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Devwudfw= Zh h{dplqh d prgho lq zklfk sod|huv vrphwlphv suhihu wr fr0
rshudwh lq wkh sulvrqhuv* glohppd/ surylghg wkhlu rssrqhqwv duh vx�flhqwo|
olnho| wr frrshudwh1 Zh uhsruw wkh uhvxowv ri dq h{shulphqw lqyhvwljdwlqj
wkh suhglfwlrqv ri wklv prgho iru htxloleulxp ehkdylru lq d wzlfh0sod|hg
sulvrqhuv* glohppd1 Zh duh hvshfldoo| lqwhuhvwhg lq uhvxowv vxjjhvwlqj wkdw
frrshudwlrq pd| eh prvw h�hfwlyho| irvwhuhg e| dssursuldwho| glvwulexwlqj
wkh prqhwdu| vwdnhv dfurvv wkh wzr shulrgv ri wkh lqwhudfwlrq1
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Udwlrqdo frrshudwlrq1 D ixqgdphqwdo dvvxpswlrq ri hfrqrplf wkhru| lv
wkdw udwlrqdo shrsoh zloo qrw fkrrvh vwulfwo| grplqdwhg vwudwhjlhv1 Krzhyhu/
h{shulphqwv frqvlvwhqwo| �qg=�

� D vljql�fdqw sursruwlrq ri sod|huv frrshudwh lq wkh rqh0vkrw sulvrqhuv*
glohppd1

� Sod|huv duh khwhurjhqhrxv/ lqfoxglqj vrph zkr frrshudwh xqghu dq|
flufxpvwdqfhv/ vrph zkr ghihfw xqghu dq| flufxpvwdqfhv/ dqg vrph
zkr dsshdu wr eh _frqglwlrqdo frrshudwruv/% ehlqj zloolqj wr frrshudwh
li wkhuh lv vx�flhqw fkdqfh wkdw wkhlu rssrqhqw zloo gr olnhzlvh1

� Wkh lqflghqfh ri frrshudwlrq idoov ryhu wkh frxuvh ri d �qlwho|0uhshdwhg
sulvrqhuv* glohppd/ exw grhv qrw idoo wr }hur1

Wr vd| d shuvrq lv udwlrqdo lv wr vd| wkdw zh fdq vshfli| suhihuhqfhv
iru zklfk wkh shuvrq*v fkrlfhv frqvlvwhqwo| frlqflgh zlwk wkh prvw0suhihuuhg
dydlodeoh dowhuqdwlyh1 Wkh h{shulphqwdo hylghqfh pdnhv lw fohdu wkdw zh fdq0
qrw gr vr iru wkh sulvrqhuv* glohppd li zh uhwdlq wkh frpprq dvvxpswlrq
wkdw shrsoh fduh rqo| derxw wkhlu rzq prqhwdu| sd|r�v/ vr wkdw frrshud0
wlrq lv d vwulfwo| grplqdwhg vwudwhj|1 Rqh uhvsrqvh wr vxfk vhhplqjo| lu0
udwlrqdo ehkdylru lv wr dujxh wkdw wklv lv d vlwxdwlrq eh|rqg wkh sxuylhz
ri hfrqrplfv1 Exw lw lv w|slfdoo| pruh xvhixo wr uhwdlq wkh xqli|lqj sulqfl0
soh ri hfrqrplfv�wkdw shrsoh fdq eh xvhixoo| prghohg dv pdnlqj udwlrqdo
fkrlfhv�zkloh vhhnlqj d ehwwhu xqghuvwdqglqj ri krz wkh revhuyhg ehkdylru
pljkw eh udwlrqdo1 Lq wkh fdvh ri wkh sulvrqhuv* glohppd/ wkhuh lv qr frq0
fhswxdo uhdvrq wr dvvxph wkdw shrsoh fduh rqo| derxw wkhlu rzq prqhwdu|
sd|r�v1 Wkh �uvw vwhs lq dvvhvvlqj wkh h{shulphqwdo hylghqfh lv wkhq wr dvn
zkhwkhu zh fdq udwlrqdol}h wkh revhuyhg ehkdylru e| h{sdqglqj rxu qrwlrq
ri suhihuhqfhv wr lqfoxgh dgglwlrqdo frqvlghudwlrqv1

Wkh gdqjhu khuh lv wkdw wkh xqeulgohg iuhhgrp wr wdloru suhihuhqfhv wr
sduwlfxodu flufxpvwdqfhv doorzv xv wr udwlrqdol}h yluwxdoo| dq| ehkdylru1 Krz
gr zh nqrz zkhq zh kdyh xqfryhuhg d urexvw ihdwxuh ri ehkdylru dqg zkhq
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zh kdyh iruwxlwrxvo| frqvwuxfwhg h{rwlf suhihuhqfhv wkdw kdsshq wr pdwfk
vrph h{shulphqwdo revhuydwlrqvB

Rxu frq�ghqfh lq d vshfl�fdwlrq ri suhihuhqfhv lqyrnhg wr h{sodlq d sdu0
wlfxodu ehkdylru lv hqkdqfhg wr wkh h{whqw wkdw wkh prgho pdnhv dgglwlrqdo
suhglfwlrqv wkdw fdq eh whvwhg h{shulphqwdoo|1 Iru h{dpsoh/ Dqguhrql dqg
Ploohu ^6`/ revhuylqj wkdw jhqhurvlw| lq wkh vwdqgdug glfwdwru jdph fdq eh
h{sodlqhg dv udwlrqdo ehkdylru rq wkh sduw ri glfwdwruv zkr kdyh suhihuhqfhv
ryhu erwk wkhlu rzq dqg wkh uhfhlyhu*v prqhwdu| sd|r�/ h{klelw h{shulphqwdo
hylghqfh frqvlvwhqw zlwk wkh suhglfwlrqv ri wkhvh suhihuhqfhv lq pruh jhqhudo
glfwdwru jdphv zlwk ydu|lqj h{fkdqjh udwhv1 Wkhvh uhvxowv hqfrxudjh ixu0
wkhu zrun zlwk vxfk suhihuhqfhv1 Dqguhrql/ Fdvwloor dqg Shwulh ^4`/ Elqpruh/
PfFduwk|/ Srqwl/ Vdpxhovrq dqg Vkdnhg ^8` dqg Idon/ Ihku dqg Ilvfkedfkhu
^44` vkrz wkdw lpsruwdqw dvshfwv ri sod| lq �qlwh0krul}rq dowhuqdwlqj0r�huv
edujdlqlqj jdphv fdqqrw eh h{sodlqhg e| suhihuhqfhv lqyroylqj rqo| wkh uhod0
wlyh sd|r� frqvlghudwlrqv wkdw zhuh lqlwldoo| lqwurgxfhg wr h{sodlq vhhplqjo|
luudwlrqdo uhmhfwlrqv lq vxfk jdphv1 Wklv vxjjhvwv wkdw li vxfk uhmhfwlrqv duh
wr eh h{sodlqhg dv rswlpl}lqj ehkdylru/ dowhuqdwlyh suhihuhqfh vshfl�fdwlrqv
vkrxog eh lqyhvwljdwhg1

Wklv sdshu wkxv surfhhgv lq wkuhh vwhsv1 Vhfwlrq 5 frqvwuxfwv d prgho
ri lqglylgxdo suhihuhqfhv wkdw |lhogv udwlrqdo frrshudwlrq lq wkh sulvrqhuv*
glohppd1 Vhfwlrq 6 lghqwl�hv wkh prgho*v suhglfwlrqv1 Vhfwlrqv 7 dqg 8
uhsruw wkh uhvxowv ri dq h{shulphqw h{dplqlqj wkhvh suhglfwlrqv1 Vhfwlrq 9
rxwolqhv gluhfwlrqv iru ixuwkhu zrun1

Wklv sdshu1 Zh vwxg| d prgho lq zklfk +l, sod|huv suhihu wkdw wkhlu rssr0
qhqwv frrshudwh lq wkh sulvrqhuv* glohppd/ +ll, sod|huv vrphwlphv suhihu wr
frrshudwh wkhpvhoyhv/ +lll, sod|huv duh pruh olnho| wr frrshudwh zkhq wkhlu
rssrqhqw lv pruh olnho| wr frrshudwh/ dqg +ly, sod|huv gl�hu lq wkh vwuhqjwk
ri wklv wdvwh iru frrshudwlrq1 Vxfk suhihuhqfhv duh hdvlo| irupxodwhg wr df0
frpprgdwh wkh h{shulphqwdo revhuydwlrqv qrwhg deryh1

Wr fduu| wkh lqyhvwljdwlrq ri wkhvh suhihuhqfhv ixuwkhu/ zh frqvlghu wzr0
shulrg jdphv zkrvh vwdjh jdphv duh wkh sulvrqhuv* glohppdv vkrzq lq Iljxuh
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Zh frqvlghu d fodvv ri vxfk wzlfh0sod|hg sulvrqhuv* glohppd jdphv lq zklfk
{� . {2 lv �{hg/ exw � udqjhv iurp }hur wr rqh1 Zkhq � @ 3/ doo ri wkh
sd|r�v duh frqfhqwudwhg lq wkh �uvw ri wkh wzr sulvrqhuv* glohppdv1 Dv �
lqfuhdvhv/ wkh vhfrqg shulrg ehfrphv uhodwlyho| pruh lpsruwdqw/ zlwk � @ �
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fruuhvsrqglqj wr htxdo sd|r�v lq wkh wzr shulrgv dqg � @ 4 fruuhvsrqglqj
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Iljxuh 4= Vwdjh jdphv iru wkh wzlfh0sod|hg sulvrqhuv* glohppd/ zkhuh
{�> {2 � 31

wr doo sd|r�v ehlqj frqfhqwudwhg lq wkh vhfrqg shulrg1 Zlwk wkh khos ri vrph
whfkqlfdo dvvxpswlrqv/ ghvljqhg sulpdulo| wr hqvxuh wkdw wkhuh lv vx�flhqw
khwhurjhqhlw| lq sod|huv* suhihuhqfhv/ wkh prgho suhglfwv=

� Frrshudwlrq zloo eh pruh suhydohqw lq wkh �uvw wkdq lq wkh vhfrqg
shulrg ri sod|1

� Iluvw0shulrg sod| iru � @ 3 zloo pdwfk vhfrqg0shulrg sod| iru � @ 41

� Wkh lqflghqfh ri �uvw0shulrg frrshudwlrq lqfuhdvhv dv � grhv1

� Fhuwdlq rxwfrphv ri wkh jdph +lghqwl�hg ehorz, ehfrph pruh olnho|/
dqg rwkhuv ohvv olnho|/ dv � jurzv1 Dv d uhvxow/ wkh h{shfwhg prqhwdu|
sd|r� iurp wkh wzr0shulrg jdph lqlwldoo| lqfuhdvhv lq �/ dfklhyhv dq
lqwhulru pd{lpxp dw d ydoxh ri � ehwzhhq }hur dqg rqh/ dqg wkhq
ghfuhdvhv1

