gm @ � � q

Vxevwlwxwlqj wklv lqwr +415, jlyhv sur�wv � dv d ixqfwlrq ri q=

� @ +�� 4, +O� q�Q,

zklfk doorzv xv wr uhzulwh +416, dv d v|vwhp ri wzr htxdwlrqv zlwk qf dqg q� dv wkh rqo|

hqgrjhqrxv yduldeohv=

!� +q�,
�� 4

$ +q�,$ +qf,� �2
^+$ +q�, . �,O� $ +q�, +q� .Q�,� � +q� .Q�,` @ 4 +418,

Zkloh rewdlqlqj d forvhg irup vroxwlrq iru qf dqg q� lv qrw srvvleoh lq jhqhudo/ L fdq vwloo

fkdudfwhul}h krz hpsor|phqw/ sur�wv/ wkh ydoxh ri sdwhqwv/ dqg rxwsxw ydu| dfurvv wkh wzr

uhjlphv1

Sursrvlwlrq 4= Vxssrvh � � 41 Wkhq lq htxloleulxp/

41 Hpsor|phqw lq wkh lqqrydwlrq vhfwru lv lqfuhdvlqj lq J/ l1h1 q� A qf1 Khqfh/ wkh jurzwk

udwh ! +q, oq� lv lqfuhdvlqj lq J1

;Ydoxhv ri � wkdw duh juhdwhu wkdq � duh dovr frqvlvwhqw zlwk hpslulfdo hylghqfh1 Vhh/ iru h{dpsoh/ Hsvwhlq
dqg ]lqq +4<<4,1
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51 Wkh ydoxh ri sdwhqwv lv lqfuhdvlqj lq J/ l1h1 y� A yf1

61 Qrplqdo sur�wv duh lqfuhdvlqj lq J/ l1h1 �� A �f1

71 Qrplqdo lqfrph \ dqg frqvxpswlrq SF frxog eh hlwkhu lqfuhdvlqj ru ghfuhdvlqj lq J>

krzhyhu/ erwk duh uhodwhg wr J lq wkh vdph zd|1

Sursrvlwlrq 4 lpsolhv wkdw lqqrydwlrq lv dffhohudwhg zkhq sur�wv/ dqg wkxv sdwhqwv/ duh pruh

ydoxdeoh1 Lw ixuwkhu hvwdeolvkhv wkdw sdwhqwv duh pruh ydoxdeoh zkhq jryhuqphqw vshqglqj

rq jrrgv lv kljk1 Wr uhskudvh Sursrvlwlrq 4 lq whupv ri pruh frqyhqwlrqdo exvlqhvv f|foh

whuplqrorj|/ wkrxjk/ lw zloo eh xvhixo wr uhodwh wkh prgho wr wkh ruljlqdo Oxfdv vhwxs1 Uhfdoo

wkdw kh srvlwv wkh uhsuhvhqwdwlyh djhqw uhfhlyhv d frqvxpswlrq vwuhdp ri wkh irup

F| @

%
|\

r'f

+4 . �r,

&
+4 . %|,Ff

zkhuh wkh jurzwk udwh �r lv dvvxphg wr eh frqvwdqw1 Wkh whup
�T|

r'f +4 . �r,
�
Ff uh hfwv h{0

shfwhg frqvxpswlrq jlyhq fxpxodwlyh jurzwk xs wr shulrg w/ exw wkh dfwxdo ohyho ri frqvxpswlrq

gl�huv iurp wklv h{shfwdwlrq e| d vwrfkdvwlf whup 4 . %| wkdw uh hfwv f|folfdo  xfwxdwlrqv1 D

olwwoh dojheud vkrzv wkdw p| prgho dgplwv dq dqdorjrxv frqwlqxrxv0wlph uhsuhvhqwdwlrq iru wkh

frqvxpswlrq djjuhjdwh/

F| @ h{s

�] |

f

! +qr, oq�

�
+4 . %|,Ff +419,

zkhuh wkh ghyldwlrqv iurp wuhqg %| ghshqg rq wkh ohyho ri jryhuqphqw vshqglqj/ l1h1 %| @ % +J|,1

Wkh yluwxh ri xvlqj oderu dv wkh qxphudluh jrrg lv wkdw qrplqdo txdqwlwlhv fruuhvsrqg wr

ghwuhqghg uhdo txdqwlwlhv1 Wklv lv ehfdxvh djjuhjdwh uhdo yduldeohv jurz dw wkh vdph udwh

dv oderu surgxfwlylw|= h{suhvvlqj wkh ydoxh ri txdqwlwlhv lq whupv ri xqlwv ri oderu h�hfwlyho|

uhpryhv wkh jurzwk whup h{s
kU |

f !r oq�
l
lq +419,1 Dv d uhvxow/ wkh qrplqdo ydoxh ri frqvxpswlrq

lv sursruwlrqdo wr 4.%|1 Wklv doorzv xv wr uhfryhu ghyldwlrqv iurp wuhqg frqvxpswlrq xvlqj wkh

ohyho ri qrplqdo frqvxpswlrq/ dqg vlploduo| iru rwkhu uhdo pdfurhfrqrplf vhulhv lq wkh prgho1

Duphg zlwk wklv revhuydwlrq/ zh fdq lqwhusuhw Sursrvlwlrq 4 dv d vwdwhphqw derxw wkh f|folfdo

surshuwlhv ri ydulrxv yduldeohv lq wklv hfrqrp|1 Lw lv qdwxudo wr gh�qh wkh f|foh lq whupv ri uhdo

jurvv lqfrph/ l1h1 wkh hfrqrp| lv vdlg wr eh lq d errp li uhdo lqfrph lv deryh lwv h{shfwhg

45



jurzwk udwh1 Wklv rffxuv zkhq qrplqdo jurvv lqfrph \ dvvxphv lwv kljkhu ydoxh1 Sursrvlwlrq 4

lpsolhv frqvxpswlrq lv surf|folfdo/ l1h1 lw dwwdlqv lwv kljkhu ydoxh zkhq qrplqdo lqfrph dwwdlqv

lwv kljkhu ydoxh1 Krzhyhu/ lw grhv qrw slq grzq krz jryhuqphqw vshqglqj/ dqg wkxv sur�wv/

sdwhqw ydoxhv/ dqg wkh hfrqrp|*v jurzwk udwh pryh ryhu wkh f|foh1 Wkh idfw wkdw wkh jurzwk

udwh frxog eh surf|folfdo ru frxqwhuf|folfdo vkrxog qrw eh hqwluho| vxusulvlqj1 Djklrq dqg Vdlqw

Sdxo +4<<;, �qg wkdw jurzwk frxog eh hlwkhu surf|folfdo ru frxqwhuf|folfdo/ ghshqglqj rq wkh

vshfl�fdwlrq iru U)G whfkqrorj|1 P| prgho pdnhv d vlplodu suhglfwlrq/ exw iru d gl�huhqw

uhdvrq= zlwk prqrsro| srzhu lq wkh surgxfwlrq ri jrrgv/ glyhuwlqj zrunhuv rxw ri surgxfwlrq

dqg lqwr lqqrydwlrq zkhuh sur�w pdujlqv duh orzhu zloo uhgxfh wrwdo lqfrph1 Li wkh lqfuhdvh

lq J glyhuwv hqrxjk uhvrxufhv wr lqqrydwlrq/ lw lv srvvleoh wkdw jurvv lqfrph idoov hyhq dv hdfk

surgxfhu*v sur�wv ulvh1 Wklv lv vlplodu wr h�hfw ghvfulehg lq Khospdq dqg Wudmwhqehuj +4<<;,

zkhuh wkh duulydo ri d pruh surgxfwlyh whfkqrorj| fdxvhv dq lqlwldo idoo lq lqfrph dv uhvrxufhv

duh glyhuwhg wr lqqrydwlrq1 Hpslulfdoo|/ jryhuqphqw vshqglqj/ sur�wv/ dqg U)G h{shqglwxuhv

duh doo surf|folfdo/ zklfk zrxog whqg wr idyru surf|folfdo jurzwk1 Wklv lv dovr sodxvleoh jlyhq

wkh idfw wkdw lqqrydwlrq lv vxfk d vpdoo vkduh ri wkh djjuhjdwh hfrqrp|1 Vwloo/ wkh txhvwlrq ri

zkhwkhu jurzwk lv surf|folfdo ru frxqwhuf|folfdo lv luuhohydqw iru wkh txhvwlrq ri krz vwdelol}dwlrq

d�hfwv jurzwk1 Wklv ghshqgv rq zkhwkhu � +%, lv frqfdyh lq %/ qrw rq zkhwkhu � lv lqfuhdvlqj

ru ghfuhdvlqj lq %1 Lw lv wr wklv txhvwlrq wkdw L qrz wxuq1

Dowkrxjk lw lv d xvhixo khxulvwlf ghylfh wr srvh wkh txhvwlrq ri zkhwkhu vwdelol}dwlrq lqfuhdvhv

jurzwk lq whupv ri zkhwkhu wkh jurzwk udwh � lv frqfdyh lq wkh ohyho ri hfrqrplf dfwlylw| %/ wkh

idfw wkdw � dqg % duh ghwhuplqhg vlpxowdqhrxvo| lq htxloleulxp phdqv � lv qrw/ vwulfwo| vshdnlqj/

d ixqfwlrq ri %1 Wr vhwwoh zkhwkhu vwdelol}dwlrq lqfuhdvhv orqj0uxq jurzwk/ wkhq/ zh pxvw lqwur0

gxfh d vwdelol}dwlrq srolf| gluhfwo| lqwr wkh prgho dqg frpsduh wkh qhz htxloleulxp jurzwk udwh

zlwk wkh jurzwk udwh wkdw suhydlov zkhq djjuhjdwh  xfwxdwlrqv duh doorzhg1 Vlqfh jryhuqphqw

vshqglqj lv wkh vrxufh ri djjuhjdwh  xfwxdwlrqv/ dqg vlqfh lwv ohyho lv vhw e| srolf|pdnhuv/ lw

vhhpv qdwxudo wr gh�qh d vwdelol}dwlrq srolf| dv rqh zklfk vhwv jryhuqphqw vshqglqj frqvwdqw

dw wkh dyhudjh ri jryhuqphqw vshqglqj dfurvv wkh wzr uhjlphv/ l1h1 J| @ �
2 +Jf .J�, �@ J

iru doo w1 Ohw q +J, ghqrwh wkh qxpehu ri zrunhuv hpsor|hg lq lqqrydwlrq zkhq jryhuqphqw

vshqglqj lv frqvwdqw dqg htxdo wr J/ dqg qW +J, wkh qxpehu ri zrunhuv hpsor|hg lq lqqrydwlrq

zkhq jryhuqphqw vshqglqj  xfwxdwhv exw lv fxuuhqwo| htxdo wr J1 Vwdelol}dwlrq zloo lqfuhdvh

orqj0uxq jurzwk li

!
�
q
�
J
��

oq� A �
2 ^! +q

W +Jf,, oq�. ! +qW +J�,, oq�` +41:,
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Wkh qrwdwlrq lv phdqw wr vxjjhvw wkdw vwdelol}lqj jryhuqphqw vshqglqj lq wklv hfrqrp| zloo

lqfuhdvh jurzwk li wkh jurzwk udwh ! +q +�,, oq� lv �h�hfwlyho| frqfdyh� lq jryhuqphqw vshqglqj1

Wklv lv rqo| d prgl�hg qrwlrq ri frqfdylw|/ vlqfh +41:, frpsduhv wkh dyhudjh uhdol}hg jurzwk

udwh xqghu wzr gl�huhqw vwrfkdvwlf surfhvvhv iru J|/ l1h1 lw frpsduhv wkh ixqfwlrq ! +q +�,, dw J

zlwk wkh dyhudjh ri d gl�huhqw ixqfwlrq ! +qW +�,,1 Wkh +wuxh, frqfdylw| ri ! +�, hvwdeolvkhv wkh

iroorzlqj vx!flhqw frqglwlrq iru vwdelol}dwlrq wr lqfuhdvh jurzwk=

Sursrvlwlrq 5= Li q lv h�hfwlyho| frqfdyh lq J/ l1h1 li

q
�
J
�
� �

2 ^q
W +Jf, . qW +J�,` +41;,

wkhq +41:, zloo eh vdwlv�hg/ l1h1 vwdelol}dwlrq lqfuhdvhv dyhudjh jurzwk1

+41;, lv rqo| d vx!flhqw frqglwlrq1 Hyhq li q lv h�hfwlyho| frqyh{ lq J vr wkdw +41;, lv uhyhuvhg/

lw lv vwloo srvvleoh wkdw +41:, zloo eh vdwlv�hg surylghg ! +�, lv vx!flhqwo| frqfdyh1 Zkhwkhu

frqglwlrq +41;, lv vdwlv�hg ru qrw ghshqgv rq wklug ghulydwlyh surshuwlhv ri ! +�,1 Wr vhh zk|/

uhfdoo wkdw q lv ghwhuplqhg e| wkh �uvw rughu frqglwlrq !� +q, y @ 41 Wr ghwhuplqh zkhwkhu q

ghshqgv rq y lq d frqfdyh ru frqyh{ pdqqhu/ zh qhhg wr gl�huhqwldwh wklv Hxohu htxdwlrq wzlfh/

zklfk lqyroyhv wkh wklug ghulydwlyh !��� zkrvh vljq dqg pdjqlwxgh lv dpeljxrxv1 Wklv dpeljx0

lw| ehwzhhq lqyhvwphqw dqg xqfhuwdlqw| uh hfwv d jhqhudo uhvxow= ghshqglqj rq wkh surgxfwlrq

ixqfwlrq/ wkh uhvrxufhv ghyrwhg wr lqyhvwphqw fdq hlwkhu lqfuhdvh ru ghfuhdvh lq uhvsrqvh wr d

phdq suhvhuylqj vsuhdg1< Vlqfh wklv prgho lpsrvhv qr uhvwulfwlrqv rq wkh uhodwlrqvkls ehwzhhq

lqyhvwphqw dqg yrodwlolw|/ lw grhv qrw gholyhu d vkdus suhglfwlrq dv wr krz vwdelol}dwlrq d�hfwv

jurzwk1 Krzhyhu/ lw lghqwl�hv dq lpsruwdqw irufh zklfk xqdpeljxrxvo| zrunv wrzdugv pdnlqj

vwdelol}dwlrq frqgxflyh wr jurzwk/ qdpho| glplqlvklqj uhwxuqv wr lqqrydwlrq1 Lqwxlwlyho|/ gl0

plqlvklqj uhwxuqv lpsolhv wkdw wdnlqj dzd| uhvrxufhv iurp wkh lqqrydwlrq vhfwru uhgxfhv jurzwk

pruh wkdq dgglqj d frpphqvxudwh dprxqw ri uhvrxufhv wr wkh lqqrydwlrq vhfwru udlvhv lw1

