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Lqvwuxfwlrqv= Dqvzhu doo txhvwlrqv1 Zrunlqj lq jurxsv lv QRW shuplwwhg1 H{dp lv

rshq errn1

41 +Wudgh frvwv dqg lqwhuqdwlrqdo ulvn vkdulqj, Frqvlghu d yhuvlrq ri wkh Oxfdv
+4<;5, prgho lq zklfk zh devwudfw iurp g|qdplfv dqg frqvlghu d rqh0shulrg
sruwirolr sureohp1 Wkhuh duh wzr frxqwulhv/ Krph dqg Iruhljq/ dqg lqglylgxdov
lq wkh wzr frxqwulhv wudgh Duurz0Gheuhx frqwudfwv ryhu vwdwhv ri qdwxuh lq wkh
+rqh, shulrg wkdw iroorzv1 Vwdwhv ri qdwxuh ghshqg hqwluho| rq wkh uhdol}hg
ydoxhv +\K > \I , ri Krph dqg Iruhljq +h{rjhqrxv/ vwrfkdvwlf, rxwsxw1 Dvvxph
d frpsohwho| v|pphwulf mrlqw glvwulexwlrq iru wkh qdwlrqdo rxwsxwv +\K > \I ,1

D Krph ru Iruhljq lqglylgxdo fkrrvhv vwdwh0frqwlqjhqw frqvxpswlrqv FK

dqg FI ri wkh krph dqg iruhljq jrrgv lq rughu wr pd{lpl}h
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Deryh/ F lv wkh lqgh{ ri wrwdo uhdo frqvxpswlrq/ � lv frqvxphuv* hodvwlflw| ri
vxevwlwxwlrq ehwzhhq wkh wzr jrrgv/ dqg � lv wkh frh!flhqw ri uhodwlyh ulvn
dyhuvlrq1

Wkhuh lv iuhh dqg frvwohvv lqwhuqdwlrqdo wudgh lq wkh Duurz0Gheuhx vhfxul0
wlhv1 +Lpdjlqh wkdw wkh vhfxulwlhv* sd|r�v duh pdgh lq d frvwohvvo| wudgdeoh
lqwhuqdwlrqdo prqhwdu| xqlw ri dffrxqw1, Krzhyhu wkhuh duh �lfhehuj� frvwv
ri wudgh/ vxfk wkdw rqo| d iudfwlrq 4 � � ri d xqlw ri jrrg vklsshg deurdg
uhdfkhv lwv ghvwlqdwlrq1 Zlwk frpshwlwlyh pdunhwv/ jrrgv sulfhv zrxog kdyh wr
eh SI @ S �I@+4 � �, dqg SK @ +4 � �,S �K / zkhuh yduldeohv shuwdlqlqj wr wkh
Iruhljq frxqwu| duh ghqrwhg e| dq dvwhulvn1

+d, Ghulyh +xvlqj wkh idfw wkdw wkh wzr frxqwulhv duh h{ dqwh v|pphwulf, wkh
Edfnxv0Vplwk frqglwlrqv/
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iru hyhu| vwdwh ri qdwxuh1 +Zlwkrxw v|pphwu|/ wkhvh zrxog eh sursruwlrqdolw|
frqglwlrqv udwkhu wkdq htxdolwlhv1, Vkrz wkdw wkh| lpso|