Frrshudwlrq lq wkh �uvw shulrg/ e| hqkdqflqj dq rssrqhqw*v hvwlpdwh ri
rqh*v xqrevhuyhg wdvwh iru frrshudwlrq/ ohdgv wr pruh rssrqhqw frrshudwlrq
lq wkh vhfrqg shulrg1 Wklv hqkdqfhv wkh ydoxh ri �uvw0shulrg frrshudwlrq1 Dv
d uhvxow/ rxu prgho vkduhv wkh frpprq suhglfwlrq wkdw sod|huv duh pruh olnho|
wr frrshudwh dw wkh ehjlqqlqj wkdq dw wkh hqg ri d vhtxhqfh ri sulvrqhuv*
glohppdv1 Rxu prgho ehfrphv pruh lqwhuhvwlqj zkhq zh frqvlghu wkh h�hfwv
ri ydu|lqj wkh uhodwlyh sd|r�v ehwzhhq wkh wzr shulrgv1 Iluvw/ rqh ri wkh
wzr shulrgv lv wulyldo zkhqhyhu � @ 3 ru � @ 4/ vxjjhvwlqj wkdw zh vkrxog
revhuyh lghqwlfdo ehkdylru dqg sd|r�v iurp wkh qrqwulyldo shulrg lq hdfk
fdvh1 Pruh lpsruwdqwo|/ vhfrqg0shulrg frrshudwlrq lv pruh ydoxdeoh wkh
kljkhu lv �1 Dv d uhvxow/ kljkhu ydoxhv ri � lqgxfh djhqwv wr frrshudwh pruh
lq wkh �uvw shulrg dv dq lqyhvwphqw lq vhfrqg0shulrg frrshudwlrq1 Ilqdoo|/ dv
� lqfuhdvhv/ zh wudgh r� lqfuhdvhg �uvw0shulrg frrshudwlrq iru ghfuhdvhg �uvw0
shulrg sd|r�v/ dv sd|r�v duh vkliwhg wr wkh vhfrqg shulrg1 Wkh frpelqhg
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h�hfw pdnhv vshfl�f suhglfwlrqv frqfhuqlqj wkh sdwk ri sod| dqg fdxvhv
prqhwdu| sd|r�v wr eh plqlpl}hg zkhq � @ 3 ru � @ 4/ dqg wr dfklhyh dq
lqwhulru pd{lpxp1

Exloglqj frrshudwlrq1 Zh ylhz wklv zrun dv d vpdoo vwhs wrzdug dq
xqghuvwdqglqj ri krz lqvwlwxwlrqv pljkw eh ghvljqhg wr idflolwdwh hfrqrplf
dqg vrfldo lqwhudfwlrqv1

Lw lv zhoo uhfrjql}hg wkdw wkh shuirupdqfh ri dq hfrqrp| fdq ghshqg lp0
sruwdqwo| xsrq wkh lqvwlwxwlrqv zlwklq zklfk lqwhudfwlrqv wdnh sodfh1 Pxfk
ri wkh olwhudwxuh kdv frqfhqwudwhg rq wkh pruh irupdo ri wkhvh lqvwlwxwlrqv/
lqfoxglqj odzv fuhdwlqj surshuw| uljkwv dqg vwuxfwxulqj hfrqrplf dfwlylw|/
ohjdo v|vwhpv wr hqirufh wkhvh odzv/ �qdqfldo v|vwhpv wkdw idflolwdwh wudgh/
hgxfdwlrqdo v|vwhpv wkdw surgxfh lqirupdwlrq/ dqg vr rq1

Rxu zrun lv prwlydwhg e| wkh revhuydwlrq wkdw wkh ixqfwlrqlqj ri d prg0
huq hfrqrp| ghshqgv xsrq wkh frqvlvwhqw zloolqjqhvv wr irujr rssruwxqlvwlf
ehkdylru lq idyru ri frrshudwlrq1 Dv revhuyhg e| Duurz ^7`/ yluwxdoo| hyhu|
hfrqrplf h{fkdqjh uhtxluhv vrphrqh wr iruvdnh lqglylgxdo dgydqwdjh/ hyhq
vrphwklqj vr pxqgdqh dv ex|lqj d ordi d euhdg�wkhuh lv lqyduldeo| d pr0
phqw dw zklfk rqh sduw| kdv wkh ordi ri euhdg dv zhoo dv wkh prqh|/ dqg kdv
dq rssruwxqlw| wr wdnh erwk1

Rqh uhvsrqvh wr wkh srwhqwldo iru vxfk rssruwxqlvwlf ehkdylru lv wr zulwh
frqwudfwv ru sdvv odzv wr ghwhu rssruwxqlvp zlwk ohjdoo| hqirufhg vdqfwlrqv/
l1h1/ wr uho| rq irupdo lqvwlwxwlrqv1 Exw wkhvh uhphglhv duh frvwo| dqg foxpv|1
Wkh pruh d vrflhw| fdq uho| rq yroxqwdu| frrshudwlrq wr vxvwdlq hfrqrplf
lqwhudfwlrqv wkh ulfkhu wkh vrflhw| zloo eh1 Lqghhg/ vrfldo uhvhdufkhuv kdyh uh0
fhqwo| dujxhg wkdw wkh delolw| wr kduqhvv yroxqwdu| frrshudwlrq/ riwhq fdoohg
_vrfldo fdslwdo% +Sxwqdp ^47`,/ lv vrphwlphv pruh lpsruwdqw wkdq sk|vlfdo
ru kxpdq fdslwdo lq exloglqj prghuq hfrqrplhv +Nqdfn dqg Nhhihu ^46`/
Zklwhoh| ^4;`,1

Zh eholhyh wkdw frrshudwlrq fdq eh hqfrxudjhg ru dwwhqxdwhg e| wkh hq0
ylurqphqw vxuurxqglqj dq lqwhudfwlrq/ pxfk ri zklfk olhv eh|rqg irupdo hfr0
qrplf lqvwlwxwlrqv1 Exw zkdw rujdql}dwlrqdo duudqjhphqwv hqfrxudjh shrsoh
wr frrshudwh zlwk rqh dqrwkhuB Krz gr zh ghvljq vrfldo dqg hfrqrplf lq0
vwlwxwlrqv wr exlog dqg vxvwdlq frrshudwlrqB Xqghuvwdqglqj wkh suhihuhqfhv
wkdw lqgxfh shrsoh wr frrshudwh lv wkh �uvw vwhs wrzdug dqvzhulqj wkhvh
txhvwlrqv1

Wkh zrun uhsruwhg lq wklv sdshu lv hvshfldoo| uhohydqw wr wkh sursrvlwlrq
wkdw frrshudwlrq lv irvwhuhg lq uhodwlrqvklsv zkrvh vwdnhv duh dssursuldwho|
glvwulexwhg dfurvv shulrgv1 Dq dvvrfldwh zkr dffrpsolvkhv rqh wdvn zhoo
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pd| eh jlyhq pruh glvfuhwlrq dqg uhvsrqvlelolw|1 Zdu| frxqwulhv ehjlq zlwk
fxowxudo h{fkdqjhv/ zrun xs wr hfrqrplf wlhv/ dqg wkhq qhjrwldwh plolwdu|
wuhdwlhv1 Vwduwlqj d uhodwlrqvkls zlwk vpdoo vwdnhv doorzv shrsoh dq rssru0
wxqlw| wr h{klelw d zloolqjqhvv wr frrshudwh/ dqg wr dvvhvv wkh surshqvlw| ri
rwkhuv wr frrshudwh/ zkhq wkh ulvn ri grlqj vr lv plwljdwhg e| uhodwlyho| vpdoo
sd|r�v1 Wkhvh lqyhvwphqwv fdq sd| r� lq wkh irup ri pxwxdo frrshudwlrq
iru vxevhtxhqw/ odujhu vwdnhv1

Zkloh lw vhhpv lqwxlwlyh wkdw _vwduwlqj vpdoo% fdq irvwhu frrshudwlrq/
wkh dujxphqw lqyroyhv vrph vxewohwlhv wkdw pxvw eh wuhdwhg zlwk fduh1 Wkh
vdph orz sd|r�v wkdw plwljdwh wkh ulvn ri exloglqj frrshudwlrq dovr pdnh lw
pruh dwwudfwlyh wr frrshudwh qrz lq rughu wr whpsw rwkhuv lqwr frrshudwlrq
vr wkdw wkh| fdq eh h{sorlwhg dw kljkhu vwdnhv/ surpswlqj vxvslflrq ri lql0
wldo frrshudwruv1 Lghqwli|lqj flufxpvwdqfhv frqgxflyh wr frrshudwlrq wkxv
uhtxluhv suhflvh wkhruhwlfdo prgholqj dqg h{shulphqwdo zrun1

Uhodwlrqvkls wr wkh olwhudwxuh1 Wkh olwhudwxuh frqwdlqv wzr prghov ri
uhodwlrqvklsv wkdw vwduw vpdoo wkdw duh uhohydqw wr rxu zrun12 Iluvw/ frqvlghu
dq lq�qlwho|0uhshdwhg sulvrqhuv* glohppd1 Htxloleuld ihdwxulqj frrshudwlrq
h{lvw li glvfrxqw idfwruv duh vx�flhqwo| kljk1 Fdxvlqj wkh vwdnhv ri wkh jdph
wr lqfuhdvh ryhu wlph lqfuhdvhv wkh h�hfwlyh glvfrxqw idfwru1 Lw pd| wkhq
eh wkdw glvfrxqw idfwruv duh wrr orz wr vxvwdlq frrshudwlrq li wkh vwdnhv ri
wkh jdph uhpdlq xqfkdqjhg wkurxjkrxw wkh krul}rq/ exw frrshudwlrq fdq
eh vxvwdlqhg li wkh vwdnhv lqfuhdvh1�

Pruh forvho| uhodwhg lghdv dsshdu lq Zdwvrq*v ^49/ 4:` vwxg| ri wkh lq0
�qlwho| uhshdwhg sulvrqhuv* glohppd1 Lq klv vlpsohvw prgho/ wkhuh duh O dqg
K djhqwv/ zlwk wkh iruphu kdylqj glvfrxqw idfwruv wkdw pdnh wkhp pruh
lqfolqhg wr ghihfw1 Lq htxloleulxp/ O djhqwv ghihfw lpphgldwho|/ zkloh wkh
vwdnhv ri wkh jdph judgxdoo| lqfuhdvh wr d vwhdg|0vwdwh ohyho1 Wkh udwh dw
zklfk wkh vwdnhv lqfuhdvh lv �{hg e| dq lqfhqwlyh0frpsdwlelolw| frqvwudlqw
wkdw wkh O djhqwv qrw suhihu wr ghod| wkhlu ghihfwlrq wr d shulrg zlwk odujhu
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���U� T*@)iht @hi 4Lhi *�!i*) |L |h�t| @ h@?_L4*) U�Lti? LTTL?i?| �u |�i) 4�t| �ht|
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sd|r�v1 Li wkh sdwk ri lqfuhdvlqj vwdnhv lv wr eh ghvljqhg wr pd{lpl}h K0
sod|hu sd|r�v/ d wudgh0r� dsshduv1 Wkh vpdoohu duh lqlwldo sd|r�v/ wkh ohvv
frvwo| duh wkh lqlwldo O ghihfwlrqv/ exw wkh orqjhu pxvw K djhqwv zdlw xqwlo
dfklhylqj frrshudwlrq dw odujh vwdnhv1e Wklv lv vlplodu wr rxu uhvxow wkdw
vkliwlqj sd|r�v wr wkh vhfrqg shulrg lqfuhdvhv �uvw0shulrg frrshudwlrq/ exw
dw vpdoohu vwdnhv1