Qrwh wkdw wkh prgho suhglfwv vwdelol}dwlrq zloo lqfuhdvh jurzwk lv wkh erughuolqh fdvh lq zklfk

vwdelol}dwlrq kdv qr vljql�fdqw h�hfw rq wkh dyhudjh ohyho ri lqyhvwphqw/ l1h1 zkhuh q lv h�hfwlyho|

<Iru h{dpsoh/ Kduwpdq +4<:5, dqg Deho +4<;6, ghyhors prghov zkhuh lqyhvwphqw lqfuhdvhv xqghu xqfhuwdlqw|/
zkloh Ehuqdqnh +4<;6, dqg Gl{lw dqg Slqg|fn +4<<7, ghyhors prghov zkhuh lqyhvwphqw ghfuhdvhv xqghu xqfhu0
wdlqw|1 Fdedoohur +4<<4, suhvhqwv d xql�hg iudphzrun lq zklfk lqyhvwphqw fdq hlwkhu lqfuhdvh ru ghfuhdvh zlwk
xqfhuwdlqw|/ ghshqglqj rq wkh sdudphwhuv ri wkh surgxfwlrq ixqfwlrq dqg wkh frvw ri lqyhvwphqw ixqfwlrq1
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olqhdu=

q
�
J
�
@ �

2 ^q
W +Jf, . qW +J�,` +41<,

Wkhuh duh vhyhudo uhdvrqv zk| +41<, lv dq lpsruwdqw fdvh1 Iluvw/ wkhuh lv vrph hylghqfh wkdw

lqyhvwphqw lv h�hfwlyho| olqhdu/ l1h1 fkdqjhv lq yrodwlolw| gr qrw dsshdu wr d�hfw dyhudjh lqyhvw0

phqw1 Wklv fodlp lv edvhg rq zrun e| Udph| dqg Udph| +4<<8,/ zkr h{dplqh wkh h�hfwv ri

yrodwlolw| lq jurzwk xvlqj furvv0frxqwu| hylghqfh1 Wkh| �qg lqfuhdvhg yrodwlolw| lq jurzwk lv

dvvrfldwhg zlwk orzhu dyhudjh jurzwk exw zlwk qr lpsolfdwlrq iru dyhudjh lqyhvwphqw143 Wkh|

�qg wklv idfw sx}}olqj jlyhq frqyhqwlrqdo zlvgrp wkdw htxdwhv jurzwk h�hfwv zlwk fkdqjhv lq

lqyhvwphqw1 Krzhyhu/ wklv sdwwhuq lv frqvlvwhqw zlwk wkh qrwlrq wkdw lw lv glplqlvklqj uhwxuqv

wr lqqrydwlrq udwkhu wkdq fkdqjhv lq dyhudjh lqyhvwphqw wkdw lv wkh sulpdu| fkdqqho e| zklfk

vwdelol}dwlrq d�hfwv jurzwk144 Vhfrqg/ hyhq li zh eholhyh vwdelol}dwlrq grhv d�hfw wkh dyhudjh

lqyhvwphqw udwh/ vkxwwlqj grzq wkh uroh ri fkdqjhv lq wkh ohyho ri lqyhvwphqw doorzv xv wr lvrodwh

wkh h�hfw ri glplqlvklqj uhwxuqv iurp wkh h�hfw ri fkdqjhv lq dyhudjh lqyhvwphqw1 Wklv wxuqv

rxw wr eh lpsruwdqw/ sduwlfxoduo| iru zhoiduh lpsolfdwlrqv1 Ilqdoo|/ wkh fdvh zkhuh q lv h�hf0

wlyho| olqhdu lv lpsruwdqw ehfdxvh lw gluhfwo| pdsv lqwr wkh ruljlqdo Oxfdv iudphzrun1 Uhfdoo

wkdw Oxfdv frqvlghuv d vwdelol}dwlrq srolf| wkdw vhwv frqvxpswlrq htxdo wr lwv dyhudjh ydoxh1

E| frqwudvw/ wklv prgho gh�qhg vwdelol}dwlrq dv vhwwlqj jryhuqphqw vshqglqj htxdo wr lwv dy0

hudjh ydoxh1 Dv wkh qh{w ohppd looxvwudwhv/ vwdelol}lqj jryhuqphqw vshqglqj lv htxlydohqw wr

vwdelol}lqj frqvxpswlrq li dqg rqo| li q lv h�hfwlyho| olqhdu=

Ohppd 5= Vwdelol}lqj jryhuqphqw frqvxpswlrq dovr vwdelol}hv frqvxpswlrq li dqg rqo| li +41<,

lv vdwlv�hg/ l1h1

SF
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2 ^q
W +Jf, . qW +J�,`

Wklv uhvxow frphv iurp wkh dvvxpswlrq wkdw oderu uhvrxufhv duh �{hg lq wklv hfrqrp|= dq|

fkdqjh lq uhvrxufhv doorfdwhg wr lqqrydwlrq pxvw eh r�vhw e| dq htxdo dqg rssrvlwh fkdqjh lq

43Dl}hqpdq dqg Pdulrq +4<<<, uhylvlw wkh vdph hylghqfh dqg dujxh wkdw/ dw ohdvw dprqj ghyhorslqj frxqwulhv/
sulydwh lqyhvwphqw lv orzhu lq frxqwulhv zkhuh jurzwk lv pruh yrodwloh1 Krzhyhu/ sulydwh dqg sxeolf lqyhvwphqw
frpelqhg duh qrw vljql�fdqwo| fruuhodwhg zlwk yrodwlolw| lq jurzwk1

44Lw vkrxog eh qrwhg wkdw Udph| dqg Udph| orrn dw jurvv lqyhvwphqw udwkhu wkdq U)G lqyhvwphqw1 Wkxv/ lw
lv qrw fohdu krz uhohydqw wkhlu hylghqfh lv iru wkh prgho ghyhorshg lq wklv vhfwlrq1 Lq wkh qh{w vhfwlrq/ L frqvlghu
d idfwru dffxpxodwlrq prgho lq zklfk lqyhvwphqw frqwulexwhv wr wkh fdslwdo vwrfn dw d glplqlvklqj udwh/ zklfk
jhqhudwhv vlplodu uhvxowv/ dqg zkhuh wkh uhohydqw phdvxuh lv lq idfw d eurdghu phdvxuh ri lqyhvwphqw1
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frqvxpswlrq1 Khqfh/ dyhudjh frqvxpswlrq zloo eh xqd�hfwhg li dqg rqo| li wkh dyhudjh ohyho

ri lqqrydwlrq lv xqd�hfwhg1 Wklv ohppd looxvwudwhv d pruh ixqgdphqwdo sulqflsoh/ qdpho| wkdw

zh fdq rqo| wdon derxw d jhqhudo vwdelol}dwlrq srolf| li wkhuh lv hqrxjk olqhdulw| lq wkh prgho>

rwkhuzlvh/ lw zrxog eh lpsrvvleoh wr vlpxowdqhrxvo| vhw doo ri wkh uhohydqw pdfurhfrqrplf vhulhv

htxdo wr wkhlu dyhudjh1 Doorzlqj iru +41<, pdnhv lw srvvleoh wr frpsduh wklv prgho zlwk wkh

ruljlqdo fdofxodwlrq fduulhg rxw e| Oxfdv1 Lq sduwlfxodu/ lw vkrzv wkdw zkhq frqvxpswlrq lv

vwdelol}hg dw lwv dyhudjh ydoxh/ wkh udwh dw zklfk frqvxpswlrq zloo jurz iurp wklv srlqw rq zloo

eh kljkhu wkdq wkh dyhudjh jurzwk udwh ri frqvxpswlrq sulru wr vwdelol}dwlrq1 E| ljqrulqj wklv

srvvlelolw|/ Oxfdv* fdofxodwlrq devwudfwv iurp rqh ehqh�w ri vwdelol}dwlrq/ hyhq wkrxjk lw frxog

srwhqwldoo| eh vljql�fdqw1

51 Dowhuqdwlyh Prghov ri Hqgrjhqrxv Jurzwk

Dv qrwhg lq wkh Lqwurgxfwlrq/ suhylrxv dxwkruv kdyh douhdg| udlvhg wkh srvvlelolw| wkdw vwdel0

ol}dwlrq frxog d�hfw orqj0uxq jurzwk1 Lq odujh sduw/ wklv olwhudwxuh uholhv rq prghov ri idfwru

dffxpxodwlrq zlwk olqhdu surgxfwlrq whfkqrorjlhv wr jhqhudwh hqgrjhqrxv jurzwk1 Qrwdeo|/ wklv

olwhudwxuh kdv qrw fdofxodwhg wkh zhoiduh h�hfwv ri vwdelol}dwlrq ru glvfxvvhg krz wkhlu �qglqjv

uhodwh wr wkrvh ri Oxfdv1 Wklv vhfwlrq uhylhzv wklv fodvv ri prghov dqg kljkoljkwv nh| gl�huhqfhv

ehwzhhq p| uhvxowv dqg wkhluv1

Frqvlghu wkh iroorzlqj prgho/ zklfk lv wdnhq iurp Mrqhv/ Pdqxhool/ dqg Vwdffkhwwl +4<<<,145

Wlph lv glvfuhwh1 Wkhuh duh qrz wzr djhqwv= wkh uhsuhvhqwdwlyh djhqw dqg wkh jryhuqphqw1 Wkh

djhqw kdv qr oderu uhvrxufhv/ exw lv hqgrzhg zlwk dq lqlwldo dprxqw Nf ri fdslwdo1 Kh dovr

kdv dffhvv wr d olqhdu surgxfwlrq whfkqrorj| wkdw frqyhuwv d xqlw ri fdslwdo lqwr 4 . � xqlwv

ri rxwsxw/ zkhuh � A 31 Hdfk shulrg/ wkh djhqw xvhv doo ri klv fdslwdo wr surgxfh rxwsxw1

Kh wkhq ghflghv krz pxfk ri wklv rxwsxw wr frqvxph dqg krz pxfk wr ohdyh dv fdslwdo iru

wkh vxevhtxhqw surgxfwlrq1 Fdslwdo ghsuhfldwhv lq ixoo gxulqj surgxfwlrq/ vr wkh rqo| fdslwdo

dydlodeoh iru surgxfwlrq lq shulrg w.4 lv wkdw zklfk zdv vhw dvlgh lq shulrg w1 Wkh djhqw kdv d

45Dvlgh iurp Mrqhv/ Pdqxhool/ dqg Vwdfkhwwl/ ydulrxv dxwkruv kdyh xvhg wklv prgho wr vwxg| hqgrjhqrxv jurzwk
xqghu xqfhuwdlqw|1 Lw zdv �uvw ghyhorshg dv d prgho ri vdylqj xqghu xqfhuwdlqw| e| Ohykdul dqg Vulqlydvdq +4<9<,1
Wkh| vroyh dq lq�qlwh krul}rq yhuvlrq ri d sureohp �uvw vwxglhg e| Skhosv +4<95,1 Ohodqg +4<:7, vxevhtxhqwo|
uhlqwhusuhwhg wkhlu prgho lq whupv ri jurzwk/ dqg Hdwrq +4<;4, ghprqvwudwhg krz wr lqwurgxfh jryhuqphqw
srolf| lqwr wklv iudphzrun1
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frqyhqwlrqdo FUUD xwlolw| ixqfwlrq ryhu frqvxpswlrq lq hdfk shulrg/ dqg glvfrxqwv wkh ixwxuh

dw d udwh �1

Mxvw dv ehiruh/ jryhuqphqw vshqglqj dfwv dv wkh vrxufh ri  xfwxdwlrqv lq wkh prgho1 Vlqfh

wkhuh lv qr oderu/ jryhuqphqw vshqglqj lv ghyrwhg hqwluho| wr sxufkdvlqj rxwsxw1 Wr �qdqfh

lwv h{shqglwxuhv/ wkh jryhuqphqw wd{hv wkh lqfrph ri wkh djhqw/ vr lw wdnhv d iudfwlrq � ri wkh

rxwsxw surgxfhg1 Dv ehiruh/ wkh exgjhw lv edodqfhg hyhu| shulrg/ l1h1 J| @ � |\|1 Lq frqwudvw

wr wkh suhylrxv vhfwlrq/ J| qrz ghqrwhv uhdo jryhuqphqw vshqglqj1 Rqfh djdlq/ wkh vkduh ri

jryhuqphqw vshqglqj fdq dvvxph rqo| wzr ydoxhv/ dqg vxssrvh wklv vkduh lv l1l1g1 ryhu wlph146

Iurp exgjhw edodqfh/ wklv lpsolhv wkh wd{ udwh � | fdq wdnh rq wzr ydoxhv �� ? �f/ hdfk htxdoo|

olnho|1 Wklv ohdyhv wkh djhqw zlwk +4� � |, +4 . �,N| � +4 . �|,N| xqlwv ri rxwsxw hdfk shulrg1
47

Wkh sureohp idflqj wkh djhqw lv jlyhq e|

pd{
�|

Hf

%
"[
|'f

�|
F
�3�
| � 4

4� �

&

vxemhfw wr

N|n� @ +4 . �|,N| �F|

zkhuh Nf lv jlyhq dqg 3 � F| � +4 . �|,N|1 Dsso|lqj d shuwxuedwlrq dujxphqw wr wkh �uvw

rughu frqglwlrqv ri wkh djhqw/ lw fdq eh vkrzq wkdw wkh vroxwlrq wr wklv sureohp lv jlyhq e|