F
�

4

�

K F
4

�
�� @ +4� �, +F�K,�

4

� F�
4

�
��> +4,

+4� �,F
�

4

�

I F
4

�
�� @ +F�I ,

�
4

� F�
4

�
��> +5,

dqg wkh h{ srvw frqvxpswlrq h!flhqf| frqglwlrq�
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+e, Vshfldol}h wr wkh fdvh � @ 4@� ^lq zklfk wkh Duurz0Gheuhx frqglwlrqv +4,
dqg +5, vlpsoli| frqvlghudeo|`1 Vxssrvh wkdw lqvwhdg ri wudglqj Duurz0Gheuhx
frqwudfwv/ djhqwv fdq wudgh rqo| vkduhv lq Krph ru Iruhljq rxwsxwv1 Ohw {K
+{I , ghqrwhv wkh Krph +uhsuhvhqwdwlyh, djhqw*v vkduh ri wrwdo htxlw| lq wkh Krph
+Iruhljq, lqgxvwu|/ dqg {�K +{�I , ghqrwhv wkh Iruhljqhu*v rswlpdo htxlw| vkduhv1
Vkrz wkdw wkh Duurz0Gheuhx ulvn0vkdulqj doorfdwlrq fdq vwloo eh dwwdlqhg zlwk
wklv pruh uhvwulfwhg phqx ri dvvhwv1 Dovr vkrz wkdw/ jlyhq wkh dvvxpswlrq ri
v|pphwu| ri rxwsxw glvwulexwlrqv/ wkh htxloleulxp sruwirolr vkduhv duh
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51 +Wkh Gruqexvfk prgho zlwk dq lqwhuhvw0udwh uxoh, Prvw fhqwudo edqnv rshudwh
e| vhwwlqj d qrplqdo vkruw0whup lqwhuhvw udwh udwkhu wkdq e| vhwwlqj wkh ohyho
ri wkh prqh| vxsso|1 Wkhvh gd|v/ wkh lqwhuhvw0udwh uxoh lv ghvljqhg vr dv wr
r�vhw lq dwlrqdu| vkrfnv1 Dffruglqjo|/ frqvlghu wkh iroorzlqj glvfuhwh0wlph/
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vwrfkdvwlf yhuvlrq ri wkh Gruqexvfk prgho zlwk udwlrqdo h{shfwdwlrqv/ zkhuh xw
lv d frqglwlrqdo phdq0}hur udqgrp �prqhwdu|� vkrfn wr wkh grphvwlf lqwhuhvw
udwh=

lqwhuhvw0udwh srolf| uxoh= lw @ l� . � +Hwisw.4 � swj, . xw> Hw ixw.4j @ 3

djjuhjdwh rxwsxw= |w @ �+hw � sw,

sulfh dgmxvwphqw= sw.4 � sw @ �|w

xqfryhuhg lqwhuhvw udwh sdulw|= lw @ l� . Hwihw.4 � hwj=

+Wklqn ri wkh yduldeohv deryh dv ghyldwlrqv iurp wuhqgv/ dqg dvvxph wkh iruhljq
sulfh ohyho s� lv frqvwdqw dqg qrupdol}hg wr htxdo }hur1, Qrwlfhwkdw zh gr qrw
qhhg wr zulwh grzq wkh prqh|0pdunhw htxloleulxp frqglwlrq/ vlqfh/ jlyhq wkh
sulfh ohyho dqg rxwsxw/ d fhqwudo edqn vhwwlqj wkh lqwhuhvw udwh kdv qr fkrlfh
exw vlpso| wr vxsso| wkh dprxqw ri prqh| qhfhvvdu| lq rughu wkdw wkh prqh|
pdunhw fohdu dw wkh ghvluhg udwh +l1h1/ wkh prqh| vxsso| ehfrphv hqgrjhqrxv,1
Dv xvxdo/ wkh sulfh ohyho lv d suhghwhuplqhg +qrq0mxpslqj, yduldeoh +dqg wkxv lw
lv shuihfwo| suhglfwdeoh/ Hw isw.4j @ sw.4,1

+d, H{suhvv wkh prgho dv d vlqjoh gl�huhqfh htxdwlrq ghvfulelqj wkh h{shfwhg
fkdqjh lq wkh uhdo h{fkdqjh udwh t @ h � s1 Klqw= Vwduw e| wklqnlqj derxw wkh
gdwh w h{shfwhg ydoxhv ri wkh gdwh w. 4 htxloleulxp ydoxhv1

+e, Vroyh wkdw gl�huhqfh htxdwlrq iru tw e| vxffhvvlyh iruzdug vxevwlwxwlrqv1
Wkdw lv/ |rxu h{suhvvlrq iru Hwitw.4j ghulyhg lq sduw +d,> li sxvkhg rqh shulrg
dkhdg/ jlyhv dq htxdwlrq iru Hwitw.5j lq whupv ri Hwitw.4j dqg Hwixw.4j= Vroyh
wklv vhfrqg htxdwlrq iru Hwitw.4j dqg vxevwlwxwh wkh uhvxow lqwr |rxu h{suhvvlrq
iurp +d,1 Qrz uhshdw/ xvlqj wkh h{suhvvlrq iru Hwitw.6j wr holplqdwh Hwitw.5j
iurp zkdw |rx kdyh mxvw ghulyhg> dqg frqwlqxh1