2 A�i �L_i*

2�� �hiuihi?Uit

Rxu dqdo|vlv ehjlqv zlwk wkh dvvxpswlrq wkdw/ jlyhq d vshfl�fdwlrq ri wkh
prqhwdu| sd|r�v iru d rqh0vkrw sulvrqhuv* glohppd/ dq djhqw*v xwlolw| iurp
frrshudwlqj +F, dqg ghihfwlqj +G, lv jlyhq e|

F = �+F> �> �, . �� +4,

G = �+G> �> �, . �(= +5,

zkhuh
�+}> �> �, = iF>Gj � ^�> �`� ^�> �`$ LU +6,

lghqwl�hv dq djhqw*v h{shfwhg xwlolw| dv d ixqfwlrq ri wkh dfwlrq } 5 iF>Gj
fkrvhq e| wkh djhqw/ wkh suredelolw| � zlwk zklfk wkh djhqw*v rssrqhqw
frrshudwhv/D dqg wkh ydoxh � ri d sdudphwhu fkdudfwhul}lqj wkh djhqw wkdw
zh lqwhusuhw vkruwo|1

Wkh ixqfwlrq �+}> �> �, lv dq h{shfwhg xwlolw| lq wzr vhqvhv1 Iluvw/ wkh
uhdol}hg xwlolw| ghshqgv xsrq wkh rssrqhqwv* dfwlrq/ zklfk zh lqfrusrudwh
e| zulwlqj wkh h{shfwhg xwlolw| dv d ixqfwlrq ri wkh suredelolw| � wkdw wkh
rssrqhqw frrshudwhv1 Vhfrqg/ zh dvvxph wkdw wkh xwlolw| ri frrshudwlqj +ru
ghihfwlqj, lv shuwxuehg e| d udqgrp yduldeoh �� +ru �(,1 Wkh udqgrp
yduldeohv �� dqg �( duh lqghshqghqw dqg kdyh }hur phdqv/ zlwk glvwuxex0
wlrqv wkdw duh gl�huhqwldeoh dqg vwulfwo| lqfuhdvlqj rq wkh uhdov/ vr wkdw wkh
udqgrp yduldeohv h{klelw ixoo vxssruw dqg qr pdvv srlqwv1

Wkh uhdol}hg ydoxhv �� dqg �( ri wkhvh udqgrp yduldeohv duh gudzq ehiruh
wkh djhqw pdnhv klv fkrlfh1 Lq frqwudvw/ wkh djhqw*v fkrlfh pxvw eh pdgh
zlwkrxw nqrzlqj wkh rssrqhqw*v dfwlrq1 Dv d uhvxow/ wkh xwlolwlhv lq +4,~+5,

e5�4�*@h �_i@t @TTi@h �? �*L?t!� @?_ �hLMt| d.o @?_ #�@4L?_ d�fo�
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duh gh�qhg dv d ixqfwlrq ri wkh uhdol}dwlrqv ri �� dqg �( exw uhpdlq dq
h{shfwdwlrq ryhu wkh rssrqhqw*v dfwlrq1

Wkh udqgrp yduldeohv �� dqg �(/ uh�hfwlqj d uhdol}dwlrq wkdw wkh ixqf0
wlrq �+}> �> �, pd| qrw fdswxuh hyhu| ghwdlo ri djhqwv* suhihuhqfhv/ zloo eh
lpsruwdqw zkhq lqwhusuhwlqj wkh h{shulphqwdo uhvxowv1 Krzhyhu/ rxu zrunlqj
dvvxpswlrq lv wkdw �+}> �> �, surylghv d xvhixo dssur{lpdwlrq ri suhihuhqfhv1
Zh wkxv irfxv rq uhvxowv wkdw krog zkhq �� dqg �( duh vx�flhqwo| vpdoo/
phdqlqj wkdw wkh glvwulexwlrqv ri �� dqg �( duh vx�flhqwo| forvh +lq wkh
wrsrorj| ri zhdn frqyhujhqfh, wr ghjhqhudwh glvwulexwlrqv wkdw sxw xqlwdu|
pdvv rq }hur1

Wkh xwlolw| ixqfwlrq �+}> �> �, dqg wkh glvwulexwlrqv ri wkh udqgrp ydul0
deohv �� dqg �( zloo ghshqg xsrq wkh prqhwdu| sd|r�v ri wkh sulvrqhuv*
glohppd xqghu frqvlghudwlrq1 Zh dvvxph wkdw �+F> �> �, dqg �+G> �> �,
duh krprjhqhrxv ri ghjuhh rqh lq prqhwdu| sd|r�v dqg wkdw wkh udqgrp
yduldeohv �� dqg �( duh vlploduo| krprjhqhrxv1S Htxloleulxp sod| lq d
rqh0vkrw sulvrqhuv* glohppd zrxog wkxv eh xqd�hfwhg e| wkh vwdnhv ri wkh
jdph/ lq wkh vhqvh wkdw pxowlso|lqj prqhwdu| sd|r�v e| d frpprq idfwru
zrxog ohdyh dq htxloleulxp xqd�hfwhg1. Zh dffruglqjo| vxssuhvv qrwdwlrq
iru wkh prqhwdu| sd|r�v ri wkh jdph1

Zh dvvxph wkdw d sod|hu*v zloolqjqhvv wr frrshudwh ghshqgv xsrq wkh
ehkdylru ri wkh sod|hu*v rssrqhqw=

Dvvxpswlrq 4 Iru doo +}> �> �,/

g�+}> �> �,

g�
A 3 +7,

dqg
g^�+F> �> �,� �+G> �> �,`

g�
A 3= +8,

D sod|hu wkxv suhihuv wkdw klv rssrqhqw frrshudwh/ dqg �qgv frrshudwlrq
uhodwlyho| pruh dwwudfwlyh wkh pruh olnho| lv wkh rssrqhqw wr frrshudwh1 Ilj0
xuh 5 looxvwudwhv suhihuhqfhv wkdw duh frqvlvwhqw zlwk wklv dvvxpswlrq1 Li
frqglwlrq +8, idlov/ wkhq ghihfwlrq ehfrphv pruh dwwudfwlyh wkh pruh olnho|

SOi?Uic �u |�i h@?_L4 �@h�@M*i X�
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π(C,ρ,α)

π(D,ρ,α)

π(D,ρ,α)

π(C,ρ,α)

αα

Iljxuh 5= Srvvleoh xwlolwlhv ri frrshudwlrq +�+F> �> �,, dqg ghihfwlrq
+�+G> �> �,, dv d ixqfwlrq ri suredelolw| � wkdw dq rssrqhqw frrshudwhv +fi1
qrwh 8,1

lv dq rssrqhqw wr frrshudwh/ lq zklfk fdvh wkh djhqw qrw rqo| gholjkwv lq
�hhflqj rwkhuv/ exw dovr gholjkwv lq ehlqj �hhfhg1

Zh dvvxph wkdw wkh odehov uhsuhvhqwhg e| � duh dvvljqhg wr sod|huv vr
wkdw d sod|hu fkdudfwhul}hg e| � lv lqgl�huhqw ehwzhhq F dqg G/ jlyhq
�� @ �( @ 3/ zkhq klv rssrqhqw sod|v F zlwk suredelolw| �/ l1h1/

�+F>�> �, @ �+G>�> �,=

Htxlydohqwo|/ � lv wkh suredelolw| ri rssrqhqw frrshudwlrq deryh zklfk d
sod|hu ri fkdudfwhulvwlf � suhihuv wr frrshudwh udwkhu wkdq ghihfw1 Ghvslwh
fdoolqj � d suredelolw|/ zh gr qrw uhvwulfw � wr olh zlwklq ^3> 4` +fi1 Iljxuh 5
dqg qrwh 8,1 Lqvwhdg/ d ydoxh ri � ? 3 ghqrwhv dq djhqw iru zkrp F lv d
grplqdqw vwudwhj| lq wkh rqh0vkrw sulvrqhuv* glohppd +jlyhq �� @ �( @ 3,1
D ydoxh ri � A 4 ghqrwhv dq djhqw iru zkrp G lv d grplqdqw vwudwhj| lq
wkh rqh0vkrw sulvrqhuv* glohppd +djdlq/ devhqw shuwxuedwlrqv,/ dv lq wkh ohiw
sdqho ri Iljxuh 51 D ydoxh � 5 +3> 4, lv dq djhqw zkr vrphwlphv suhihuv
F dqg vrphwlphv G/ ghshqglqj xsrq wkh suredelolw| wkdw wkh rssrqhqw
frrshudwhv/ dv lq wkh uljkw sdqho ri Iljxuh 51 Zh uhihu wr wkh odwwhu djhqwv
dv frqglwlrqdo frrshudwruv1

Wkh srvvlelolw| wkdw sod|huv pd| kdyh gl�huhqw suhihuhqfhv zloo eh fds0
wxuhg e| doorzlqj sod|huv wr eh fkdudfwhul}hg e| gl�huhqw ydoxhv ri �1 Zh
�qg lw frqyhqlhqw wr uhihu wr d sod|hu fkdudfwhul}hg e| ydoxh � dv _sod|hu

;



�1% Zh wklqn ri � dv ehlqj d fkdudfwhulvwlf ri d sod|hu wkdw lv �{hg/ zkloh
wkh shuwxuedwlrqv �� dqg �( duh gudzq dqhz hdfk wlph wkh jdph lv sod|hg1

Zh dvvxph=

Dvvxpswlrq 5 Li �� � @ �� � ��/ wkhq

�+F> �> �,� �+G> �> �, @ �+F> ��> ��,� �+G> ��> ��,=

Wklv dvvxpswlrq hqvxuhv wkdw wkh sdudphwhu � fdswxuhv doo ri wkh lqirupd0
wlrq zh qhhg derxw wkh gl�hulqj suhihuhqfhv ri gl�huhqw djhqwv1 Sod|huv
zlwk gl�huhqw ydoxhv ri � duh fkdudfwhul}hg e| xwlolw| gl�huhqfhv �+F> �> �,�
�+G> �> �, +dv d ixqfwlrq ri �, wkdw duh krul}rqwdo vkliwv ri rqh dqrwkhu1