F| @ f +4 . �|,N|

N|n� @ l +4 . �|,N|

zkhuh l dqg f duh frqvwdqwv/ l lv jlyhq e|

l @
�
�H

k
+4 . �|,

�3�
l� �

�

+514,

dqg f @ 4� l1 Wkh jurzwk udwh ri frqvxpswlrq lv jlyhq e|

�F|n�

F|

@ l +4 . �|,� 4 +515,

46E| frqwudvw/ wkh suhylrxv vhfwlrq dvvxphg C| zdv Srlvvrq/ lpso|lqj shuvlvwhqw vkrfnv1 Mrqhv/ Pdqxhool/ dqg
Vwdffkhwwl +4<<<, glvfxvv vroylqj d yhuvlrq ri wkh prgho zlwk vrph shuvlvwhqfh1

47L uhvwulfw � f dqg �� vr wkdw q. dE�3 � |� E� n b�o�3�
	 �/ zklfk lqvxuhv wkh lqglylgxdo*v pd{lpl}dwlrq sureohp

lv zhoo0gh�qhg1
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zklfk lq htxloleulxp zloo eh wkh vdph dv wkh jurzwk udwh ri rxwsxw dqg ri wkh fdslwdo vwrfn1

Wkh jurzwk udwh lv sursruwlrqdo wr wkh lqyhvwphqw udwh l/ dqg wkxv ghshqgv rq wkh ehkdylru ri

wkh djhqw1

Zh fdq vwxg| wkh h�hfwv ri vwdelol}dwlrq e| vhwwlqj wkh vkduh ri jryhuqphqw vshqglqj/ dqg wkxv

wkh wd{ udwh � / wr lwv h{shfwhg ydoxh1 Wklv dprxqwv wr vhwwlqj �| htxdo wr lwv dyhudjh ydoxh1 Wkh

rqo| zd| wklv zloo d�hfw wkh dyhudjh jurzwk udwh lq +515, lv e| d�hfwlqj wkh surshqvlw| wr vdyh

l1 Iurp +514,/ lw iroorzv wkdw vwdelol}dwlrq lqfuhdvhv dyhudjh jurzwk li dqg rqo| li � ? 41 Vlqfh

hvwlpdwhv ri � duh w|slfdoo| 4 ru juhdwhu/ vwdelol}dwlrq vkrxog hlwkhu kdv qr h�hfw rq jurzwk

ru fdxvhv lw wr idoo/ lq frqwudvw zlwk wkh suhylrxv prgho lq zklfk vwdelol}dwlrq frxog lqfuhdvh

jurzwk zkhq � � 4148 Krzhyhu/ wkh zhoiduh lpsolfdwlrqv ri wklv revhuydwlrq duh qrw lpphgldwho|

fohdu1 Lq sduwlfxodu/ orzhu jurzwk lq wklv prgho rffxuv ehfdxvh wkh djhqw fkrrvhv yroxqwdulo|

wr frqvxph d juhdwhu iudfwlrq ri klv rxwsxw dqg doorfdwh ohvv fdslwdo wr ixwxuh surgxfwlrq1

Jlyhq wkdw wklv dfwlrq lv yroxqwdu|/ lw qr orqjhu iroorzv wkdw orzhu jurzwk qhfhvvdulo| uhgxfhv

zhoiduh1 Krz grhv wklv vtxduh zlwk p| revhuydwlrq lq wkh Lqwurgxfwlrq wkdw idvwhu jurzwk

jhqhudwhv vxevwdqwldo lpsuryhphqwv lq zhoiduhB Wkdw uhvxow lv edvhg rq Oxfdv* fdofxodwlrq

zklfk h{dplqhv dq lqfuhdvh lq wkh jurzwk udwh ri frqvxpswlrq wkdw ohdyhv wkh ruljlqdo ohyho ri

frqvxpswlrq xqfkdqjhg1 Wklv prgho/ e| frqwudvw/ jhqhudwhv jurzwk h�hfwv wkdw rffxu dw wkh

h{shqvh ri fxuuhqw frqvxpswlrq1

Wkh deryh uhpdunv klqw dw wkh idfw wkdw prghov ri idfwru dffxpxodwlrq lqwurgxfh hqgrjhqrxv

jurzwk lqwr wkh Oxfdv iudphzrun lq d frqfhswxdoo| gl�huhqw zd| wkdq wkh prgho ri wkh suhylrxv

vhfwlrq1 Iluvw dqg iruhprvw/ wkh prgho ri idfwru dffxpxodwlrq deryh jhqhudwhv d frqvxpswlrq

sdwk wkdw lv gl�huhqfh vwdwlrqdu| udwkhu wkdq wuhqg vwdwlrqdu|/ l1h1 frqvxpswlrq lv jlyhq e|

F| @

%
|\

r'�

l +4 . �r,

&
Ff +516,

zkhuh Ff lv ghwhuplqhg hqgrjhqrxvo|1 Wkhuh lv qr dqdorjrxv %| whup wkdw uhsuhvhqwv ghyldwlrqv

ri frqvxpswlrq iurp lwv dyhudjh ydoxh1 Wkxv/ lw lv qrw wkh ohyho ri frqvxpswlrq zklfk lv

48Mrqhv/ Pdqxhool/ dqg Vwdffkhwwl +4<<<, pdnh d vwurqjhu fodlp wkdw zlwk ohvv wkdq ixoo ghsuhfldwlrq/ vwdelol}d0
wlrq uhgxfhv jurzwk iru doo � D �1 Krzhyhu/ wklv lv d sduwlfxodu ihdwxuh ri wkh zd| wkh| lqwurgxfh vwdelol}dwlrq
dqg zkhwkhu lw lqyroyhv vhwwlqj wkh jurzwk udwh htxdo wr lwv dulwkphwlf ru jhrphwulf dyhudjh1 Lq wkh frqwlqxrxv
wlph dqdorj ri wkh prgho zkhuh wkh fdslwdo vwrfn grhv qrw ixoo| ghsuhfldwh dqg wkh ydoxh ri b| lv dq lqfuhphqw
iurp d Zhlqhu surfhvv/ dv lq Hdwrq +4<;4,/ vwdelol}dwlrq uhgxfhv jurzwk rqo| iru � : �1
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vwdelol}hg/ exw wkh jurzwk udwh ri frqvxpswlrq iru d �{hg lqyhvwphqw ohyho1 Jurzwk h�hfwv

dulvh ehfdxvh fkdqjhv lq vwdelol}dwlrq d�hfw wkh lqyhvwphqw ghflvlrqv ri wkh djhqw/ dqg/ e|

frqvwuxfwlrq/ vwdelol}lqj wkh ohyho ri frqvxpswlrq zloo kdyh qr h�hfw rq l1

Wklv glvfxvvlrq srlqwv wr wkh idfw wkdw wkh vwdqgdug prgho ri idfwru dffxpxodwlrq fulwltxhv

Oxfdv* dvvxpswlrq wkdw wkh djhqw fdqqrw vdyh dorqj zlwk wkh dvvxpswlrq wkdw wkh jurzwk udwh

� lv ghwhuplqhg h{rjhqrxvo|1 Rqh frxog fhuwdlqo| frpsxwh wkh zhoiduh h�hfwv ri vwdelol}dwlrq

xqghu wklv dowhuqdwlyh vhw ri dvvxpswlrqv/ exw wkhuh lv qr uhdvrq wr h{shfw wkdw wkh| zrxog eh

vlplodu wr wkrvh ri wkh prgho ghvfulehg lq wkh suhylrxv vhfwlrq1 Lq idfw/ iru uhdvrqdeoh sdudphwhu

hvwlpdwhv/ wkh idfwru dffxpxodwlrq prgho lv qrw olnho| wr jhqhudwh pxfk odujhu ehqh�wv iurp

vwdelol}dwlrq wkdq Oxfdv1 Uhfdoo wkdw uhdvrqdeoh hvwlpdwhv ri � duh rq wkh rughu ri pdjqlwxgh

ri 41 Iru wkh sduwlfxodu fdvh zkhuh � @ 4/ vwdelol}dwlrq kdv qr h�hfw rq jurzwk/ dqg wkh prgho

uhgxfhv wr wkh rqh frqvlghuhg lq Revwihog +4<<7d,1 Exw dv uhsruwhg lq wkh Lqwurgxfwlrq/ Revwihog

frpsxwhv d zhoiduh jdlq ri rqo| 3=6(1

Dv qrwhg deryh/ wkh uhdvrq hqgrjhqrxv jurzwk lq vwdqgdug idfwru dffxpxodwlrq prghov grhv

qrw |lhog juhdwhu ehqh�wv iurp vwdelol}dwlrq lv wkdw dq| dgglwlrqdo jurzwk pxvw frph rxw ri

fxuuhqw frqvxpswlrq1 Wklv lv gl�huhqw iurp wkh h�hfw ri glplqlvklqj uhwxuqv/ lq zklfk vwdel0

ol}dwlrq udlvhv dyhudjh jurzwk e| vprrwklqj lqyhvwphqw ryhu wlph udwkhu wkdq e| lqfuhdvlqj

dyhudjh lqyhvwphqw1 Wkh odwwhu udlvhv jurzwk zlwkrxw uhtxlulqj d vdful�fh lq fxuuhqw h{shfwhg

frqvxpswlrq/ zklfk lv zk| lw frxog srwhqwldoo| jhqhudwh yhu| odujh zhoiduh ehqh�wv1 Wklv lv qrw

wr vd| wkdw idfwru dffxpxodwlrq prghov duh lqfrqvlvwhqw zlwk glplqlvklqj uhwxuqv1 Zh frxog

hdvlo| lqwurgxfh glplqlvklqj uhwxuqv lq lqyhvwphqw lqwr wkh prgho dqg uhfryhu wkh vdph uhvxow149

Iroorzlqj X}dzd +4<9<,/ vxssrvh wkdw wkh fdslwdo vwrfn lq shulrg w. 4 lv jlyhq e|

N|n� @ � +L|>N|,

zkhuh L| @ +4 . �|,N| � F| lv wkh sduw ri glvsrvdeoh lqfrph wkdw lv qrw frqvxphg1 Wkh

ixqfwlrq �+�> �, lv lqfuhdvlqj dqg frqfdyh lq L1 Wklv ixqfwlrqdo irup lpsolhv wkdw rqo| � shufhqw

ri lqyhvwphqw dfwxdoo| wxuqv lqwr fdslwdo/ zkloh wkh uhpdlqghu ri lqyhvwphqw lv hdwhq xs lq wkh

surfhvv ri lqvwdoolqj fdslwdo1 L ixuwkhu dvvxph wkh lqvwdoodwlrq ixqfwlrq h{klelwv frqvwdqw uhwxuqv

49Glplqlvklqj uhwxuqv wr lqyhvwphqw vkrxog qrw eh frqixvhg zlwk wkh pruh frqyhqwlrqdo qrwlrq ri glplqlvklqj
uhwxuqv wr fdslwdo1 Wkh iruphu uhihuv wr wkh dvvxpswlrq wkdw lqyhvwphqw dggv wr wkh fdslwdo vwrfn dw d glplqlvklqj
udwh/ zkloh wkh odwwhu uhihuv wr wkh dvvxpswlrq wkdw fdslwdo frqwulexwhv wr �qdo rxwsxw dw d glplqlvklqj udwh1
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Wkh jurzwk udwh ri fdslwdo lq wklv hfrqrp|/ zklfk zloo eh htxdo wr wkh jurzwk udwh ri rxwsxw

dqg frqvxpswlrq lq htxloleulxp/ lv jlyhq e|
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N|
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@ ! ^ l +�|, +4 . �|,`� 4

zkhuh l +�|, lv wkh iudfwlrq ri diwhu0wd{ lqfrph wkdw lv ghyrwhg wr lqyhvwphqw1 Mxvw dv lq wkh

suhylrxv vhfwlrq/ vwdelol}lqj �| kdv dpeljxrxv h�hfwv rq jurzwk/ vlqfh wkh dyhudjh ohyho ri l fdq

hlwkhu lqfuhdvh ru ghfuhdvh/ ghshqglqj rq frqglwlrqv jryhuqlqj wkh wklug ghulydwlyh !���1 Zkhq

l +�|, lv h�hfwlyho| olqhdu/ vwdelol}dwlrq zloo lqfuhdvh jurzwk zlwkrxw d�hfwlqj dyhudjh lqyhvwphqw/

mxvw dv lq wkh suhylrxv vhfwlrq1 Prghov zklfk xvh idfwru dffxpxodwlrq wr jhqhudwh hqgrjhqrxv

jurzwk duh wkhuhiruh qrw lqfrpsdwleoh zlwk wkh qrwlrq ri glplqlvklqj uhwxuqv suhvhqwhg lq wkh

suhylrxv vhfwlrq> wkh| vlpso| idlo wr dfnqrzohgjh lwv uroh1

61 Rffdvlrqdoo| Elqglqj Frqvwudlqwv

Vr idu/ L kdyh devwudfwhg iurp wkh h�hfwv ri vwdelol}dwlrq rq wkh ohyho ri lqyhvwphqw e| irfxvlqj

rq wkh fdvh zkhuh lqyhvwphqw lv h�hfwlyho| olqhdu1 Wkh mxvwl�fdwlrq iru wklv dvvxpswlrq zdv

hylghqfh iurp furvv0frxqwu| frpsdulvrqv e| Udph| dqg Udph| +4<<8, dqg Dl}hqpdq dqg

Pdulrq +4<<<, wkdw djjuhjdwh yrodwlolw| grhv qrw dsshdu wr eh fruuhodwhg zlwk wrwdo lqyhvwphqw1