+f, Rq wkh dvvxpswlrq wkdw � A 4/ zkdw lv |rxu vroxwlrq iru twB Lqwxlwlyho|/
zkdw grhv � A 4 phdq lq whupv ri wkh lqwhuhvw0udwh srolf| uxoh deryhB

+g, Vroyh iru wkh vwrfkdvwlf surfhvv gulylqj wkh sulfh ohyho/ sw/ lq whupv ri wkh
odjjhg sulfh ohyho dqg odjjhg lqwhuhvw0udwh vkrfn1 Lv wkh sulfh ohyho d vwdwlrqdu|
+�qlwh0yduldqfh, udqgrp yduldeoh ru qrwB

+h, Jlyh wkh lqwxlwlrq ehklqg |rxu dqvzhu wr +g, e| h{sodlqlqj +lq zrugv, wkh
h{shfwhg dgmxvwphqw sdwk wr d qhjdwlyh uhdol}dwlrq ri wkh udqgrp yduldeoh xw1
+\rx pd| dvvxph �� ? 41, Qrwh wkdw |rx qhhg rqo| zruu| derxw zkdw kdsshqv
lq shulrg w dqg zkdw lv h{shfwhg wr kdsshq lq shulrg w. 41

61 +Wkh wudgh edodqfh dqg wkh lqwhuwhpsrudo exgjhw frqvwudlqw, Vxssrvh wkdw
d rqh0jrrg vpdoo hqgrzphqw hfrqrp| zlwk qhjdwlyh qhw iruhljq dvvhwv dgrswv
d srolf| ri uxqqlqj d wudgh edodqfh vxusoxv vx!flhqw wr uhsd| d frqvwdqw vpdoo
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iudfwlrq ri wkh lqwhuhvw gxh rq lwv ghew hdfk shulrg1 Lw frqwlqxdoo| uroov ryhu wkh
uhpdlqlqj lqwhuhvw e| iuhvk eruurzlqj1 Wkdw lv/ wkh frxqwu| vhwv lwv gdwh v wudgh
edodqfh WEv @ \v � Fv dffruglqj wr wkh uxoh/

WEv @ ��uEv>

zkhuh u lv wkh h{rjhqrxvo| jlyhq +frqvwdqw, zruog uhdo lqwhuhvw udwh dqg � lv d
vpdoo qxpehu ohvv wkdq 4 +dqg Ev ? 3 iru doo v,1

+d, Xvlqj wkh fxuuhqw dffrxqw lghqwlw| dqg wkh gh�qlwlrq ri wkh wudgh edodqfh/
vkrz wkdw xqghu wkh suhfhglqj srolf| qhw iruhljq dvvhwv hyroyh dffruglqj wr wkh
htxdwlrq=

Ev.4 @ ^4 . +4� �,u`Ev=

+e, Vkrz gluhfwo| wkdw wkh lqwhuwhpsrudo exgjhw frqvwudlqw lv vdwlv�hg iru dq|

� A 3/ qr pdwwhu krz wlq|1 ^Klqw= Vkrz wkdw

4[
v@w

�
4

4 . u

�v�w
WEv @ �

4[
v@w

�
4

4 . u

�v�w
�uEv @ �+4 . u,Ew=`

+f, Grhv sduw +e, suryh wkdw d vxvwdlqdeoh fxuuhqw dffrxqw +l1h1/ qdwlrqdo lq0
whuwhpsrudo vroyhqf|, uhtxluhv rqo| wkdw dq duelwudulo| vpdoo iudfwlrq ri wkh
lqwhuhvw rzhg wr iruhljqhuv eh sdlg hdfk shulrg +zlwk wkh uhpdlqlqj lqwhuhvw gxh
uroohg ryhu lqwr qhz iruhljq ghew,B ^Klqw= Frqvlghu dq hfrqrp| zlwk J @ L @ 3
dqg frqvwdqw rxwsxw \ 1 Krz elj fdq wkh iruhljq ghew �E jhw ehiruh wkh frxqwu|
rzhv doo ri lwv ixwxuh rxwsxw wr iruhljqhuvB Zloo wklv erxqg eh ylrodwhg li � lvq*w
elj hqrxjkB Li vr/ krz frxog wkh lqwhuwhpsrudo exgjhw frqvwudlqw kdyh khog lq
sduw +e,B`
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