Zh dvvxph wkdw hdfk sod|hu*v ydoxh ri � lv gudzq lqghshqghqwo| dffrug0
lqj wr wkh glvwulexwlrq ixqfwlrq I = ^�> �`$ ^3> 4`=

Dvvxpswlrq 6 Wkh glvwulexwlrq ixqfwlrq I +�, lv gl�huhqwldeoh rq ^�> �`/
zlwk � ? 3 ? 4 ? � dqg

3 ?
gI +�,

g�
? 4= +9,

Wkh gl�huhqwldelolw| ri I / e| uxolqj rxw pdvv srlqwv ri djhqwv ri d vlqjoh
w|sh/ sod|v d nh| uroh lq hqvxulqj wkdw zh kdyh htxloleuld lq sxuh vwudwhjlhv1
Wkh dvvxpswlrq wkdw I kdv d vorsh ohvv wkdq rqh hqvxuhv xqltxhqhvv ri
htxloleulxp lq wkh rqh0vkrw jdph1

Zh ohw i ghqrwh wkh ghqvlw| ri I 1 Wkh dvvxpswlrq wkdw I lv vwulfwo|
lqfuhdvlqj rq ^�> �` hqvxuhv wkdw

I +3, A 3

4� I +4, A 3>

zkhuh I +3, lv wkh sursruwlrq ri _frpplwwhg frrshudwruv/% zkr suhihu frrs0
hudwlrq uhjdugohvv ri wkhlu rssrqhqw*v dfwlrq +jlyhq �� @ �( @ 3,/ 4� I +4,
lv wkh sursruwlrq ri _frpplwwhg ghihfwruv% zkr suhihu ghihfwlrq uhjdugohvv
ri wkhlu rssrqhqw*v dfwlrq/ dqg I +4,�I +3, lv wkh sursruwlrq ri frqglwlrqdo
frrshudwruv1 Qrwlfh wkdw dprqj wkh frpplwwhg frrshudwruv dqg ghihfwruv/
wkhuh lv d vhqvh lq zklfk wkrvh zlwk pruh h{wuhph ydoxhv ri � +orzhu lq wkh
fdvh ri frrshudwlrq/ kljkhu lq wkh fdvh ri ghihfwlrq, duh _pruh frpplwwhg1%
Wklv lv djdlq xvhixo lq dyrlglqj pl{hg vwudwhjlhv1

Doo ri wkh dvvxpswlrqv zh pdnh rq I lq wklv sdshu duh vdwlv�hg li I lv
d xqlirup glvwulexwlrq rq ^�> �`1

<



2�2 ,^��*�Mh��4 Lu |�i �?i�5�L| B@4i

Zh dvvxph wkdw sod|huv pdwfkhg wr sod| wkh jdph nqrz wkhlu rzq suhihu0
hqfhv/ lqfoxglqj wkhlu ydoxhv ri � dqg wkh uhdol}hg ydoxhv ri �� dqg �(/ exw
nqrz rqo| wkdw wkhlu rssrqhqw*v ydoxhv ri �/ �� dqg �( duh lqghshqghqwo|
gudzq iurp wkh fruuhvsrqglqj glvwulexwlrqv1 Wkh dssursuldwh htxloleulxp
frqfhsw lq wkh rqh0vkrw sulvrqhuv* glohppd lv Ed|hvldq0Qdvk htxloleulxp1

Ohw � @ �� � �(1 Wkhq � lv wkh uhdol}dwlrq ri d udqgrp yduldeoh zkrvh
glvwulexwlrq frqyhujhv zhdno| wr d xqlwdu| pdvv rq }hur dv gr wkh glvwulex0
wlrqv ri �� dqg �(1 Ehkdylru zloo ghshqg rqo| xsrq � udwkhu wkdq xsrq
wkh ydoxhv ri �� dqg �(/ dqg zh zloo uhihu wr d sod|hu dv ehlqj fkdudfwhul}hg
e| d ydoxh ri � dqg d uhdol}hg ydoxh ri �1 Zh kdyh=H

Sursrvlwlrq 4 Ohw Dvvxpswlrqv 4~6 krog1 Wkhq=
+414, Wkhuh h{lvwv d xqltxh Ed|hvldq0Qdvk htxloleulxp lq wkh rqh0vkrw

jdph/ fkdudfwhul}hg e| dq lqfuhdvlqj ixqfwlrq �+�, vxfk wkdw d sod|hu fkdu0
dfwhul}hg e| +�> �, frrshudwhv li � A �+�, dqg ghihfwv li � ? �+�,1

+415, Lq wkh olplw lq zklfk �� dqg �( duh }hur/ wkh htxloleulxp lv fkdu0
dfwhul}hg e| d ydoxh �W 5 +3> 4, vdwlvi|lqj I +�W, @ �W/ zlwk sod|hu � frrs0
hudwlqj li � ? �W dqg ghihfwlqj li � A �W1

Khqfh/ sod|huv zlwk vpdoohu ydoxhv ri � dqg odujhu ydoxhv ri � duh pruh olnho|
wr frrshudwh1

Surri1 Lw lv lpphgldwh iurp +8, dqg Dvvxpswlrq 5 wkdw wkh htxloleulxp
pxvw eh fkdudfwhul}hg e| dq lqfuhdvlqj ixqfwlrq �+�, vxfk wkdw d sod|hu
fkdudfwhul}hg e| +�> �, frrshudwhv li � A �+�, dqg ghihfwv li � ? �+�,1

Wr hvwdeolvk h{lvwhqfh/ qrwh wkdw dq| suredelolw| � 5 ^3> 4` wkdw d udq0
grpo| gudzq rssrqhqw frrshudwhv lqgxfhv d xqltxh vxfk ixqfwlrq wkdw zh
fdq zulwh dv ��+�> �,/ gh�qhg e|

�+F> �> �,� �+G> �> �, . ��+�> �, @ 3>

dqg wkdw vxfk d ixqfwlrq lqgxfhv d suredelolw| ri frrshudwlrq jlyhq e|

U+�, @ surei+�> �, = � A ��+�> �,j=
Dq htxloleulxp h{lvwv li zh fdq �qg d ydoxh ri � vxfk wkdw

� @ U+�,=
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H{lvwhqfh wkhq iroorzv iurp wkh revhuydwlrq wkdw U+�, lv lqfuhdvlqj dqg
frqwlqxrxv/ zlwk U+3, A 3 dqg U+4, ? 4/ hqvxulqj wkdw ��U+�, @ 3 kdv dw
ohdvw rqh vroxwlrq zlwklq wkh xqlw lqwhuydo1

Wr hvwdeolvk xqltxhqhvv/ qrwh wkdw

U+�, @

] "

3"

] �EBc4�

k
i+�,g� j+�,g�>

zkhuh j lv wkh ghqvlw| ri � dqg k+�> �, lghqwl�hv wkdw ydoxh ri � iru zklfk
dq djhqw zlwk suhihuhqfh vkrfn � lv lqgl�huhqw ehwzhhq frrshudwlqj dqg
ghihfwlqj jlyhq suredelolw| � ri rssrqhqw frrshudwlrq/ ru

�+F> �> k+�> �,, @ �+G> �> k+�> �,,=

Wkhq
gU+�,

g�
@

] "

3"
i+k+�> �,,

gk+�> �,

g�
j+�,g�=

Dvvxpswlrq +5, lpsolhv wkdw gk+�> �,@g� @ 41 Dvvxpswlrq 6 hqvxuhv wkdw
i+k+�> �,, ? 4/ zklfk jlyhv gU+�,@g� ? 41 Wklv hqvxuhv wkdw ��U+�, kdv d
xqltxh �{hg srlqw/ dqg khqfh wkdw wkhuh lv d xqltxh htxloleulxp1

Qrz frqvlghu wkh olplwlqj fdvh lq zklfk �� dqg �( duh }hur1 Wkhq
wkh htxloleulxp lv fkdudfwhul}hg e| d ydoxh �W vxfk wkdw odujhu ydoxhv ri �
ghihfw dqg vpdoohu rqhv frrshudwh/ zlwk sod|hu �W ehlqj lqgl�huhqw ehwzhhq
F dqg G1 Jlyhq wkh gl�huhqwldelolw| ri I / wkh htxloleulxp sursruwlrq ri
frrshudwruv zloo wkhq eh I +�W,1 Wkh lqgl�huhqfh ri �W uhtxluhv I +�W, @ �W1
Wkh h{lvwhqfh ri �W lv vwudljkwiruzdug/ zkloh wkh idfw wkdw gI +�,@g� ? 4
hqvxuhv wkdw wkhuh lv d xqltxh vxfk �W1 mm

Iljxuh 6 looxvwudwhv wkh htxloleulxp iru wkh olplwlqj fdvh lq zklfk wkh
shuwxuedwlrqv �� dqg �( duh duelwudulo| vpdoo1 Wkh htxloleulxp ydoxh �W

fohduo| ghshqgv rq wkh glvwulexwlrq I ri sod|huv* lqgl�huhqfh srlqwv/ zklfk
uh�hfwv wkh fkdudfwhulvwlfv ri wkh sod|huv dqg wkh vshfl�fdwlrq ri wkh prqh0
wdu| sd|r�v ri wkh sulvrqhuv* glohppd1

Frqvlghu wzr srsxodwlrqv fkdudfwhul}hg e| glvwulexwlrqv I dqg I � ryhu �
zlwk I �uvw0rughu vwrfkdvwlfdoo| grplqdwlqj I �/ vr sod|huv lq srsxodwlrq I
duh fkdudfwhul}hg e| kljkhu ydoxhv ri � dqg khqfh duh ohvv olnho| wr frrshudwh1
Wkhq iru dq| �{hg ��+�> �,/ I zloo lqgxfh d vpdoohu ydoxh ri U+�, wkdq grhv
I �1 Wklv jlyhv=

Fruroodu| 4 Li glvwulexwlrq I +ryhu �, �uvw0rughu vwrfkdvwlfdoo| grplqdwhv
I �/ wkhq srsxodwlrqv fkdudfwhul}hg e| wkhvh wzr glvwulexwlrqv lqgxfh htxlole0
uld zlwk �+�, A ��+�,/ dqg khqfh I � lqgxfhv pruh frrshudwlrq wkdq grhv
I 1
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Iljxuh 6= Htxloleulxp ri rqh0vkrw sulvrqhuv* glohppd zkhq �� dqg �( duh
}hur1