Krzhyhu/ wkhuh pljkw eh ohjlwlpdwh frqfhuq zkhwkhu furvv0frxqwu| hylghqfh lv dssursuldwh iru

pdnlqj lqihuhqfh rq wkh h�hfwv ri vwdelol}dwlrq zlwklq d frxqwu|1 Wklv doorzv iru wkh srvvlelolw|

wkdw wkh dyhudjh ohyho ri lqyhvwphqw pd| eh d�hfwhg e| vwdelol}dwlrq/ zklfk udlvhv wkh txhvwlrq

ri zkhwkhu vwdelol}dwlrq zloo lq idfw lqfuhdvh jurzwk/ dqg zkdw lpsolfdwlrqv fkdqjhv lq dyhudjh

lqyhvwphqw kdyh rq zhoiduh1 Wklv vhfwlrq glvfxvvhv d prgl�fdwlrq ri wkh prgho iurp Vhfwlrq 4

zklfk lqvxuhv vwdelol}dwlrq lqfuhdvhv dyhudjh lqyhvwphqw/ dqg wkxv dyhudjh jurzwk/ uhjdugohvv ri

wkh vl}h dqg pdjqlwxgh ri wkh wklug ghulydwlyh !��� +�,1 Wklv uhvxow lv lpsruwdqw lq wzr uhvshfwv1

Iluvw/ lw surylghv d vhw ri dvvxpswlrqv wkdw lqvxuh vwdelol}dwlrq lv jurzwk0lqfuhdvlqj zklfk

gr qrw uho| rq vxfk vxewoh surshuwlhv ri wkh lqqrydwlrq ixqfwlrq1 Vhfrqg/ lq frqwudvw zlwk
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wkh suhylrxv vhfwlrq zklfk dujxhg wkdw hqgrjhqrxv jurzwk h�hfwv zklfk vwhp iurp fkdqjhv

lq dyhudjh lqyhvwphqw kdyh rqo| vpdoo zhoiduh h�hfwv/ wklv vhfwlrq vxjjhvwv d fkdqqho e| zklfk

vwdelol}dwlrq pljkw jhqhudwh vljql�fdqw zhoiduh h�hfwv eh|rqg wkrvh wkdw dffuxh iurp vprrwklqj

lqqrydwlrq ryhu wlph1

P| prgl�fdwlrq uholhv rq wkh qrwlrq ri rffdvlrqdoo| elqglqj frqvwudlqwv rq wkh lqqrydwlrq

surfhvv/ l1h1 frqvwudlqwv wkdw elqg iru vrph ohyhov ri hfrqrplf dfwlylw| exw qrw rwkhuv14: Vxssrvh

wkdw fhuwdlq xqghuo|lqj iulfwlrqv olplw wkh qxpehu ri zrunhuv wkdw fdq eh kluhg lq wkh lqqrydwlrq

vhfwru iru d jlyhq vwdwh ri hfrqrplf frqglwlrqv1 Iru h{dpsoh/ li lqqrydwruv kdyh wr eruurz ixqgv

wr fryhu wkhlu h{shqvhv/ wkhuh pljkw eh d olplw rq krz pxfk wkh| fdq eruurz zlwkrxw fuhdwlqj dq

lqfhqwlyh wr ghidxow rq wkhlu ghew1 Wklv olplw frxog ghshqg rq suhydlolqj hfrqrplf frqglwlrqv1

Wkxv/ vxssrvh wkdw li jryhuqphqw vshqglqj zdv frqvwdqw dw d ohyho J/ hpsor|phqw lq wkh

lqqrydwlrq vhfwru lv erxqghg deryh e| q � q +J,1 Lq dgglwlrq/ gh�qh hq +J, dv wkh dprxqw ri
uhvrxufhv wkdw zrxog eh hpsor|hg lq lqqrydwlrq li jryhuqphqw vshqglqj lv frqvwdqw dw J li wkh

frqvwudlqw lv uhpryhg1 Lq zkdw iroorzv/ L dvvxph wkdw q +�, dqg hq +�, duh erwk gl�huhqwldeoh1

Wkh idfw wkdw frqvwudlqwv elqg iru vrph ohyhov ri jryhuqphqw vshqglqj exw qrw rwkhuv lpsolhv

q +J, dqg hq +J, zloo furvv dw xqhtxdo vorshv iru vrph ohyho ri jryhuqphqw vshqglqj J> wklv ohyho
lv zkhuh wkh frqvwudlqw lv h{dfwo| elqglqj1 Iljxuh 4 looxvwudwhv wkh fdvh zkhuh wkh frqvwudlqw lv

elqglqj dw kljk ohyhov ri jryhuqphqw vshqglqj1 Iru J forvh wr J/ frqwlqxlw| lpsolhv hpsor|phqw

zloo htxdo wkh plqlpxp ri wkhvh wzr fxuyhv/ l1h1 wkhuh h{lvwv dq % A 3 vxfk wkdw

q @ plq ^hq +J, > q +J,`
iru doo J 5

�
J� %>J. %

�
1 Vlqfh hq +J, ru q +J, lqwhuvhfw wr irup d frqfdyh nlqn dw J/ wkh

dprxqw ri uhvrxufhv q hpsor|hg lq lqqrydwlrq zloo eh orfdoo| frqfdyh/ hyhq li hq +J, ru q +J,
wkhpvhoyhv duh frqyh{/ dv looxvwudwhg lq Iljxuh 41 Li zh doorz jryhuqphqw vshqglqj wr  xfwxdwh

zlwklq d vpdoo qhljkerukrrg ri J/ frqwlqxlw| lqvxuhv qW +J, � q +J,/ lpso|lqj qW +J, zloo dovr

eh h�hfwlyho| frqfdyh1 Wkxv/ vwdelol}dwlrq ri vpdoo vkrfnv qhdu wkh srlqw dw zklfk frqvwudlqwv

ehfrph elqglqj zloo lqfuhdvh dyhudjh lqyhvwphqw1 Wklv uhvxow lv urexvw wr wkh vkdsh ri ! +�,1 Lw

dovr grhv qrw ghshqg rq zkhwkhu frqvwudlqwv rq lqqrydwlrq elqg dw kljk ydoxhv ru orz ydoxhv

ri J1 Wkxv/ li zh kdyh hylghqfh ri rffdvlrqdoo| elqglqj frqvwudlqwv/ zh fdq eh dvvxuhg wkdw d

vpdoo uhgxfwlrq lq yrodwlolw| zloo lqfuhdvh dyhudjh lqyhvwphqw/ dqg frqvhtxhqwo| dyhudjh jurzwk1

4:Qrwh wkdw frqvwudlqwv duh dvvxphg wr rshudwh lq wkh lqqrydwlrq vhfwru dv rssrvhg wr surgxfwlrq/ zklfk lv
lpsruwdqw iru p| uhvxow1 Krzhyhu/ vlqfh uhvhdufk lv lqkhuhqwo| gl!fxow wr prqlwru/ lqqrydwlrq vhhpv pxfk pruh
yxoqhudeoh wr lqfhqwlyh sureohpv wkdq surgxfwlrq1
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Figure 1: Occasionally Binding Constraints
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Wr pdnh wklv lqwxlwlrq frqfuhwh/ frqvlghu wkh iroorzlqj prgl�fdwlrq ri wkh prgho lq Vhfwlrq

41 Uhfdoo wkdw lq wkdw prgho/ dq lqqrydwru zkr glg qrw vxffhhg lq glvfryhu| fkdujhg klv

orvvhv wr klv rzqhuv1 Vxssrvh lqvwhdg wkhuh lv olplwhg oldelolw|/ vr hqwuhsuhqhxuv hqjdjhg lq

lqqrydwlrq pxvw eruurz lq rughu wr sd| wkhlu zdjh eloo1 Vlqfh lqqrydwruv zkr idlo lq uhvhdufk

kdyh qr uhvrxufhv zklfk wkh| fdq xvh wr uhsd| wkhlu ordqv/ ghew frqwudfwv zloo vwlsxodwh wkdw

dq lqqrydwru rqo| uhsd| klv ghew li kh vxffhhgv lq lqqrydwlrq1 Li wkhuh lv d edqnlqj vhfwru wkdw

fdq wdnh wkh uhvrxufhv ri wkh uhsuhvhqwdwlyh djhqw dqg h{whqg fuhglw wr d glyhuvl�hg sruwirolr ri

hqwuhsuhqhxuv/ lw fdq eh fhuwdlq wkdw d iudfwlrq ! +q,gw ri doo �upv lw ohqgv wr zloo vxffhvvixoo|

lqqrydwh1 Khqfh/ edqnv idfh qr djjuhjdwh ulvn/ dqg li wkh edqnlqj vhfwru lv frpshwlwlyh/ wkh

lqwhuhvw udwh rq ghew uhsd|phqwv zloo eh vxfk wkdw wkh h{shfwhg sur�w iurp dq| ordq lv h{dfwo|

}hur1 Wklv lpsolhv d jurvv lqwhuhvw udwh ri ! +q,3�1 Jlyhq wklv ghew frqwudfw/ wkh sureohp ri dq

hqwuhsuhqhxu hqjdjlqj lq uhvhdufk uhpdlqv xqfkdqjhg1 Lq sduwlfxodu/ kh zloo pd{lpl}h

! +q,gw
�
y � ! +q,3� q

�
. +4� ! +q, gw, � 3 @ ! +q, y � q

Zlwkrxw dgglwlrqdo uhvwulfwlrqv/ wkh htxloleulxp zloo eh mxvw dv ehiruh/ zlwk wkh h{fhswlrq wkdw

wkh uhsuhvhqwdwlyh djhqw uhfhlyhv klv qrq0oderu lqfrph dv erwk ghew dqg htxlw|1 Iru ghew

frqwudfwv wr kdyh dq h�hfw rq htxloleulxp/ zh qhhg wr lqwurgxfh d iulfwlrq lqwr wkh prgho1

Vxssrvh/ wkhq/ wkdw zkhq dq hqwuhsuhqhxu pdnhv d glvfryhu|/ kh kdv wkh rswlrq wr vhfuhwo|

phhw zlwk vrpherg| hovh dqg pdnh d wdnh0lw0ru0ohdyh lw r�hu wr wklv rwkhu sduw| wr vhoo wkh

eoxhsulqwv ri klv glvfryhu|1 Krzhyhu/ nhhslqj wklv dfwlylw| d vhfuhw uhtxluhv d frvw N1 Wklv zd|/

kh fdq uhfhlyh wkh ixoo ydoxh ri wkh sdwhqw/ y|/ exw dyrlgv uhsd|lqj klv ordq vlqfh kh fdq uhsuhvhqw

wr klv fuhglwru wkdw vrpherg| hovh kdv pdgh d vxffhvvixo glvfryhu|1 Wkxv/ wkh fuhglwru nqrzv

wkdw kh zloo qrw eh sdlg edfn li

y �N A y �
q

! +q,

ru li wkh wrwdo ghew exughq lv vx!flhqwo| odujh/ l1h1
q

! +q,
A N1 Zh qrz pdnh xvh ri wkh

iroorzlqj uhvxow=

Ohppd 6=
q

! +q,
lv lqfuhdvlqj lq q/ l1h1 dq hqwuhsuhqhxu zloo qrw ghidxow li dqg rqo| li q � q/

zkhuh q vroyhv

q

! +q,
@ N
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Wr uxoh rxw xqlqwhuhvwlqj fdvhv/ vxssrvh wkdw O q1 Frqvlghu wkh frqvwdqw ohyho ri jryhuqphqw

vshqglqj J dw zklfk wkh frqvwudlqw mxvw elqgv/ l1h1 q
�
J
�
@ q zkhuh q lv wkh vdph dv lq Ohppd

61 Vroylqj iru J dv d ixqfwlrq ri q |lhogv

J @ W . q.
�. ! +q, ^4 . +� � 4, oq�`

+�� 4,!� +q,
� O +614,

Wklv h{suhvvlrq lv zhoo gh�qhg iru O vx!flhqwo| odujh1 Qrz/ frqvlghu d vpdoo shuwxuedwlrq zkhuh

jryhuqphqw vshqglqj  xfwxdwhv ehwzhhq Jf @ J � % dqg J� @ J . %1 Wkh qh{w Sursrvlwlrq

frq�upv wkdw/ uhjdugohvv ri wkh ixqfwlrqdo irup ri ! +q,/ vwdelol}dwlrq ri jryhuqphqw vshqglqj

zloo lqfuhdvh lqyhvwphqw1

Sursrvlwlrq 6= Iru J jlyhq e| +614,/

41 qW +J�, @ q

51 qW +Jf, ? q

61 �
2 ^q

W +Jf, . qW +J�,` ? q
�
J
�
� q/ vr q lv h�hfwlyho| frqfdyh1

Lq wklv sduwlfxodu lqvwdqfh/ q lv h�hfwlyho| frqfdyh iru doo ydoxhv ri %1 Wkdw lv/ iru dq|  xfwx0

dwlrqv durxqg wkh frqvwdqw ohyho ri jryhuqphqw vshqglqj zkhuh wkh frqvwudlqw vwduwv wr elqg/

vwdelol}dwlrq zloo eh jurzwk0lqfuhdvlqj/ uhjdugohvv ri wkh wklug ghulydwlyh ri !1 Krzhyhu/ dv wkh

suhylrxv glvfxvvlrq looxvwudwhv/ wklv uhvxow zloo qrw krog pruh jhqhudoo|1 Lqvwhdg/ lw zloo w|slfdoo|

eh wkh fdvh wkdw rffdvlrqdoo| elqglqj frqvwudlqwv fdq rqo| jxdudqwhh h�hfwlyh frqfdylw| lq d

orfdo uhjlrq durxqg wkh ohyho ri hfrqrplf dfwlylw| zkhuh wkh frqvwudlqw ehfrphv elqglqj1