2�� ,^��*�Mh��4 Lu |�i A��Ui��*@)i_ B@4i�

Zh qrz frqvlghu wkh shuihfw Ed|hvldq htxloleuld ri wkh wzlfh0sod|hg sulv0
rqhuv* glohppd1 Zh ghqrwh wkh htxloleulxp ri wkh vlqjoh0vwdjh jdph e|
�W+�,/ ru e| vlpso| �W zkhq frqvlghulqj wkh qrlvhohvv olplw1 Xqohvv rwkhu0
zlvh qrwhg/ zh uhvwulfw dwwhqwlrq wr ydoxhv ri � 5 +3> 4,/ vr wkdw erwk shulrgv
kdyh qrqwulyldo sd|r� lpsolfdwlrqv1

Wkhuh duh srwhqwldoo| pxowlsoh htxloleuld ri wkh wzr0vwdjh jdph/ vrph ri
zklfk fdq eh frxqwhulqwxlwlyh=

H{dpsoh1 Ohw � @ �

2
dqg khqfh {� @ {2/ vr wkdw �uvw0shulrg dqg vhfrqg0

shulrg sd|r�v duh lghqwlfdo/ dqg +wr vlpsoli| wkh h{dpsoh, ohw �� dqg �(

hdfk sodfh xqlwdu| pdvv rq d ydoxh ri }hur1 Zh vkrz wkdw wkhuh duh flufxp0
vwdqfhv xqghu zklfk lw lv d shuihfw Ed|hvldq htxloleulxp iru doo djhqwv wr
sod| wkh iroorzlqj vwudwhj| iru wkh wzr0shulrg jdph=

41 Ghihfw lq wkh �uvw shulrg1

51 Li �uvw0shulrg sod| |lhogv +G>G,/ wkhq sod| wkh htxloleulxp ri Sursr0
vlwlrq 4 lq wkh vhfrqg shulrg1
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61 Li dq rssrqhqw sod|v F lq wkh �uvw shulrg/ gudz wkh lqihuhqfh wkdw
wkh rssrqhqw*v ydoxh ri � h{fhhgv rqh +dqg khqfh wkdw wkh rssrqhqw
zloo ghihfw lq wkh qh{w shulrg,1 Li wkh rssrqhqw frrshudwhv lq wkh
�uvw shulrg/ d sod|hu wkxv fkrrvhv F lq wkh vhfrqg shulrg li dqg rqo|
li � ? 31 Wkh �uvw0shulrg +rxw0ri0htxloleulxp, frrshudwlqj sod|hu/
dqwlflsdwlqj wklv uhvsrqvh/ frrshudwhv lq wkh vhfrqg shulrg li dqg rqo|
li � ? I +3,1

Jlyhq wkdw doo djhqwv sod| G lq wkh �uvw shulrg/ +G>G, rxwfrphv duh
xqlqirupdwlyh/ pdnlqj wkh frqwlqxdwlrq vwudwhj| ri sod|lqj wkh rqh0vkrw
htxloleulxp suhvfulehg e| Sursrvlwlrq 4 rswlpdo lq wkh vhfrqg shulrg1 Vlp0
loduo|/ jlyhq wkdw htxloleulxp �uvw0shulrg sod| fdoov iru ghihfwlrq/ d shuihfw
Ed|hvldq htxloleulxp doorzv wkh lqihuhqfh wkdw wkh rssrqhqw*v ydoxh ri �
h{fhhgv rqh li wkh rssrqhqw frrshudwhv lq wkh �uvw shulrg1 Vlqfh d sod|hu
iru zkrp � A 4 �qgv ghihfwlrq d grplqdqw vwudwhj| lq d rqh0vkrw jdph/ wkh
ehvw uhvsrqvh wr vxfk dq lqihuhqfh lv wr frrshudwh li dqg rqo| li rqh*v rzq
ydoxh ri � lv ohvv wkdq }hur/ dqg khqfh wkh vhfrqg0shulrg ehkdylru frqglwlrqdo
rq d �uvw0shulrg fkrlfh ri F e| hlwkhu sod|hu lv djdlq rswlpdo1

Lw wkhq uhpdlqv rqo| wr yhuli| wkdw ghihfwlrq lv rswlpdo lq wkh �uvw shulrg/
jlyhq wkh suhvfulehg frqwlqxdwlrq ehkdylru1 Qrwlfh �uvw wkdw G ohdgv wr
d kljkhu suredelolw| wkdw rqh*v rssrqhqw frrshudwhv lq wkh vhfrqg shulrg1
Khqfh/ iru dq| djhqw iru zkrp � A 3/ ghihfwlrq lv d vwulfw ehvw uhvsrqvh
lq wkh �uvw shulrg dqg surgxfhv d kljkhu frqwlqxdwlrq ydoxh wkdq grhv F/
pdnlqj G rswlpdo lq wkh �uvw shulrg1 Iluvw0shulrg ghihfwlrq lv rswlpdo iru
djhqwv zlwk � ? 3 li

�+F> 3> �,� �+G> 3> �, � �+F> �W> �,� �+F>I +3,> �,>

zkhuh wkh ohiw vlgh lv wkh �uvw0shulrg jdlq iurp vzlwfklqj wr frrshudwlrq dqg
wkh uljkw vlgh lv wkh vhfrqg0shulrg vdful�fh iurp grlqj vr1 Zh fdq hdvlo| �qg
vshfl�fdwlrqv ri wkh sureohp iru zklfk wklv lqhtxdolw| krogv1 Iru h{dpsoh/
ohw I eh xqlirupo| glvwulexwhg rq ^� �

e
> D
e
` dqg ohw

�+F> �> �, @ �� �

�+G> �> �, @ �

2
+�� �,=

Wkhq �W @ �

2
dqg I +3, @ �

S
/ dqg wkh uhtxluhg lqhtxdolw| lv/ iru � ? 3/

+��,� +��

2
�, � + �

2
� �,� + �

S
� �,

ru � �

2
� ? �

�
/ zklfk krogv iru doo � 5 ^� �

e
> 3`1 Wkh srvlwhg vwudwhjlhv duh wkxv

d shuihfw Ed|hvldq htxloleulxp1 mm
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Wklv htxloleulxp kdv wkh surshuw| wkdw frrshudwlrq lq wkh �uvw shulrg
ohdgv sod|huv wr eholhyh wkdw frrshudwlrq lv ohvv olnho| lq wkh vhfrqg shulrg1
Zh uhjdug vxfk htxloleuld dv frxqwhulqwxlwlyh dqg dffruglqjo| uhvwulfw dwwhq0
wlrq wr prqrwrqlf htxloleuld=

Gh�qlwlrq 4 Dq htxloleulxp ri wkh wzlfh0sod|hg sulvrqhuv* glohppd lvprqr0
wrqlf li wkh suredelolw| wkdw sod|hu l*v rssrqhqw frrshudwhv lq shulrg wzr lv dw
ohdvw dv kljk zkhq sod|hu l frrshudwhv lq shulrg rqh dv zkhq sod|hu l ghihfwv1

Zh kdyh d frqyhqlhqw fkdudfwhul}dwlrq ri �uvw0shulrg ehkdylru lq prqr0
wrqlf htxloleuld=

Ohppd 4 Lq d prqrwrqlf htxloleulxp/ wkhuh lv dq lqfuhdvlqj ixqfwlrq��+�,
vxfk wkdw lq wkh �uvw shulrg/ dq djhqw fkdudfwhul}hg e| +�> �, frrshudwhv li
dqg rqo| li � A ��+�,1

Surri1 Frqvlghu dq djhqw � dqg ydoxh � wkdw surpswv frrshudwlrq lq wkh
�uvw shulrg1 Ohw �� eh wkh suredelolw| ri rssrqhqw frrshudwlrq lq wkh �uvw
shulrg1 Ohw Y +}> �, eh wkh h{shfwhg ydoxh ri wkh vhfrqg shulrg ri wkh jdph
+frqglwlrqdo rq wkh htxloleulxp, wr dq djhqw ri w|sh � zkr wdnhv dfwlrq
} 5 iF>Gj lq wkh �uvw shulrg/ zkhuh wkh h{shfwdwlrq lv wdnhq ryhu wkh olnho|
w|sh +dqg khqfh dfwlrqv, ri wkh rssrqhqw1 Wkhq wkh rswlpdolw| ri sod|hu �*v
fkrlfh uhtxluhv

�+F> ��> �, . Y +F> �, . � � �+G> ��> �, . Y +G>�,= +:,

Ohwwlqj ��+�, eh wkh ydoxh ri � wkdw vdwlv�hv wklv uhodwlrqvkls zlwk htxdolw|/
sod|hu � zloo frrshudwh lq shulrg rqh l� � A ��+�,1 Qrz ohw �� ? �1
Dvvxpswlrq 5 lpsolhv wkdw/ iru d prqrwrqlf htxloleulxp/

Y +F> �,� Y +G>�, � Y +F> ��,� Y +G>��,=

Xvlqj wklv lqhtxdolw| dqg Dvvxpswlrq 5 djdlq/ +:, lpsolhv

�+F> ��> �
�, . Y +F> ��, . � � �+G> ��> �

�, . Y +G>��,>

hqvxulqj wkdw djhqw �� frrshudwhv iru dq| ydoxh ri � wkdw surpswv � wr
frrshudwh/ dqg khqfh wkdw ��+�, lv lqfuhdvlqj1 mm

Zh qh{w vkrz wkdw sod|huv duh pruh lqfolqhg wr frrshudwh lq wkh �uvw
shulrg ri d wzr0shulrg jdph wkdq lq d rqh0vkrw jdph=b

b�*@)iht ��** Mi t|h�U|*) 4Lhi �?U*�?i_ |L ULLTih@|i �? |�i �ht| Tih�L_ Lu @ |�L�Tih�L_
}@4i |�@? �? |�i L?i�t�L| }@4i E��i�c {�Ek� 	 {WEk�� �u |�i i^��*�Mh��4 Lu |�i uLh4ih �t
t|h�U|*) 4L?L|L?�Uc 4i@?�?} |�@| �ht|�Tih�L_ ULLTih@|�L? t|h�U|*) �?Uhi@tit |�i �?U�_i?Ui
Lu tiUL?_�Tih�L_ ULLTih@|�L?�
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Ohppd 5 Lq d prqrwrqlf htxloleulxp/

��+�, � �W+�,=

Surri1 Wkhvh ixqfwlrqv vdwlvi|=

�W+�, @ �+G> �W> �,� �+F> �W> �, +;,

��+�, @ �+G> ��> �, . Y +G>�,� �+F> ��> �,� Y +F>�,> +<,

zkhuh �W dqg �� duh wkh htxloleulxp �uvw0shulrg suredelolwlhv wkdw wkh rs0
srqhqw frrshudwhv1 Gh�qh ���+�> �, wr vdwlvi|