Dv hpskdvl}hg lq suhylrxv glvfxvvlrq/ wkh idfw wkdw vwdelol}dwlrq lqfuhdvhv jurzwk e| lqfuhdvlqj

dyhudjh lqyhvwphqw |lhogv dpeljxrxv zhoiduh lpsolfdwlrqv/ vlqfh idvwhu jurzwk rffxuv dw wkh

h{shqvh ri orzhu fxuuhqw frqvxpswlrq1 Wkxv/ wkh phuh idfw wkdw Sursrvlwlrq 6 lqvxuhv vwdelol}d0

wlrq lqfuhdvhv jurzwk grhv qrw lqvxuh wkh djhqw lv qhfhvvdulo| ehwwhu r�1 Krzhyhu/ zlwk elqglqj

frqvwudlqwv/ wkh lqfuhdvh lq dyhudjh lqyhvwphqw zloo eh zhoiduh0hqkdqflqj1 Wklv lv ehfdxvh zlwk

frqvwudlqwv/ jurzwk zloo jhqhudoo| eh vxerswlpdoo| orz/ vlqfh wkh ydoxh ri dq dgglwlrqdo zrunhu
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lq wkh lqqrydwlrq vhfwru lv kljkhu wkdq klv ydoxh lq wkh surgxfwlrq vhfwru1 Wkxv/ dowkrxjk vwd0

elol}dwlrq vkliwv uhvrxufhv rxw ri fxuuhqw frqvxpswlrq/ rq wkh pdujlq wkh djhqw zrxog jhqhudoo|

suhihu wr lqfuhdvh dyhudjh lqyhvwphqw1 Wkxv/ rffdvlrqdoo| elqglqj frqvwudlqwv lqwurgxfh dq dg0

glwlrqdo glphqvlrq wkurxjk zklfk vwdelol}dwlrq fdq lqfuhdvh zhoiduh1 Wklv fkdqqho lv glvwlqfw

iurp wkh revhuydwlrq Oxfdv pdnhv wkdw lqglylgxdov duh pdgh ehwwhu r� e| lqfuhdvhg jurzwk> klv

fdofxodwlrq dvvxphv wkdw dyhudjh frqvxpswlrq lv xqfkdqjhg/ zkloh wkh lqfuhdvh lq zhoiduh khuh

lv gxh suhflvho| wr dq lqfuhdvh lq dyhudjh lqyhvwphqw dw wkh h{shqvh ri fxuuhqw frqvxpswlrq1

Krzhyhu/ Oxfdv* fdofxodwlrq vwloo surylghv dq xsshu erxqg rq wkh ehqh�wv ri vwdelol}dwlrq �

dowkrxjk srwhqwldoo| d yhu| orrvh xsshu erxqg � vlqfh lw uhsuhvhqwv dq xsshu erxqg rq krz

ydoxdeoh dgglwlrqdo jurzwk lv wr wkh djhqw1 L pdnh xvh ri wklv revhuydwlrq lq wkh qh{w vhfwlrq1

71 Txdqwlwdwlyh Dqdo|vlv

Dowkrxjk wkh suhfhglqj dqdo|vlv vkrzv wkdw exvlqhvv f|fohv frxog jhqhudwh dgglwlrqdo zhoiduh

h�hfwv wkurxjk hqgrjhqrxv jurzwk fkdqqhov wkdw kdyh ehhq ljqruhg lq suhylrxv zrun/ wkh prvw

lqwhuhvwlqj txhvwlrq |hw uhpdlqv= duh wkhvh ehqh�wv odujh hqrxjk wr pdnh exvlqhvv f|fohv lpsru0

wdqw iru zhoiduhB Rqh dssurdfk lv wr fkrrvh d vshfl�f ixqfwlrq ! +q, dqg hvwlpdwh wkh lpsolhg

zhoiduh h�hfwv iru wklv ixqfwlrq1 Iru h{dpsoh/ Vwrnh| +4<<8, vwxglhv wkh h�hfwv ri glplqlvklqj

uhwxuqv lq jhqhudwlqj d zhgjh ehwzhhq wkh htxloleulxp udwh ri jurzwk dqg wkh rswlpdo udwh ri

jurzwk/ dqg sdudphwhul}hv wkh suredelolw| ri vxffhvv e| ! +q, @ �q1 1 Krzhyhu/ �qglqj wkh

uljkw ixqfwlrqdo irup wr pdwfk �uvw/ vhfrqg/ dqg wklug ghulydwlyhv dv wklv prgho uhtxluhv lv jhq0

hudoo| txlwh gl!fxow1 Iru h{dpsoh/ wkh frqvwdqw hodvwlflw| ixqfwlrq Vwrnh| xvhv lv lqfrqvlvwhqw

zlwk frqglwlrq +41<,1 Wkxv/ lqvwhdg ri sxuvxlqj d sduwlfxodu ixqfwlrqdo irup/ L vhwwoh rq d ohvv

dpelwlrxv txhvwlrq/ exw zklfk lv yhu| pxfk lq wkh vslulw ri Oxfdv* ruljlqdo fdofxodwlrq= zkdw

lv wkh odujhvw lqfuhdvh lq jurzwk wkdw glplqlvklqj uhwxuqv frxog jhqhudwh iru zklfk wkh prgho

uhpdlqv frqvlvwhqw zlwk hpslulfdo revhuydwlrqv rq frqvxpswlrq iurp wkh srvw0Zdu shulrgB Dw

wkh yhu| ohdvw/ wklv fdq whoo xv zkhwkhu wkhuh lv dq| krsh wkdw vwdelol}dwlrq fdq surgxfh odujh

zhoiduh h�hfwv1

Wkh txhvwlrq ri krz vwdelol}dwlrq h�hfwv jurzwk fdq eh eurnhq grzq lqwr wzr sduwv1 Wkh

�uvw lqyroyhv wkh h�hfw ri glplqlvklqj uhwxuqv= krz pxfk zloo vwdelol}dwlrq lqfuhdvh jurzwk

kroglqj dyhudjh hpsor|phqw lq lqqrydwlrq �{hgB Wklv jurzwk h�hfw fruuhvsrqgv wr dq lqfuhdvh

lq zhoiduh dv lpsolhg e| Oxfdv* ruljlqdo fdofxodwlrq/ vlqfh lw udlvhv wkh udwh ri frqvxpswlrq
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jurzwk zlwkrxw uhgxflqj dyhudjh fxuuhqw frqvxpswlrq1 Wkh pdjqlwxgh ri wklv h�hfw lv jlyhq e|

wkh gl�huhqfh ehwzhhq wkh dyhudjh jurzwk udwh �
2 ^! +qf, . ! +q�,` oq� dqg wkh frqvwdqw jurzwk

udwh !
�
�
2 ^qf . q�`

�
oq� xqghu vwdelol}dwlrq1 Wklv gl�huhqfh fohduo| ghshqgv rq wkh frqfdylw| ri

wkh ixqfwlrq ! +�,1 Diwhu L hvwlpdwh d erxqg iru wkh h�hfw ri glplqlvklqj uhwxuqv/ L wxuq wr wkh

srwhqwldo zhoiduh jdlqv zkhq vwdelol}dwlrq dovr udlvhv wkh dyhudjh ohyho ri lqqrydwlrq/ dv glvfxvvhg

lq Vhfwlrq 6/ l1h1 wkh gl�huhqfh ehwzhhq wkh dyhudjh jurzwk udwh �
2 ^! +qf, . ! +q�,` oq� dqg wkh

frqvwdqw jurzwk udwh ! +q, oq� iru vrph q A �
2 ^qf . q�`1

Lq wdnlqj wkh prgho wr wkh gdwd/ L xvh d glvfuhwh yhuvlrq ri +419,1 Wkh prgho lpsolhv frqvxpswlrq

ehwzhhq shulrg w�4 dqg w zloo fkdqjh iru wzr uhdvrqv1 Iluvw/ whfkqrorjlfdo lqqrydwlrq lpsuryhv

surgxfwlylw| dqg doorzv pruh frqvxpswlrq jrrgv wr eh surgxfhg iurp d jlyhq dprxqw ri uh0

vrxufhv1 Wklv jurzwk udwh lv htxdo wr ! +q|, oq�/ zklfk ghshqgv rq wkh xqghuo|lqj jurzwk uhjlph

lq wkh fxuuhqw shulrg1 Vhfrqg/ uhjlph fkdqjhv wuljjhu fkdqjhv lq wkh dprxqw ri uhvrxufhv hp0

sor|hg lq surgxfwlrq dqg wkxv wkh ohyho ri frqvxpswlrq1 Wkh fkdqjh lq orj frqvxpswlrq ehwzhhq

wzr shulrgv lv wkhuhiruh jlyhq e|

�oqF| @ ! +q|, oq�. +%| � %|3�, +714,

Lq �wwlqj wklv vwrfkdvwlf surfhvv wr dfwxdo frqvxpswlrq gdwd/ L dvvxph wkhuh duh wzr uhjlphv/

ghqrwhg e| v| 5 i3> 4j1 Zlwkrxw orvv ri jhqhudolw|/ L ghvljqdwh v| @ 3 dv wkh orz surgxfwlylw|

jurzwk uhjlph/ l1h1 �f � ��1 Ohw % @ %� � %f ghqrwh wkh gl�huhqfh lq wkh ohyho ri frqvxps0

wlrq dfurvv wkh wzr uhjlphv1 Zlwk wklv qrwdwlrq/ zh fdq uhzulwh +714, dv �f +4� v|, . ��v| .

% +v| � v|3�,1 L wkhq hvwlpdwh �f/ ��/ dqg % iurp dqqxdo gdwd e| plqlpl}lqj wkh phdq vtxduh

huuru ryhu doo srvvleoh vhtxhqfhv iv|j=

plq
bfcb�c0ctr|�

�bbH[
|'�bD�

+� oqF| � ^�f +4� v|, . ��v| . % +v| � v|3�,`,
2 +715,

Zh fdq wklqn ri wklv plqlpl}dwlrq sureohp lq wzr vwdjhv1 Iluvw/ iru hdfk vhtxhqfh iv|j/ L orrn

iru wkh yhfwru +�f> ��> %, zklfk plqlpl}hv phdq vtxduh huuru1 L wkhq orrn iru wkh vhtxhqfh ri

uhdol}dwlrqv v| iru zklfk wklv plqlpxp phdq vtxduh huuru lv orzhvw1 Wkh sureohp zlwk vroylqj

+715, lv wkdw wkh qxpehu ri srvvleoh vhtxhqfhv lqyroyhv 5eb @ 8=9 � 43�e frpelqdwlrqv1 Wr jhw

dw wkh plqlpxp/ L iroorz d urxwlqh wkdw lv vlplodu wr vlpxodwhg dqqhdolqj1 Wkdw lv/ L jxhvv

dq lqlwldo vhtxhqfh ri v| dqg wkhq doorz iru vpdoo vwrfkdvwlf shuwxuedwlrqv durxqg wkh ruljlqdo

vhtxhqfh1 Li d orzhu ydoxh lv dfklhyhg/ L xvh wkh qhz plqlpxp dv p| lqlwldo vhtxhqfh1 L uhshdwhg
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wklv surfhgxuh iurp vhyhudo gl�huhqw lqlwldo frqglwlrqv dqg dovr doorzhg iru odujhu shuwxuedwlrqv

wr fkhfn djdlqvw orfdo rswlpd1 Wkh hvwlpdwhv dw wkh plqlpxp zhuh �f @ =335/ �� @ =36;/ dqg

% @ �=33:1 Wklv lpsolhv wkdw wkh jurzwk udwh lq frqvxpswlrq ehfdxvh ri whfkqrorjlfdo surjuhvv

 xfwxdwhv ehwzhhq 3=5( dqg 6=;( shu |hdu/ iru dq dyhudjh ri 5( shu |hdu1 Wklv hvwlpdwh olqhv

xs zlwk frqyhqwlrqdo hvwlpdwhv ri dyhudjh jurzwk lq JGS shu fdslwd iru wkh X1V1 Wkh idfw wkdw

wkh srlqw hvwlpdwh iru % lv qhjdwlyh lpsolhv wkdw frqvxpswlrq jurzwk lv frxqwhuf|folfdo/ vlqfh

frqvxpswlrq jurzv pruh udslgo| li lw lv ehorz lwv h{shfwhg ohyho1 Wklv �qglqj lv vrphzkdw

glvwxuelqj/ vlqfh L suhylrxvo| dujxhg surf|folfdo jurzwk lv pruh frqvlvwhqw zlwk wkh hpslulfdo

hylghqfh rq surf|folfdo sur�wv dqg htxlw| ydoxhv1 Krzhyhu/ wklv lv qrw lpsruwdqw iru fdofxodwlqj

wkh h�hfwv ri vwdelol}dwlrq/ dqg/ dv L glvfxvv ixuwkhu ehorz/ wklv �qglqj lv qrw yhu| urexvw1

Zlwkrxw dq| dgglwlrqdo uhvwulfwlrqv/ zh frxog lq sulqflsoh pdnh ! +q, duelwudulo| frqfdyh1 Khqfh/

vwdelol}dwlrq frxog frqfhlydeo| udlvh jurzwk iurp dq dyhudjh ri 5=3( doo wkh zd| wr 6=;( shu

|hdu1 Krzhyhu/ wkh prgho lpsrvhv dgglwlrqdo glvflsolqh zklfk doorzv xv wr vljql�fdqwo| lpsuryh

xsrq wklv xsshu erxqg1 Lq sduwlfxodu/ wkh �uvw rughu frqglwlrq +416, lpsrvhv d uhvwulfwlrq rq

wkh udwlr ri wkh vorsh ri ! +�, dw wkh wzr uhjlphv/ qdpho|

!� +qf,

!� +q�,
@

y�
yf

A 4 +716,

Wklv uhvwulfwlrq vljql�fdqwo| olplwv wkh dprxqw ri frqfdylw| wkdw ! +�, fdq h{klelw/ vlqfh lw olplwv

wkh udwh dw zklfk !� +�, fdq fkdqjh zlwk q1 Lq sduwlfxodu/ zh kdyh

Sursrvlwlrq 7= Li !� +qf, @
y�
yf
!� +q�,/ wkhq

!
�
�
2 ^qf . q�`

�
oq� �

4

y�@yf . 4
! +qf, oq�.

y�@yf
y�@yf . 4

! +q�, oq� +717,

Iljxuh 5 looxvwudwhv wkh lqwxlwlrq ehklqg wkh Sursrvlwlrq 71 Frqvxpswlrq gdwd slqv grzq wkh

ydoxhv ri ! +qf, oq� dqg ! +q�, oq� dw 3=335 dqg 3=36;/ uhvshfwlyho|1 Qrz/ vhw wkh ghulydwlyh ri wkh

jurzwk udwh dw q @ q� wr vrph srvlwlyh frqvwdqw d zkhuh +q� � qf,d ? ! +q�, oq�� ! +qf, oq�1

Iurp wkh �uvw rughu frqglwlrq/ zh nqrz wkdw wkh vorsh dw q @ qf pxvw eh htxdo wr !
� +q�, oq� @

y�
yf
d1 Wkh wzr olqhv ruljlqdwlqj dw qf dqg q� irup dq xsshu hqyhorsh iru dq| ixqfwlrq �! +q,

wkdw duh frqvlvwhqw zlwk wkh uhvwulfwlrq lq +716,1 Sursrvlwlrq 7 uhsruwv wkh uhvxowv ri pd{lpl}lqj
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Figure 2: Computing Upper Bounds on the Effect of Stabilization
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wklv xsshu hqyhorsh dw wkh srlqw q @ �
2 ^qf . q�`/ l1h1 pd{lpl}lqj !

�
�
2 ^qf . q�`

�
oq� ryhu doo

uhohydqw ydoxhv ri d1

Iurp +717,/ wkh xsshu erxqg rq wkh jurzwk srwhqwldo iurp glplqlvklqj uhwxuqv ghshqgv rq wkh

udwlr
y�
yf
1 Rqh dssurdfk wr hvwlpdwlqj wklv udwlr lv wr xvh vwrfn pdunhw gdwd dv d phdvxuh ri

wkh ydoxh ri �upv ryhu wkh f|foh1 Frqyhqwlrqdo hvwlpdwhv/ vxfk dv Fkulvwldqr dqg Ilvkhu +4<<;,/

vxjjhvw wkh vwdqgdug ghyldwlrq ri wkh V)S 833 lv rq wkh rughu ri 43(1 Krzhyhu/ vlqfh wkh

sulfhv ri qhz �upv duh nqrzq wr eh yrodwloh/ dqg qhz �upv duh olvwhg lq h{fkdqjhv dqg frxqwhg

lq vwrfn lqglfhv vxfk dv wkh V)S rqo| zlwk d odj/ wklv lv olnho| wr eh dq xqghuhvwlpdwh ri wuxh

yrodwlolw| lq sur�w rssruwxqlwlhv ryhu wkh f|foh1 Dv dq dowhuqdwlyh phdvxuh/ uhfdoo wkdw y lv d

zhljkwhg glvfrxqwhg  rz ri sur�wv dfurvv wkh wzr uhjlphv1 Khqfh/ wkh udwlr ri sur�wv lq wkh wzr

uhjlphv zloo vhuyh dv dq xsshu erxqg rq wkh udwlr
y�
yf
1 Gdwd rq diwhu0wd{ frusrudwh sur�wv lq wkh

X1V1 vxjjhvwv d vwdqgdug ghyldwlrq iru � oq +sur�wv, ri derxw 43�48(14; D vwdqgdug ghyldwlrq

ri 48( zrxog lpso| wkdw wkh udwlr
y�
yf

@
4=48

3=;8
@ 4= 681 Li wkh vwdqgdug ghyldwlrq ri y lv doorzhg

wr eh dv odujh dv 53(/ zklfk lv d uhdvrqdeoh xsshu erxqg/
y�
yf

zloo htxdo 4= 81 Vxevwlwxwlqj wklv

lqwr +717, |lhogv

!
�
�
2 ^qf . q�`

�
oq� �

;AAA?AAA=
=355: li

y�
yf

@
4=48

3=;8
@ 4= 68

=3569 li
y�
yf

@
4=53

3=;3
@ 4= 83

Wkxv/ wkh prgho lv frqvlvwhqw zlwk dq lqfuhdvh lq frqvxpswlrq jurzwk dv odujh dv 3=69 shufhqwdjh

srlqwv1 Ri frxuvh/ lw pxvw eh vwuhvvhg wkdw wklv lv rqo| dq xsshu erxqg> lw rqo| whoov xv wkdw vxfk

dq lqfuhdvh lq jurzwk lv srvvleoh/ qrw wkdw lw lv olnho|1 Vwloo/ zh fdq frpsduh wkhvh xsshu erxqgv

zlwk wkh hpslulfdo hvwlpdwhv lq Udph| dqg Udph| +4<<8, rq wkh h�hfwv ri vwdelol}dwlrq rq

jurzwk iurp furvv0frxqwu| hylghqfh1 Wkh| �qg wkdw diwhu frqwuroolqj iru wkh dyhudjh lqyhvwphqw

vkduh/ d rqh srlqw uhgxfwlrq lq wkh vwdqgdug ghyldwlrq ri rxwsxw jurzwk lv w|slfdoo| dvvrfldwhg

zlwk dq lqfuhdvhg jurzwk udwh ri 3=4� 3=5(1 Vlqfh wkh vwdqgdug ghyldwlrq ri rxwsxw jurzwk lq

wkh X1V1 lv 5=8(/ wklv lpsolhv vwdelol}dwlrq vkrxog lqfuhdvh wkh jurzwk udwh ri ehwzhhq 3=58(

dqg 3=8(1 Wklv frpsduhv uhdvrqdeo| zlwk wkh xsshu erxqg hvwlpdwh ri 3=69(14< Wkh idfw wkdw

4;Wklv fryhuv wkh vdph shulrg �bD�3�bbH1 Wklv hvwlpdwh dffrxqwv iru ghwuhqglqj lpsolhg surgxfwlylw| jurzwk
xvlqj frqvxpswlrq jurzwk1 Ghwuhqglqj kdv rqo| d plqru lpsdfw rq wkh hvwlpdwh ri wkh vwdqgdug ghyldwlrq/ vlqfh
{*? Esur�wv� lv idu pruh yrodwloh wkdq {*? E��1

4<Lw vkrxog eh qrwhg wkdw Udph| dqg Udph| hvwlpdwhv duh xqvwdeoh/ sduwlfxoduo| zkhq wkh| uhvwulfw dwwhqwlrq
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wkhvh hvwlpdwhv duh vr forvh wr wkh xsshu erxqg qhhg qrw eh hqwluho| vxusulvlqj jlyhq suhylrxv

hylghqfh ri idluo| odujh glplqlvklqj uhwxuqv wr lqqrydwlrq153

Wr lqwhusuhw wkh deryh lqfuhdvh lq jurzwk lq whupv ri zhoiduh/ zh fdq dsso| Oxfdv* ruljlqdo

fdofxodwlrq iru krz pxfk wkh lqglylgxdo zrxog ydoxh dq xqfrqglwlrqdo lqfuhdvh lq klv jurzwk1

Wklv lv ehfdxvh glplqlvklqj uhwxuqv lqyroyhv dq lqfuhdvh lq jurzwk zlwkrxw d fkdqjh lq wkh

dyhudjh ohyho ri frqvxpswlrq/ zklfk lv suhflvho| zkdw Oxfdv fdofxodwhv zkhq kh h{dplqhv wkh

zhoiduh h�hfwv ri lqfuhdvhg jurzwk1 Iru � @ 4/ Oxfdv vkrzv wkdw wkh frqvxphu zrxog eh zloolqj

wr vdful�fh dssur{lpdwho| 53( ri Ff iru hdfk shufhqwdjh srlqw lq wkh jurzwk udwh1 Wklv lpsolhv

dq xsshu erxqg rq wkh ehqh�wv iurp vwdelol}dwlrq ri 3=5:� 53 @ 8= 7( ri lqlwldo frqvxpswlrq

zkhq wkh vwdqgdug ghyldwlrq ri y lv vhw wr 48(/ dqg :=5( zkhq wkh vwdqgdug ghyldwlrq lv htxdo

wr 53(= Iru wkh fdvh zkhuh � @ 5/ d vlplodu dssur{lpdwlrq iurp Revwihog +4<<7d, vxjjhvwv wkh

frqvxphu zrxog eh zloolqj wr vdful�fh dssur{lpdwho| 46( ri Ff iru hdfk shufhqwdjh srlqw lq

wkh jurzwk udwh/ zklfk lpsolhv wkh ehqh�wv ri vwdelol}dwlrq dprxqw fdq eh dv pxfk dv 6=8(

dqg 7=9( ri lqlwldo frqvxpswlrq/ uhvshfwlyho|1 Khqfh/ hyhq wkrxjk wkh prgho lpsrvhv uhodwlyho|

wljkw uhvwulfwlrqv rq wkh h�hfwv ri vwdelol}dwlrq rq jurzwk � qr pruh wkdq d ihz edvlv srlqwv

� wkh idfw wkdw lqfuhdvhg jurzwk grhv qrw frph dw wkh h{shqvh ri suhvhqw frqvxpswlrq doorzv

iru yhu| odujh zhoiduh h�hfwv/ pxfk odujhu wkdq wkrvh uhsruwhg lq wkh suhylrxv olwhudwxuh1 P|

fdofxodwlrqv doorz wkh srvvlelolw| ri zhoiduh h�hfwv wkdw qhduo| 433 wlphv dv odujh dv Oxfdv*

ruljlqdo hvwlpdwh/ dqg pruh wkdq 53 wlphv dv odujh dv uhylvhg hvwlpdwhv wkdw sodfh wkh ydoxh ri

vwdelol}dwlrq dw 3=6( ri frqvxpswlrq1 Wkxv/ diwhu dffrxqwlqj iru hqgrjhqrxv jurzwk h�hfwv/ lw

vhhpv wkdw exvlqhvv f|fohv frxog pdwwhu/ dqg li furvv0frxqwu| hylghqfh lv uholdeoh iru lqihuulqj

wkh h�hfwv ri vwdelol}dwlrq/ lw vhhpv wkdw wkh| gr pdwwhu1

Wr ghwhuplqh zkhwkhu p| uhvxowv klqjh rq p| dvvxpswlrq ri wzr0vwdwhv/ L h{shulphqwhg zlwk

hvwlpdwlqj d wkuhh0vwdwh uhjlph1 Wkdw lv/ L uhshdwhg wkh pd{lpl}dwlrq sureohp lq +715, doorzlqj

iru wkuhh jurzwk udwhv �f � �� � �2 dqg iru wzr fkdqjhv lq ohyhov %2 � %� dqg %� � %f1 Sduw ri

wkh prwlydwlrq iru wklv lv wkdw wkh vhtxhqfh iv|j dvvrfldwhg zlwk wkh ehvw �w lv txlwh yrodwloh/

lq sduw ehfdxvh frqvxpswlrq jurzwk gxulqj wkh 4<<3v zdv vwhdg| dw durxqg 5( zklfk uhtxluhg

wr rqo| RHFG frxqwulhv/ dqg vrph ri wkhlu hvwlpdwhv lpso| vwdelol}dwlrq zrxog lqfuhdvh jurzwk iurp 2I wr eI1
Wkhvh dsshdu zlogo| lqfrqvlvwhqw zlwk wkh xsshu erxqgv ghulyhg khuh1

53Iru h{dpsoh/ lq fdoleudwlqj wkh h{whqw ri glplqlvklqj uhwxuqv/ Vwrnh| uholhv rq Nruwxp +4<<6, zkr uhsruwv
wkdw hvwlpdwhv ri 1 udqjh ehwzhhq f�� dqg f�S1
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frqvxpswlrq jurzwk wr rvfloodwh frqvwdqwo| gxulqj wklv shulrg1 Lq hvwlpdwlqj wkh wkuhh0vwdwh

prgho/ L rewdlqhg d qhjdwlyh srlqw hvwlpdwh iru wkh orzhvw jurzwk udwh �f1 Vlqfh whfkqrorjlfdo

uhjuhvv lv lqfrpsdwleoh zlwk wkh prgho/ L uhshdwhg wkh plqlpl}dwlrq xqghu wkh frqvwudlqw wkdw

�f � 31 Wkh hvwlpdwhv wkhq zhuh �f @ 3=333> �� @ 3=355 dqg �2 @ 3=369/ %2 � %� @ =33;/ dqg

%��%f @ �=334 dqg %2�%� @ =33<1 D ihz wklqjv duh zruwk qrwlqj derxw wkhvh hvwlpdwhv1 Iluvw/

wkh gl�huhqfh ehwzhhq wkh orzhvw dqg kljkhvw jurzwk udwh lv wkh vdph dv lq wkh wzr0vwdwh prgho1

Wkxv/ vwdelol}lqj hpsor|phqw lq wkh lqqrydwlrq vhfwru wr wkh dyhudjh ri hpsor|phqw lq wkh wzr

h{wuhph srlqwv zloo kdyh wkh vdph zhoiduh h�hfw dv lq wkh wzr0vwdwh prgho1 Vhfrqg/ xqolnh wkh

wzr0vwdwh prgho/ wkh wkuhh vwdwh prgho qr orqjhu suhglfwv frxqwhuf|folfdo jurzwk= �2 � �� dqg

%2�%� duh erwk srvlwlyh/ vxjjhvwlqj wkdw pruh udslg jurzwk lv dvvrfldwhg zlwk kljkhu frqvxps0

wlrq ohyhov1 Wkh hvwlpdwh iru %�� %f lv vwloo qhjdwlyh/ exw lw lv hvvhqwldoo| lqglvwlqjxlvkdeoh iurp