�+F> �> �,� �+G> �> �, . Y +F> �,� Y +G>�, . ���+�> �, @ 3>

dqg
U�+�, @ surei+�> �, = � A ���+�> �,j=

Wkhvh duh dqdorjrxv wr wkh ixqfwlrqv ��+�> �, dqg U+�, xvhg lq wkh surri
ri Sursrvlwlrq 41 Wkhq frqvlghu �� @ �W1 Iurp +;,~+<, dqg wkh idfw wkdw/
lq d prqrwrqlf htxloleulxp Y +F> �, � Y +G>�, +vlqfh fxuuhqw frrshudwlrq
zhdno| lqfuhdvhv wkh olnholkrrg wkdw wkh rssrqhqw frrshudwhv lq wkh qh{w
shulrg,/ zh wkhq kdyh U�+��, � U+��, @ U+�W, @ �W @ ��/ dqg khqfh
U�+��, � ��1 Rqfh djdlq/ gU�+�,@g� ? 4/ dqg khqfh wkh htxloleulxp ydoxh
ri �� pxvw vdwlvi| �� A �W1 Dfklhylqj vxfk d kljkhu lqflghqfh ri �uvw0shulrg
frrshudwlrq uhtxluhv ��+�, � �W+�,1 mm

Zh qrz wxuq wr wkh dqdo|vlv ri wkh htxloleulxp lq wkh wzr0shulrg jdph1
Dv dozd|v/ wkh gl�fxow| lq hvwdeolvklqj wkh h{lvwhqfh ri dq htxloleulxp olhv
lq vkrzlqj wkdw vhfrqg0shulrg ehkdylru lv qlfho| ehkdyhg dv d ixqfwlrq ri
�uvw0shulrg vwudwhjlhv1 Wklv lq wxuq klqjhv xsrq vkrzlqj wkdw wkh vhfrqg
shulrg ihdwxuhv d xqltxh htxloleulxp1 Rxu dssurdfk lv wr r�hu dvvxpswlrqv
vx�flhqw wr hqvxuh wkdw wkh vhfrqg0shulrg htxloleulxp lv xqltxh zkhq ��

dqg �( duh }hur/ dqg wkhq wr yhuli| wkdw vxfk xqltxhqhvv frqwlqxhv wr krog
zkhq �� dqg �( duh vx�flhqwo| vpdoo1

Wkh dvvxpswlrqv duh=

Dvvxpswlrq 7

I +3, � +�W,2 +43,

I +4, ? 5�W � +�W,2 +44,

i+�, ?
I +�,

�
;� 5 ^�W> �`= +45,
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Wkh �uvw wzr frqglwlrqv uhtxluh wkdw wkhuh eh qrw wrr pdq| frpplwwhg fr0
rshudwruv/ dqg wkdw wkhuh eh vx�flhqwo| pdq| frpplwwhg ghihfwruv1 Rxu
lqwxlwlrq frqfhuqlqj wkh wzlfh0sod|hg jdph lv edvhg rq wkh suhvxpswlrq
wkdw frqglwlrqdo frrshudwruv pd| frrshudwh lq wkh �uvw shulrg wr hqfrxudjh
frrshudwlrq rq wkh sduw ri wkhlu rssrqhqwv dqg pd| prgli| wkhlu vhfrqg0
shulrg ehkdylru lq uhvsrqvh wr lqihuhqfhv gudzq derxw wkhlu rssrqhqw1 Wkh
�uvw ihdwxuh ehfrphv xqlpsruwdqw li wkhuh duh wrr pdq| frpplwwhg frrshu0
dwruv/ zkloh wkh vhfrqg ehfrphv xqlpsruwdqw li wkhuh duh wrr ihz frpplwwhg
ghihfwruv1 Wkh wklug frqglwlrq hqvxuhv wkdw wrr pxfk suredelolw| pdvv fdq0
qrw ehfrph frqfhqwudwhg rq d vpdoo vhw ri w|shv zkr duh eldvhg wrzdug
ghihfwlrq1

Sursrvlwlrq 5 Ohw Dvvxpswlrqv 4~7 krog1 Li mg2I +�,@g�2m/ �� dqg �(

duh vx�flhqwo| vpdoo dqg � 5 +3> 4,/ wkhq=
+514, Ohw ��+�, eh lqfuhdvlqj zlwk ��+�, ? �W+�, iru doo � dqg dvvxph

wkdw/ lq wkh �uvw shulrg/ sod|hu +�> �, frrshudwhv li dqg rqo| li � A ��+�,1
Wkhq rswlpdo vhfrqg0shulrg ehkdylru lv xqltxho| ghwhuplqhg dqg lv jlyhq e|=

41 Li erwk sod|huv frrshudwh lq wkh �uvw shulrg/ wkhq wkhuh h{lvwv dq lqfuhdv0
lqj ixqfwlrq �t2c���+�, ? ��+�, vxfk wkdw d sod|hu fkdudfwhul}hg e|
+�> �, frrshudwhv lq wkh vhfrqg shulrg li dqg rqo| li � A �t2c���+�,1

51 Li erwk sod|huv ghihfw lq wkh �uvw shulrg/ wkhq wkhuh h{lvwv dq lqfuhdvlqj
ixqfwlrq�t2c((�+�, A ��+�, vxfk wkdw d sod|hu fkdudfwhul}hg e| +�> �,
frrshudwhv lq wkh vhfrqg shulrg li dqg rqo| li � A �t2c((�+�,1

61 Li sod|hu l frrshudwhv dqg m ghihfwv lq wkh �uvw shulrg/ wkhq wkhuh h{lvw
lqfuhdvlqj ixqfwlrqv �t2c�(�+�, A ��+�, dqg �t2c(��+�, ? ��+�,
vxfk wkdw sod|hu l +m, frrshudwhv lq shulrg 5 li dqg rqo| li �+l, A
�t2c�(�+�+l,, +�+m, A �t2c(��+�+m,,,1

+515, D prqrwrqlf htxloleulxp ri wkh wzlfh0sod|hg jdph h{lvwv1

Uhpdun1 Li �� dqg �( duh }hur/ wkhq wkh �uvw shulrg lv fkdudfwhul}hg e|
d ydoxh �� A �W vxfk wkdw lq wkh �uvw shulrg/ sod|hu � frrshudwhv li dqg rqo|
li � ? ��1 Vhfrqg0shulrg ehkdylru lv wkhq jlyhq e|=

41 Ohw �2 eh wkh xqltxh vroxwlrq wr

I +�2,

I +��,
@ �2 +46,
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li �� A 4/ dqg ohw �2 @ 4 li �� ? 41 Li erwk sod|huv frrshudwh lq wkh
�uvw shulrg/ wkhq sod|hu � frrshudwhv lq wkh vhfrqg shulrg li dqg rqo|
li � ? �21

51 Li erwk sod|huv ghihfw lq wkh �uvw shulrg/ wkhq sod|hu � frrshudwhv lq
wkh vhfrqg shulrg li dqg rqo| li � ? 31

61 Li sod|hu l frrshudwhv dqg m ghihfwv lq wkh �uvw shulrg/ wkhq sod|hu l
+m,/ fkdudfwhul}hg e| �+l, +�+m,, frrshudwhv lq wkh vhfrqg shulrg li dqg
rqo| li �+l, ? 3 +�+m, ? I +3,@I +��,,1

Qrwlfh wkdw Sursrvlwlrq 5 grhv qrw hvwdeolvk wkh xqltxhqhvv ri d prqr0
wrqlf htxloleulxp lq wkh wzr0shulrg jdph1 Lqvwhdg/ wkhuh pd| eh pxowlsoh
prqrwrqlf htxloleuld fruuhvsrqglqj wr gl�huhqw ydoxhv ri ��+�,/ wkh �uvw
shulrg frrshudwlrq fxw0r�/ zlwk d xqltxh htxloleulxp frqglwlrqdo rq hdfk
ydoxh ri ��+�,1 Qrwlfh/ krzhyhu/ wkdw li wkhuh duh wzr vxfk htxloleulxp ixqf0
wlrqv/ rqh ri wkhp pxvw h{fhhg wkh rwkhu iru hyhu| ydoxh ri �1 Li wkhuh duh
pxowlsoh htxloleuld/ zh uhihu wr wkh htxloleulxp fkdudfwhul}hg e| wkh vpdoo0
hvw ��+�, +odujhvw surshqvlw| iru �uvw0shulrg frrshudwlrq, dv wkh pd{lpdoo|
frrshudwlyh htxloleulxp1

Surri1 +514, Li d sod|hu frrshudwhv +ghihfwv, lq shulrg 4/ wkhq eholhiv derxw
wkdw sod|hu*v ydoxh ri � duh jlyhq e| d ixoo0vxssruw glvwulexwlrq rq ^�> �` wkdw
lv �uvw0rughu vwrfkdvwlfdoo| grplqdwhg e| +�uvw0rughu vwrfkdvwlfdoo| grpl0
qdwhv, wkh sulru glvwulexwlrq I 1 Fruroodu| 4 wkxv hqvxuhv wkdw wkh vhfrqg0
shulrg htxloleulxp iroorzlqj d �uvw0shulrg rxwfrph ri hlwkhu FF ru GG
pxvw wdnh wkh irup ghvfulehg lq wkh sursrvlwlrq1 Lw lv dovr lpphgldwh wkdw
iroorzlqj dq rxwfrph ri FG/ vhfrqg shulrg ehkdylru lv ghvfulehg e| d sdlu
ri lqfuhdvlqj ixqfwlrqv �t2c�(�+�, dqg �t2c(��+�,1 Lw uhpdlqv wr hvwde0
olvk wkdw wkh odwwhu ehdu wkh fodlphg uhodwlrqvkls wr ��+�, dqg wr hvwdeolvk
xqltxhqhvv1

Zh suhvhqw wkh dujxphqw iru wkh fdvh lq zklfk �� dqg �( duh }hur/
yhuli|lqj dv zh surfhhg wkdw lw fdq eh h{whqghg wr fdvhv lq zklfk �� dqg
�( duh qrq}hur exw vpdoo1 Zh �uvw qrwh wkdw vhfrqg0shulrg srvwhulru eholhiv
derxw dq rssrqhqw*v w|sh +jlyhq �� @ �( @ 3, duh jlyhq e|

8 E��
8 E���

rq ^�> ��`

4 rq ^��> �`
li F revhuyhg

3 rq ^�> ��`
8 E��38 E���
�38 E���

rq ^��> �`
li G revhuyhg

+47,

4:



Iljxuh 7 looxvwudwhv wkhvh srvwhulruv1 Li �� dqg �( duh qrq}hur/ wkhq wkh
srvwhulru eholhiv diwhu dq revhuydwlrq ri F ru G lq wkh �uvw shulrg hdfk kdyh
ixoo vxssruw rq ^�> �`/ frqyhujlqj wr wkrvh jlyhq lq +47, dv �� dqg �( jhw
vpdoo1