31 Wklug/ wkh wkuhh vwdwh uhjlph surylghv vrph hylghqfh lq idyru ri glplqlvklqj uhwxuqv/ vlqfh

%2�%� A %��%f zkloh �2��� ? ����f1 Wklv vxjjhvwv wkdw dq lqfuhdvh lq wkh ohyho ri hfrqrplf

dfwlylw| dw orz ohyhov jhqhudwhv d odujhu lqfuhdvh lq jurzwk wkdq dq lqfuhdvh lq hfrqrplf dfwlylw|

dw lqwhuphgldwh ohyhov ri hfrqrplf dfwlylw|1 Odvwo|/ wkh vhtxhqfh iv|j wkdw dfklhyhv wkh vpdoohvw

phdq vtxduh huuru lq wkh wkuhh vwdwh prgho dffrugv txlwh zhoo zlwk frqyhqwlrqdo phdvxuhv ri wkh

exvlqhvv f|foh1 Iru h{dpsoh/ lw dvvljqv wkh orzhvw srvvleoh vwdwh lq doprvw shuihfw dffrugdqfh

zlwk QEHU exvlqhvv f|foh gdwhv1 Iljxuh 6 vkrzv wkh vlpxodwhg frqvxpswlrq sdwkv dqg fkdqjhv

lq frqvxpswlrq iru erwk wkh wzr uhjlph prgho dqg wkh wkuhh uhjlph prgho/ dqg vkrzv wkdw wkh

wkuhh uhjlph prgho surylghv d jrrg �w wr wkh dfwxdo gdwd1

Ilqdoo|/ Vhfwlrq 6 udlvhv wkh srvvlelolw| wkdw vwdelol}dwlrq lqfuhdvhv jurzwk qrw rqo| ehfdxvh ri wkh

frqfdylw| ri ! +q,/ exw dovr e| lqfuhdvlqj dyhudjh lqyhvwphqw1 Lq jhqhudo/ lqfuhdvhg lqyhvwphqw

qhhg qrw lqfuhdvh zhoiduh/ vlqfh pruh udslg jurzwk frphv dw wkh h{shqvh ri fxuuhqw frqvxpswlrq1

Krzhyhu/ li wkh lqfuhdvh lq dyhudjh frqvxpswlrq lv gxh wr rffdvlrqdoo| elqglqj frqvwudlqwv/

vwdelol}dwlrq doorzv wkh djhqw wr doorfdwh pruh uhvrxufhv wr lqqrydwlrq wkdw kh lv h�hfwlyho|

suhyhqwhg iurp grlqj ehfdxvh ri frqvwudlqwv1 Lq wklv fdvh/ vwdelol}dwlrq |lhogv dgglwlrqdo zhoiduh

ehqh�wv deryh dqg eh|rqg wkrvh wkdw duh gxh wr glplqlvklqj uhwxuqv1 Krzhyhu/ zlwkrxw pruh

lqirupdwlrq rq ! +q,/ lw lv lpsrvvleoh wr ghwhuplqh wkh vl}h ri wklv h�hfw1 Dw prvw/ zh nqrz wkdw

wkh ydoxh ri dgglwlrqdo jurzwk lv zkdw lv frpsxwhg e| Oxfdv> klv fdofxodwlrq uhsruwv wkh ydoxh

ri jurzwk zkhq qr frqvxpswlrq lv vdful�fhg1 Vlqfh vwdelol}dwlrq frxog frqfhlydeo| lqfuhdvh

jurzwk xs wr 6=;(/ dq lqfuhdvh lq jurzwk ri 4=;(/ wkh xsshu erxqg lv jlyhq e| 69=3( ri fxuuhqw

frqvxpswlrq zkhq � @ 4 dqg 56= 7( zkhq � @ 51 Wkhvh doorz iru lqfuhgleo| odujh zhoiduh jdlqv
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(a) Log Consumption - Actual vs. Simulated

(b) ∆ Log Consumption - Actual vs. Simulated

Figure 3
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iurp vwdelol}dwlrq/ dowkrxjk wkh| duh dovr yhu| olnho| wr eh jurvv ryhuhvwlpdwhv ri wkh dfwxdo

ehqh�w1

81 Frqfoxvlrq

Wklv sdshu kdv h{soruhg wkh zhoiduh h�hfwv ri exvlqhvv f|fohv wkdw dulvh iurp hqgrjhqrxv jurzwk

h�hfwv1 Zkloh wkhvh h�hfwv kdyh ehhq rffdvlrqdoo| phqwlrqhg lq suhylrxv zrun/ wkh| kdyh |hw

wr eh dqdo|}hg irupdoo|1 Suhylrxv dxwkruv kdyh qrw surylghg d glvfxvvlrq ri zkhq vwdelol}dwlrq

zloo lqfuhdvh jurzwk/ qru kdyh wkh| dwwhpswhg wr dvvhvv krz wkh zhoiduh ehqh�wv dvvrfldwhg

zlwk vxfk jurzwk h�hfwv zrxog frpsduh zlwk wkrvh wkdw kdyh ehhq suhylrxvo| fdofxodwhg e|

Oxfdv dqg rwkhuv iru frqvxpswlrq yrodwlolw|1 Wklv sdshu lghqwl�hv irufhv wkdw vxjjhvw djjuhjdwh

 xfwxdwlrqv uhwdug wkh orqj0uxq jurzwk surfhvv/ dqg vkrzv wkdw wkh| frxog jhqhudwh vxevwdqwldo

zhoiduh h�hfwv1 Krzhyhu/ L zdv rqo| deoh wr hvwdeolvk dq xsshu erxqgv rq krz odujh wklv h�hfw

frxog srwhqwldoo| eh1 Wklv ohdyhv wkh grru rshq iru ixwxuh zrun wr hvwdeolvk krz wljkw wkhvh

erxqgv duh1 Vwloo/ hpslulfdo hvwlpdwhv rq wkh h�hfwv ri vwdelol}dwlrq rq jurzwk iurp furvv0

frxqwu| frpsdulvrqv duh txlwh forvh wr wkhvh xsshu erxqg hvwlpdwhv/ vxjjhvwlqj d zhoiduh jdlq

ri derxw 6� 8(1

Vlqfh wkhuh lv douhdg| dq h{whqvlyh olwhudwxuh wkdw h{dplqhv jurzwk xqghu xqfhuwdlqw|/ lw zrxog

vhhp �wwlqj wr hqg zlwk d uhfds ri zkdw wklv sdshu frqwulexwhv wr wklv olwhudwxuh1 Iluvw dqg

iruhprvw/ wklv sdshu hpskdvl}hv glplqlvklqj uhwxuqv wr lqyhvwphqw dv d vrxufh ri jurzwk h�hfwv/

udwkhu wkdq fkdqjhv lq dyhudjh lqyhvwphqw zklfk suhylrxv zrun kdv vwxglhg1 Wkh uhdvrq wklv

glvwlqfwlrq lv lpsruwdqw lv ehfdxvh glplqlvklqj uhwxuqv jhqhudwhv dq lqfuhdvh lq jurzwk zlwkrxw

dq r�vhwwlqj ghfolqh lq fxuuhqw frqvxpswlrq1 Wklv srlqw lv fuxfldo= Oxfdv ghulyhv kxjh zhoiduh

h�hfwv iurp dq lqfuhdvh lq wkh jurzwk udwh rqo| ehfdxvh kh frqvlghuv dq lqfuhdvh lq wkh jurzwk

udwh iru d jlyhq ohyho ri lqlwldo frqvxpswlrq1 Suhylrxv prghov wkdw hpskdvl}h hqgrjhqrxv jurzwk

h�hfwv iurp fkdqjhv lq dyhudjh dffxpxodwlrq gr qrw lpso| vxfk odujh zhoiduh jdlqv/ suhflvho|

ehfdxvh pruh udslg jurzwk lv r�vhw e| d uhgxfwlrq lq fxuuhqw frqvxpswlrq1 Lq idfw/ wkhuh lv

qrwklqj wr dvvxuh xv lq wkhvh prghov wkdw zhoiduh lv kljkhu dw kljkhu udwhv ri frqvxpswlrq

jurzwk/ dqg vr vxfk prghov fdqqrw jhw dw wkh lqwxlwlrq wkdw wkh odujh zhoiduh h�hfwv iurp

lqfuhdvhg jurzwk wkdw Oxfdv uhsruwv frxog lpso| odujh zhoiduh h�hfwv iru exvlqhvv f|fohv1 Wklv

sdshu dovr r�huv wkh fdvh ri rffdvlrqdoo| elqglqj frqvwudlqwv dv rqh zkhuh idvwhu jurzwk hqkdqfhv

zhoiduh hyhq zkhq jurzwk h�hfwv rshudwh wkurxjk fkdqjhv lq dyhudjh lqyhvwphqw1 Wkh uhdvrq
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lv wkdw frqvwudlqwv suhfoxgh uhvrxufhv iurp ehlqj doorfdwhg h!flhqwo| wr jurzwk/ vr dq lqfuhdvh

lq lqyhvwphqw vkrxog pdnh wkh djhqw ehwwhu r�1 Krzhyhu/ wkhuh lv qr frxqwhusduw wr Oxfdv*

fdofxodwlrqv wkdw whoo xv suhflvho| krz elj ri dq lpsdfw wklv zrxog kdyh rq zhoiduh1

Vhfrqg/ wklv sdshu h{dplqhv wkh zhoiduh h�hfwv ri vwdelol}dwlrq udwkhu wkdq mxvw wkh h�hfwv

ri vwdelol}dwlrq rq wkh jurzwk udwh shu vh1 Wkxv/ hyhq li suhylrxv dxwkruv douhdg| dujxhg

wkdw vwdelol}dwlrq frxog d�hfw jurzwk e| fkdqjlqj wkh jurzwk udwh ri frqvxpswlrq/ dqg hyhq

hvwlpdwhg hpslulfdoo| wkh uhodwlrqvkls ehwzhhq yrodwlolw| dqg jurzwk/ wkh| glg qrw surylgh d

iudphzrun zklfk frxog lqwhusuhw wkhvh revhuydwlrqv lq whupv ri zhoiduh dqg frpsduh wkhp zlwk

wkh qxpehuv jhqhudwhg e| Oxfdv1 Fduu|lqj rxw wkhvh zhoiduh fdofxodwlrqv h{solflwo| vkrzv wkdw

exvlqhvv f|fohv fdq pdwwhu1 Wklv frqfoxvlrq vwdqgv lq frqwudvw wr wkh odujh erg| ri zrun zklfk

frpsxwhv rqo| vpdoo zhoiduh jdlqv zkhq rqo| dffrxqwlqj iru frvwv gxh wr frqvxpswlrq yrodwlolw|1

Dv wkh glvfxvvlrq lq wkh Lqwurgxfwlrq uhyhdov/ wkh lqlwldo revhuydwlrq e| Oxfdv wkdw frqvxpswlrq

yrodwlolw| iurp djjuhjdwh  xfwxdwlrqv kdv qhjoljleoh zhoiduh lpsolfdwlrqv vhhpv wr kdyh khog xs

wr vxevhtxhqw vfuxwlq|/ h{fhsw shukdsv zkhq vxfk vkrfnv duh erwk yhu| shuvlvwhqw dqg kljko|

yrodwloh1 Exw wklv grhv qrw lpso| wkdw vwdelol}dwlrq fdqqrw surgxfh �uvw rughu zhoiduh h�hfwv=

djjuhjdwh  xfwxdwlrqv frxog vwloo kdyh lpsruwdqw h�hfwv e| uhwduglqj wkh surfhvv ri orqj0uxq

jurzwk154 Lq d vhqvh/ wklv sdshu forvhv wkh flufoh wkdw Oxfdv ruljlqdoo| ehjdq= kh xvhg klv

fdofxodwlrq wr dujxh wkdw ehfdxvh frqvxpswlrq yrodwlolw| kdv qhjoljleoh zhoiduh h�hfwv/ rqo|

jurzwk pdwwhuv1 Exw li exvlqhvv f|fohv d�hfw wkh surfhvv ri orqj0uxq jurzwk lq d zd| wkdw lv

frqvlvwhqw zlwk klv wkrxjkw h{shulphqw/ zklfk wklv sdshu dujxhv/ wkh| zloo pdwwhu dv zhoo1

54Wklv vwdwhphqw dssolhv wr vwdelol}dwlrq srolflhv zklfk vhw pdfurhfrqrplf yduldeohv htxdo wr wkhlu dyhudjh/
udwkhu wkdq srolflhv wkdw vwlpxodwh pdfurhfrqrplf dfwlylw|1 Wkh iruphu hpskdvl}hv wkh ehqh�wv iurp uhgxfhg
yrodwlolw|/ zkloh wkh odwwhu hpskdvl}hv ��oolqj lq exvlqhvv f|foh wurxjkv zlwkrxw vkdylqj r� exvlqhvv f|foh shdnv�
wr txrwh GhOrqj dqg Vxpphuv +4<;;,1 Wklv glvwlqfwlrq zdv uhfhqwo| h{dplqhg lq Fkdwwhumhh dqg Fruedh +4<<<,/
zkr dujxh wkdw pxfk ri wkh zhoiduh jdlqv iurp prylqj wr wkh exvlqhvv f|foh hqylurqphqw diwhu wkh vhfrqg Zruog
Zdu zhuh txlwh odujh zhuh gxh wr d uhgxfwlrq lq dyhudjh xqhpsor|phqw udwkhu wkdq fkdqjhv lq lwv gxudwlrq
ru yrodwlolw|1 Wkh| frqfoxgh wkdw lqglylgxdov duh ehwwhu r� xqghu wrgd|*v f|fohv wkdq sulru wr ZZLL/ exw duh
dpelydohqw zkhwkhu wr dwwulexwh wklv wr vwdelol}dwlrq srolf|1
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Wkh odvw vwhs xvhv wkh idfw wkdw +pw.v �pw, � Srlvvrq+!lv,1 Wklv lpsolhv dv orqj dv wkh vdph
uhjlph l suhydlov ehwzhhq gdwhv w dqg w . v/

Fw.v @ h{s

�] 4

3

oq fm>w.vgm

�
@ h+oq�,+pw�4.!

l
v, +\w.v � W ,

vr wkdw

gFw.v

g\w.v

@ h+oq�,+pw�4.!
l
v,



51 Xvlqj wkh idfw wkdw
X 3 +Fw.v,

X 3+Fw,
@

�
Fw.v

Fw

�
��

/ L frpsxwh wkh udwlr ri frqvxpswlrq
Fw.v

Fw

1 Wkh

jurzwk ri frqvxpswlrq dw d jlyhq lqvwdqw lv jlyhq e|

g oqFw @

] 4

3

g +oq fmw, gm

@

] 4

3

^+4� !lgw, � 3 . !l +� oq fm, gw`gm

@

] 4

3

^+4� !lgw, � 3 . !l +oq�, gw` gm

@ !l +oq�, gw

vr wkdw dv orqj dv uhjlph l suhydlov ehwzhhq wlph w dqg w. v/ zh kdyh

Fw.v @ Fwh
+oq�,!

l
v

61 Sur�wv �w.v duh hlwkhu htxdo wr �l li d ehwwhu whfkqrorj| zdv qrw lqyhqwhg dqg 3 li lw zdv1 Iru
d frqvwdqw ohyho ri jryhuqphqw vshqglqj/ wkh suredelolw| wkdw qr qhz glvfryhu| lv pdgh ehwzhhq
gdwhv w dqg w. v lv jlyhq e| h�!l

v1 Khqfh/

Hw ^�w.v` @ �lh
�!

l
v

Lw iroorzv wkdw

Hw

�
X 3 +Fw.v,

X 3+Fw,

gFw

g\w
�w.v

�
h��w @ frqvwdqw � h�+�.!

l
^4.+��4,+oq�,`,v

Iru wkh ydoxh yl wr eh gh�qhg/ wkh h{srqhqw deryh pxvw eh qhjdwlyh/ l1h1

�. ^4 . +� � 4, oq�`! A 3

Wklv zloo eh wuxh dv orqj dv � � 41

Iurp deryh/ wkh hyroxwlrq ri dyhudjh jhqhudwlrq ri whfkqrorj| pw h{klelwv wkh iroorzlqj odz ri prwlrq
zlwklq d jlyhq uhjlph=

bpw

pw

@ �! +� � 4, oq�

Xvlqj wklv idfw/ wkh ydoxh ri rzqlqj d sdwhqw lv fkdudfwhul}hg e| wkh dvvhw htxdwlrq

�yl +p, @ p�l . � +yl � ym, . y3 +p, bp� !lyl

@ p�l . � +yl � ym, �p!l +� � 4, +oq�, y3l +p,� !lyl

vr zh kdyh d v|vwhp ri htxdwlrq

+�. !3 . �, y3 +p,� �y4 +p, .p!3 +� � 4, +oq�, y33+p, @ p�3

+�. !4 . �, y4 +p,� �y3 +p, .p!4 +� � 4, +oq�, y34+p, @ p�4



Wr vroyh wkh deryh v|vwhp/ zh jxhvv

y3 @ �3p

y4 @ �4p

Pdwfklqj frh!flhqwv |lhogv wkh frh!flhqwv $3 dqg $4 uhsruwhg lq wkh wh{w1 �

Surri ri Sursrvlwlrq 4= L ehjlq e| vkrzlqj wkdw q4 A q31 Iru vxssrvh qrw/ l1h1 q4 � q31 Wkhq wkh
idfw wkdw Q3 A Q4 lpsolhv

O�Q4 � q4 A O�Q3 � q3

vr wkdw �4 A �31 Vlqfh q4 A q3 dqg !3 +q, A 3/ lw iroorzv wkdw ! +q3, A ! +q4,1 Lq wklv fdvh/

y3

y4
@

^�. � . +4 . +� � 4, oq�,! +q4,`�3 . ��4

^�. � . +4 . +� � 4, oq�,! +q3,`�4 . ��3

?
^�. � . +4 . +� � 4, oq�,! +q3,`�3 . ��4

^�. � . +4 . +� � 4, oq�,! +q3,`�4 . ��3

@
� +�3 . �4, . ^�. +4 . +� � 4, oq�,! +q3,`�3

� +�3 . �4, . ^�. +4 . +� � 4, oq�,! +q3,`�4

? 4

Krzhyhu/ iurp wkh �uvw rughu frqglwlrq +416,/ q3 A q4 , y3 A y4/ zklfk lv d frqwudglfwlrq1 Khqfh/

q4 A q31 Wklv hvwdeolvkhv sduw +4, ri wkh Sursrvlwlrq1 Iurp wkh �uvw rughu frqglwlrq +416,/ wklv dovr

lpsolhv y4 A y3/ zklfk hvwdeolvkhv sduw +5,1

Wr hvwdeolvk +6,/ vxssrvh wkdw q4 � q3 A Q3 �Q4 A 3/ vr

O�Q3 � q3 A O�Q4 � q4

dqg �3 A �41 Exw wkhq/

y3

y4
@

+�. � . +4 . +� � 4, oq�,! +q4,,�3 . ��4

+�. � . +4 . +� � 4, oq�,! +q3,,�4 . ��3

A
+�. � . +4 . +� � 4, oq�,! +q3,,�3 . ��4

+�. � . +4 . +� � 4, oq�,! +q3,,�4 . ��3

@
� +�3 . �4, . +�. +4 . +� � 4, oq�,! +q3,,�3

� +�3 . �4, . +�. +4 . +� � 4, oq�,! +q3,,�4

A 4

zklfk frqwudglfwv wkh idfw wkdw y4 A y31 Khqfh/ �4 A �3/ hvwdeolvklqj +6,1

Wr vkrz +7,/ qrwh wkdw qrplqdo lqfrph lv jlyhq e|



\ @ �.Z @ � . O� q

vr wkdw \4 � \3 lv jlyhq e|

�4 � �3 � +q4 � q3, @ +�� 4, +Q3 . q3 �Q4 � q4,� +q4 � q3,

@ �� +q4 � q3,� +�� 4, +Q4 �Q3,

zkrvh vljq lv dpeljxrxv vlqfh zh fdq rqo| hvwdeolvk wkdw

Q3 �Q4 A q4 � q3 A 3

zkhuhdv \4 A \3 rqo| li

Q3 �Q4 A
�

�� 4
+q4 � q3, A q4 � q3

Lw lv srvvleoh wr jhqhudwh uhvxowv zkhwkhu wkh �uvw lqhtxdolw| lv dqg lv qrw vdwlv�hg1 Wkh idfw wkdw

F @ \ � W hvwdeolvkhv +7,1 �

Surri ri Ohppd 5= Dsso|lqj p| suhylrxv uhvxowv/ zh kdyh wkdw iru hdfk uhjlph l 5 i3>4j/

+SF,l @ \l � W

@ �l .O� ql � W

@ +�� 4, +O�Ql � ql, .O� ql � W

@ � +O� ql,� +�� 4,Ql � W

@ � +O� ql, . +�� 4,Jl � �W

Wkxv/ frpsdulqj qrplqdo frqvxpswlrq xqghu vwdelol}dwlrq lv jlyhq e|

�O� �W � �q
�
J
�
. +�� 4,J

zkloh dyhudjh qrplqdo frqvxpswlrq lq d zruog ri vwrfkdvwlf vkrfnv lv jlyhq e|

�O� �W �
�

5
+q� +J3, . q� +J4,, .

�� 4

5
+J3 .J4,

Uhduudqjlqj wkhvh wzr htxdwlrqv dqg xvlqj wkh idfw wkdw J� 4
5 +J3 .J4,/ lw iroorzv wkdw

SF
�
J
�
A

SF� +J3, .SF� +J4,

5

SF
�
J
�
@

SF� +J3, .SF� +J4,

5

SF
�
J
�
?

SF� +J3, .SF� +J4,

5

<AAAAAAAA@
AAAAAAAA>

/

;AAAAAAAA?
AAAAAAAA=

q
�
J
�
?

q� +J3, . q� +J4,

5

q
�
J
�
@

q� +J3, . q� +J4,

5

q
�
J
�
A

q� +J3, . q� +J4,

5



hvwdeolvklqj wkh fodlp1 �

Surri ri Ohppd 6= Vlpsoh gl�huhqwldwlrq |lhogv

g

gq

�
q

! +q,

�
@

! +q,� !3 +q,q

q5

E| frqfdylw| zh nqrz wkdw

! +q, A ! +3, . !3 +q,q

Vlqfh ! +3, @ 3 e| dvvxpswlrq/ lw iroorzv wkdw wkh ghulydwlyh lv srvlwlyh1 �

Surri ri Sursrvlwlrq 6= Wkh sureohp ri dq hqwuhsuhqhxu hqjdjlqj lq lqqrydwlrq qrz ehfrphv

pd{
ql

! +ql, yl � ql

vxemhfw wr wkh frqvwudlqw wkdw ql � q1 Xvlqj wkh Odjudqjh pxowlsolhu/ zh kdyh

!3 +ql, yl � 4 � 3

�l +q� ql, @ 3

vr wkdw q +J4, @ plq +q34> q, zkhuh q
3

4 vroyhv

!3 +q34, y4 @ 4

Vxssrvh q +J4, 9@ q1 Wkhq q +J4, ? q/ dqg �4 @ 31 Zh fdq xvh wkh vdph dujxphqw dv lq Sursrvlwlrq 4
wr hvwdeolvk wkdw q3 ? q4 ? q1 Qh{w/

y4 @
$ +q4,�4 . ��3

$ +q3,$ +q4, � �5

@ +�� 4,
$ +q4,

�
O� q4 �Q . %

�
. �

�
O� q3 �Q � %

�
$ +q3,$ +q4,� �5

@ +�� 4,
$ +q4,

�
O� q4 �Q

�
. �

�
O� q3 �Q

�
. +$ +q4, � �, %

$ +q3,$ +q4, � �5

A +�� 4,
$ +q4,

�
O� q4 �Q

�
. �

�
O� q3 �Q

�
$ +q3,$ +q4,� �5

A +�� 4,
$ +q4,

�
O� q �Q

�
. �

�
O� q�Q

�
$ +q3,$ +q4,� �5

A +�� 4,
$ +q,

�
O� q�Q

�
. �

�
O� q�Q

�
$ +q,$ +q,� �5

� y

Krzhyhu/ e| frqvwuxfwlrq/ !3 +q, y @ 4/ zklfk lpsolhv wkdw zkhq J @ J4/ hqwuhsuhqhxuv zrxog zlvk wr

kluh dw ohdvw q zrunhuv/ zklfk lv d frqwudglfwlrq1 Khqfh/ q +J4, @ q1



Qh{w/ wr vkrz q +J3, ? q/ vxssrvh qrw1 Vlqfh q +J4, @ q/ zh kdyh

y3 @
$ +q, �4 . ��3

$ +q,$ +q,� �5

@ +�� 4,
$ +q,

�
O� q�Q � h%�. �

�
O� q�Q . h%�

$ +q,$ +q,� �5

@ +�� 4,
+$ +q, . �,

�
O� q�Q

�
� +$ +q,� �,h%

$ +q,$ +q,� �5

? y

Vlqfh !3 +q, y @ 4/ lw iroorzv wkdw wkhuh h{lvwv dq q ? q iru zklfk !3 +q, y3 @ 4/ zklfk frqwudglfwv wkh

idfw wkh frqvwudlqhg rswlpxp lv q @ q1 Wkh odvw fodlp iroorzv wulyldoo| iurp wkh �uvw wzr1 �

Surri ri Sursrvlwlrq 7= Wkh pd{lpl}dwlrq sureohp fdq eh h{suhvvhg dv

pd{
d

�
plq

�
! +q3, oq� .

y4

y3
d
�q

5
> ! +q4, oq�� d

�q

5

��

Dw wkh pd{lpxp/ wkh wzr h{suhvvlrqv pxvw eh htxdo/ vlqfh li wkh| duh qrw htxdo/ lw zrxog dozd|v eh

srvvleoh wr lqfuhdvh wklv h{suhvvlrq hlwkhu e| lqfuhdvlqj d ru ghfuhdvlqj d/ ghshqglqj rq zklfk h{suhvvlrq

lv odujhu1 Vroylqj iru d dw wkh srlqw ri htxdolw| dqg vxevwlwxwlqj edfn lq |lhogv wkh ghvluhg uhvxow1 �
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^4` Deho/ Dqguhz/ 4<;61 �Rswlpdo Lqyhvwphqw xqghu Xqfhuwdlqw|� Dphulfdq Hfrqrplf Uh0

ylhz/ :6+4,/ Pdufk/ s55;0661

^5` Djklrq/ Skloolsh dqg Shwhu Krzlww/ 4<<51 �D Prgho ri Jurzwk wkurxjk Fuhdwlyh Ghvwuxf0
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H{shfwhg Xwlolw| Suhihuhqfhv� Hfrqrplfv Ohwwhuv/ 83+6,/ Pdufk/ s6;:0<51

^6;` Udph|/ Jduh| dqg Ydohulh Udph|/ 4<<41 �Whfkqrorj| Frpplwphqw dqg wkh Frvw ri Hfr0

qrplf Ioxfwxdwlrqv� QEHU Zrunlqj Sdshu &6:88/ Mxqh1

^6<` Udph|/ Jduh| dqg Ydohulh Udph|/ 4<<81 �Furvv0Frxqwu| Hylghqfh rq wkh Olqn Ehwzhhq

Yrodwlolw| dqg Jurzwk� Dphulfdq Hfrqrplf Uhylhz/ ;8+8,/ Ghfhpehu/ s446;0841



^73` Urphu/ Gdylg/ 4<<91 Dgydqfhg Pdfurhfrqrplfv/ PfJudz Kloo1

^74` Vwrnh|/ Qdqf|/ 4<<81 �U)G dqg Hfrqrplf Jurzwk� Uhylhz ri Hfrqrplf Vwxglhv/ 95+6,/

Mxo|/ s79<0;<1

^75` Wdoodulql/ Wkrpdv/ 4<<<1 �Ulvn Vhqvlwlyh Exvlqhvv F|fohv� Plphr/ Fduqhjlh Phoorq Xql0

yhuvlw|1

^76` X}dzd/ Klurixpl/ 4<9<1 �Wlph Suhihuhqfh dqg wkh Shqurvh H�hfw lq d Wzr0Fodvv Prgho ri

Hfrqrplf Jurzwk� Mrxuqdo ri Srolwlfdo Hfrqrp|/ ::/ s95;0851