Zh qrz yhuli| wkdw wkh vhfrqg0shulrg vwudwhjlhv |lhog dq htxloleulxp1 Li
erwk djhqwv frrshudwh lq wkh �uvw shulrg/ wkhq wkh rswlpdolw| dqg xqltxhqhvv
ri wkh vhfrqg0shulrg htxloleulxp lv hvwdeolvkhg e| Sursrvlwlrq 4/ zlwk wkh
iroorzlqj prgl�fdwlrq1 Wkh surri ri Sursrvlwlrq 4 xvhv wkh dvvxpswlrq wkdw
i+4, ? 4 wr hvwdeolvk wkh xqltxhqhvv ri dq htxloleulxp lq wkh rqh0vkrw jdph1
Zkhq h{dplqlqj wkh vhfrqg shulrg ri wkh wzr0shulrg jdph/ zh qhhg wr
hvwdeolvk wkh h{lvwhqfh ri d xqltxh �2 iru zklfk

I +�2,

I +��,
@ �2= +48,

Lw vx�fhv iru xqltxhqhvv wkdw/ iru dq| ��/

I +�,

I +��,
@ � , i+�,

I +��,
� 4= +49,

Wklv hqvxuhv wkdw wkh ixqfwlrq I +�,@I +��, fdq lqwhuvhfw wkh gldjrqdo dw
prvw rqfh1 +Wkh erwwrp sdqho ri Iljxuh 7 vkrzv dq h{dpsoh zkhuh wkhuh
lv qr vxfk lqwhuvhfwlrq1 Iljxuh 8 vkrzv d fdvh/ uhtxlulqj �� A 4/ lq zklfk
wkhuh lv vxfk dq lqwhuvhfwlrq1, Xvlqj wkh �uvw htxdolw| lq +49, wr holplqdwh
�� iurp wkh vhfrqg/ +49, lv lpsolhg e| +45,1

H{whqglqj wklv uhvxow wr wkh fdvh lq zklfk �� dqg �( duh qrq}hur uh0
txluhv hvwdeolvklqj wkh xqltxhqhvv ri wkh ixqfwlrq �t2c���+�,/ zklfk lq wxuq
uhtxluhv vkrzlqj wkdw wkh vhfrqg0shulrg frxqwhusduw ri U+�, +vhh wkh surri
ri Sursrvlwlrq 4, kdv d vorsh ohvv wkdq rqh1 Wklv fohduo| krogv li �� dqg �(

duh vpdoo/ zlwk wkh vorsh ri U+�, frqyhujlqj wr wkh vorsh ri I +�,@I +��, dv
�� dqg �( frqyhujh wr }hur1

Li erwk djhqwv ghihfw lq wkh �uvw shulrg/ wkhq erwk h{shfw ghihfwlrq lq
wkh vhfrqg shulrg/ pdnlqj lw rswlpdo wr frrshudwh rqo| li � ? 31 Wkh surri
ri Sursrvlwlrq 4 fdq djdlq eh plplfnhg wr vkrz wkdw li erwk sod|huv ghihfw
lq wkh �uvw shulrg/ wkhq wkh rqo| srvvleoh htxloleulxp frqwlqxdwlrq sod| lv
iru hdfk wr frrshudwh li dqg rqo| li � ? 31 Djdlq/ wkh h{whqvlrq wr vpdoo ��

dqg �( iroorzv lq d vwudljkwiruzdug zd| iurp wkh frqyhujhqfh ri srvwhulru
eholhiv wr wkrvh jlyhq lq +47,1

Li sod|hu l frrshudwhv dqg sod|hu m ghihfwv lq shulrg rqh/ wkhq l h{shfwv
klv rssrqhqw wr fhuwdlqo| ghihfw lq wkh vhfrqg shulrg/ dqg khqfh �qgv lw
rswlpdo wr frrshudwh li dqg rqo| li � ? 31 Djhqw m h{shfwv frrshudwlrq
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Iljxuh 7= Srvwhulru eholhiv lq htxloleulxp ri wzlfh0sod|hg sulvrqhuv* glohppd/
iru wkh fdvh ri �� dqg �( htxdo wr }hur/ jlyhq dq revhuydwlrq ri G +wrs,
ru F +erwwrp,1
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Iljxuh 8= Srvvleoh vhfrqg0vwdjh htxloleulxp iroorzlqj +F>F,1

zlwk suredelolw| I +3,@I +��,/ pdnlqj lw rswlpdo wr ghihfw lq wkh vhfrqg sh0
ulrg iru doo � A �� li I +3,@I +��, � ��1 Lw vx�fhv iru wklv lqhtxdolw| wkdw
I +3,@I +�W, ? �W zklfk/ xvlqj I +�W, @ �W/ lv hqvxuhg e| +43,1 Wr dgguhvv
wkh fdvh ri qrq}hur �� dqg �(/ qrwlfh wkdw wkh ixqfwlrqv �t2c�(�+�, dqg
�t2c(��+�, duh frpsohwho| ghwhuplqhg rqfh rqh lghqwl�hv wkh ydoxhv �+FG,
dqg �+GF, dw zklfk �t2c�(�+�+FG,, @ 3 @ �t2c(��+�+GF,,1 Rqfh djdlq/
wkh frqyhujhqfh ri srvwhulru h{shfwdwlrqv hqvxuhv wkdw wkhuh h{lvwv dq htxl0
oleulxp lq zklfk �+GF, frqyhujhv wr }hur dqg �+GF, wr I +3,@I +��,1

Wkh suhvfulehg vhfrqg0shulrg ehkdylru wkxv frqvwlwxwhv dq htxloleulxp1
Xqltxhqhvv lv hvwdeolvkhg lq wkh dsshqgl{1

+515, Wkh h{lvwhqfh ri dq htxloleulxp lq wkh wzr0shulrg jdph qrz iroorzv
iurp qrwlqj wkdw vhfrqg0shulrg ehkdylru lv erwk xqltxh dqg d frqwlqxrxv
ixqfwlrq ri wkh �uvw0shulrg ydoxh ri ��/ doorzlqj xv wr dsso| d �{hg0srlqw
dujxphqw dqdorjrxv wr wkdw xvhg wr hvwdeolvk h{lvwhqfh lq wkh rqh0vkrw jdph1

mm

� W4T*�U@|�L?t

Zh qrz hvwdeolvk vrph fkdudfwhulvwlfv ri htxloleulxp ehkdylru1 Zkhq frq0
vlghulqj wkh frpsdudwlyh vwdwlfv ri � @ {2@+{�.{2,/ zh nhhs wkh wrwdo {�.{2
frqvwdqw wkurxjkrxw1 Zh uho| khdylo| rq wkh suhvxpswlrqv wkdw xwlolwlhv duh
krprjhqhrxv ri ghjuhh rqh lq prqhwdu| sd|r�v dqg wkdw wkh shuwxuedwlrqv
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�� dqg �( duh vpdoo1
Ohw a��+�> �, dqg a�2+�> �, eh wkh htxloleulxp ixqfwlrqv ��+�, dqg �2+�,

+fi1 Sursrvlwlrq 5, lq wkh pd{lpdoo| frrshudwlyh htxloleulxp jlyhq �1 Ohw
dq rxwfrph ri wkh wzr0shulrg jdph eh zulwwhq dv +iru h{dpsoh, +FG>GG,/
lq zklfk fdvh sod|hu 4 frrshudwhg dqg 5 ghihfwhg lq wkh �uvw shulrg/ zlwk
erwk sod|huv ghihfwlqj lq wkh vhfrqg shulrg1

Sursrvlwlrq 6 Ohw Dvvxpswlrqv 4~7 krog dqg ohw � 5 +3> 4, xqohvv rwkhu0
zlvh vwdwhg1 Wkhq/ iru vx�flhqwo| vpdoo �� dqg �(=

+614, Lq dq| prqrwrqlf htxloleulxp zlwk � 5 +3> 4,/ wkh h{shfwhg lqfl0
ghqfh zlwk zklfk d sod|hu frrshudwhv/ zkhuh wkh h{shfwdwlrq lv wdnhq ryhu
wkh ydoxhv ri �/ �� dqg �( dqg ryhu wkh rssrqhqw*v ehkdylru/ lv kljkhu lq
wkh �uvw shulrg wkdq lq wkh vhfrqg1

+615, Htxloleulxp sod| lq wkh �uvw shulrg ri d jdph zlwk � @ 3 lv lghqwlfdo
wr htxloleulxp sod| lq wkh vhfrqg shulrg ri d jdph zlwk � @ 41

+616, Pd{lpdoo| frrshudwlyh prqrwrqlf htxloleuld vdwlvi|

�� A � , a��+�> �
�, ? a��+�> �,

iru �> �� 5 ^3> 4,1 Khqfh/ wkh odujhu lv �/ wkh pruh olnho| lv d sod|hu wr
frrshudwh lq wkh �uvw shulrg1

+617, Dv wkh ydoxh ri � 5 +3> 4, lqfuhdvhv/ wkh h{shfwhg lqflghqfh ri
rxwfrphv +FG>FG,/ +GF>GF,/ dqg +GG>GG, lq d pd{lpdoo| frrshud0
wlyh prqrwrqlf htxloleulxp ghfolqh1 Wkh h{shfwhg lqflghqfhv ri +FF>GG,/
+FF>FG, dqg +FF>GF, duh dssur{lpdwho| }hur iru vpdoo ydoxhv ri � +zkhq
�� @ �( @ 3/ ydoxhv ri � iru zklfk �� ? 4,/ zlwk +FF>GG, wkhuhdiwhu
lqfuhdvlqj lq � dqg +FF>FG, dqg FF>GF, wkhuhdiwhu srvlwlyh exw zlwk dq
dpeljxrxv frpsdudwlyh vwdwlf lq �1 H{shfwhg prqhwdu| sd|r�v iurp d pd{l0
pdoo| frrshudwlyh prqrwrqlf htxloleulxp �uvw lqfuhdvh lq �/ uhdfk dq lqwhulru
pd{lpxp/ dqg wkhq ghfuhdvh1

Wkh �uvw uhvxow lqglfdwhv wkdw zh h{shfw wkh lqflghqfh ri frrshudwlrq wr
ghfuhdvh dv zh uhdfk wkh hqg ri wkh �qlwh0krul}rq ri sod|1 Wkh lqfhqwlyh
wr frrshudwh lq wkh �uvw shulrg ydulhv dv grhv �/ exw lv juhdwhu wkdq wkh
lqfhqwlyh wr frrshudwh lq wkh vhfrqg shulrg iru hyhu| ydoxh � 5 +3> 4,1�f

Khqfh/ wkh vshfwhu ri wkh ixwxuh hqkdqfhv fxuuhqw frrshudwlrq1 Qrwlfh wkdw
wklv uhvxow lv qrw vlpso| sduw ri wkh gh�qlwlrq ri d prqrwrqlf htxloleulxp1
Prqrwrqlflw| lqglfdwhv wkdw wkh lqflghqfh ri vhfrqg0shulrg frrshudwlrq lv
lqfuhdvlqj lq �uvw shulrg frrshudwlrq/ exw vd|v qrwklqj derxw wkh uhodwlyh
pdjqlwxghv ri �uvw0shulrg dqg vhfrqg0shulrg frrshudwlrq1

�f`�i? b ' f Lh b ' �c L?i Tih�L_ �t �hhi*i�@?|c �? ���U� T*@) �t @hM�|h@h)�
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Wkh vhfrqg uhvxow lqglfdwhv wkdw li doo prqhwdu| sd|r�v duh frqfhqwudwhg
lq d vlqjoh shulrg/ wkhq zh fdq h{shfw lghqwlfdo sod| +dqg khqfh h{shfwhg
sd|r�v, zkhwkhu wkdw shulrg lv wkh �uvw ru vhfrqg1 Zkhq � @ 3/ wkh lu0
uhohydqfh ri vhfrqg0shulrg sod| hqvxuhv wkdw sod| lq wkh �uvw0shulrg pxvw
pdwfk wkdw ri wkh xqltxh htxloleulxp ri wkh rqh0vwdjh jdph1 Zkhq � @ 4/
�uvw0shulrg dfwlrqv duh luuhohydqw dqg wkh htxloleulxp ri wkh rqh0vwdjh jdph
dsshduv lq wkh vhfrqg shulrg1

Vwdwhphqw +616, lqglfdwhv wkdw �uvw0shulrg frrshudwlrq lqfuhdvhv dv wkh
vhfrqg shulrg ehfrphv pruh lpsruwdqw1 Dv wkh vwdnhv duh vkliwhg wr wkh
vhfrqg shulrg/ sod|huv duh lqfuhdvlqjo| zloolqj wr lqyhvw wkhlu �uvw0shulrg
ehkdylru lq hqfrxudjlqj vhfrqg0shulrg frrshudwlrq1

Wkh �qdo vwdwhphqw surylghv suhglfwlrqv iru wkrvh wzr0shulrg rxwfrphv
iru zklfk uhvxowv duh xqdpeljxrxv dqg wkhq ghulyhv wkh h�hfwv ri wkhvh eh0
kdylrudo vkliwv rq sd|r�v1�� Dv � lqfuhdvhv/ �uvw0shulrg frrshudwlrq lq0
fuhdvhv/ zkloh sd|r�v duh vkliwhg wr wkh vhfrqg shulrg/ zkhuh vrph gh0
ihfwlrq rffxuv1 Wkh uhvxow lv wkdw ryhudoo sd|r�v duh �uvw lqfuhdvlqj dqg
wkhq ghfuhdvlqj lq �/ �qglqj wkhlu pd{lpxp zkhq vhfrqg0shulrg sd|r�v
duh vx�flhqwo| lpsruwdqw/ exw qrw duelwudulo| odujhu wkdq �uvw0shulrg sd|0
r�v1 Wkrxjk zh fdqqrw pdnh frqfuhwh vwdwhphqwv zlwkrxw dgglwlrqdo lq0
irupdwlrq derxw wkh vshfl�fdwlrq ri suhihuhqfhv dqg wkh glvwulexwlrq I / rxu
h{shfwdwlrq lv wkdw h{shfwhg sd|r�v zloo eh pd{lpl}hg zkhq � A �

2
/ lq

zklfk fdvh wkh uhodwlrqvkls ehjlqv zlwk uhodwlyho| vpdoo vwdnhv dqg zrunv xs
wr odujhu vwdnhv1 Wklv zloo eh wkh fdvh/ iru h{dpsoh/ li I lv xqlirup1

Surri1 Zh �uvw ghvfuleh prqrwrqlf htxloleuld lq wkh olplwlqj fdvh lq zklfk
�� @ �( @ 31 Wr gr vr/ ohw

K = ^�> �`2 $ i+}�> }��> }2> }�2,m}�> }��> }2> }�2 5 iF>Gjj
eh d ixqfwlrq zlwk wkh surshuw| wkdw K+�> ��, lghqwl�hv wkh htxloleulxp
sdwk ri sod| jlyhq wkdw wkh sod|huv* dfwxdo w|shv duh � dqg ��1 Khqfh/
K+�> ��, @ iGF>GGj lqglfdwhv wkdw sod|huv � dqg �� ghihfw dqg frrshudwh
+uhvshfwlyho|, lq wkh �uvw shulrg dqg wkdw erwk ghihfw lq wkh vhfrqg shulrg1
Ohw s�+K+�> ��,, eh wkh htxloleulxp shulrg0l prqhwdu| sd|r� ri djhqw �
zkhq sdluhg zlwk djhqw ��1 Wkhq h{shfwhg htxloleulxp sd|r�v duh jlyhq e|

]
k�

]
k
+s�+K+�> ��,, . s2+K+�> ��,,,gI +�,gI +��,=

�� ì it|@M*�t� L?i 4Lhi �?@4M�}�L�t �?_�?}c |�@| |�i i TiU|i_ �?U�_i?Ui Lu E��c���
�?Uhi@tit �u k�Eb� 	 � @?_ _iUhi@tit �u k�Eb� : �c M�| |�i L�|UL4i E��c��� @TTi@ht |LL
ti*_L4 �? L�h _@|@ |L i�@*�@|i |��t hit�*|�
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Iljxuh 9 looxvwudwhv wkh ixqfwlrq K+�> ��, iru dq htxloleulxp lq zklfk �� ? 4
dqg dq htxloleulxp lq zklfk �� A 41

+614, Iljxuh 9 vkrzv wkdw zkhq �� @ �( @ 3/ wkhq iru hdfk srvvleoh
rxwfrph sdwk lq d prqrqwrqlf htxloleulxp/ wkhuh lv zhdno| pruh frrshudwlrq
lq wkh �uvw shulrg wkdq wkh vhfrqg/ zlwk d vwulfw lqhtxdolw| iru vrph ydoxhv
ri +�> ��,1 Wdnlqj dq h{shfwdwlrq ryhu +�> ��,/ zh wkxv jhw d kljkhu h{shfwhg
lqflghqfh ri frrshudwlrq lq wkh �uvw shulrg1 Wkh xsshu khplfrqwlqxlw| ri wkh
htxloleulxp fruuhvsrqghqfh dw �� @ �( @ 3 h{whqgv wklv wr vpdoo ydoxhv ri
�� @ �(=

+615, Wkh xqltxhqhvv ri wkh rqh0vkrw htxloleulxp dqg wkh luuhohydqfh ri
vhfrqg0shulrg ehkdylru zkhq � @ 3 lpsolhv wkdw a��+�> 3, lv xqltxh dqg
htxdov �W+�,1 Qh{w/ ohwwlqj � @ 4/ zh fdq frqvwuxfw dq htxloleulxp ri wkh
wzr0shulrg jdph lq zklfk sod|huv fkrrvh lghqwlfdo +srvvleo| pl{hg, dfwlrqv
lq wkh �uvw vwdjh/ zklfk duh wkhq xqlqirupdwlyh/ zlwk wkh xqltxh rqh0vkrw
htxloleulxp dsshdulqj lq wkh vhfrqg vwdjh diwhu hyhu| �uvw0shulrg rxwfrph1
Wkh idfw wkdw doo sod|huv suhihu lqfuhdvhg frrshudwlrq rq wkh sduw ri wkhlu
rssrqhqwv hqvxuhv wkdw wkhuh duh qr rwkhu htxloleuld1 Lq sduwlfxodu/ li �uvw0
shulrg sod|v ri F dqg G jdyh ulvh wr gl�huhqw suredelolwlhv ri vhfrqg0shulrg
frrshudwlrq/ doo djhqwv zrxog fkrrvh wkh �uvw0shulrg dfwlrq jlylqj wkh kljk0
hvw suredelolw| ri vhfrqg0shulrg rssrqhqw frrshudwlrq/ uhqghulqj �uvw0shulrg
dfwlrqv xqlqirupdwlyh1

+616, Wr hvwdeolvk wkh wklug uhvxow/ �{ � dqg ohw �� dqg �( eh vx�flhqwo|
vpdoo wkdw wkh vhfrqg0shulrg htxloleulxp lv xqltxh1 Frqvlghu sod|hu ��+3> �,/
gh�qhg wr eh wkh sod|hu zkr lv lqgl�huhqw ehwzhhq F dqg G lq wkh �uvw
shulrg ri d pd{lpdoo| frrshudwlyh htxloleulxp/ jlyhq � dqg jlyhq � @ 31
Qrwlfh wkdw wkh ydoxh ��+3> �, xqltxho| ghwhuplqhv wkh ixqfwlrq a��+�> �,/ lq
wkh vhqvh wkdw nqrzlqj wkh ydoxh ri ��+3> �, jlyhv xv hqrxjk lqirupdwlrq wr
fdofxodwh wkh uhpdlqghu ri wkh ixqfwlrq1 Ohppd 5 lpsolhv wkdw

�+F> ��+3> �,> ��+3> �,, ? �+G>��+3> �,> ��+3> �,,

Y +F> ��+3> �,, A Y +G>��+3> �,,=

Xvlqj wkh dvvxpswlrq wkdw � lv olqhduo| krprjhqhrxv lq prqhwdu| sd|r�v/
dq lqfuhdvh iurp � wr �� wkhq fdxvhv wklv sod|hu wr vwulfwo| suhihu F lq wkh
�uvw shulrg1 Khqfh/ wkhuh h{lvwv d vhw ^��+3> �,> a�` � ^��+3> �,> �` zlwk wkh
surshuw| wkdw jlyhq wkh vhfrqg0shulrg vwudwhjlhv suhvfulehg e| Sursrvlwlrq
5 iru dq| jlyhq ydoxh ri �� 5 ^��+�> 3,> a�` dqg jlyhq ��/ sod|hu �� dw ohdvw
zhdno| suhihuv F lq wkh �uvw shulrg1 Qrz wkhuh duh wzr srvvlelolwlhv1 Iluvw/
li a� ? �/ wkhq a� pxvw eh lqgl�huhqw ehwzhhq F dqg G lq wkh �uvw shulrg
+rwkhuzlvh a� zrxog qrw eh dq xsshu erxqg,/ dqg wkhq zh zrxog kdyh dq
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Iljxuh 9= Ixqfwlrq K+�> ��, fruuhvsrqglqj wr d prqrwrqlf htxloleulxp/
zkhuh �� ? 4 +wrs, dqg �� A 4 +erwwrp,1
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htxloleulxp jlyhq �� +rewdlqhg e| ohwwlqj ��+�
�> 3, @ a� A ��+�> 3,, ihdwxu0

lqj pruh frrshudwlrq wkdq wkh pd{lpdoo| frrshudwlyh htxloleulxp jlyhq �/
hvwdeolvklqj wkh uhvxow1 Vhfrqg/ li a� @ �/ wkhq wkhuh lv dq htxloleulxp zlwk
��+�

�> 3, @ � A ��+�> 3,/ djdlq hvwdeolvklqj wkh uhvxow1
+617, Zh �uvw hvwdeolvk wkh �qdo uhvxow iru wkh fdvh ri �� @ �( @

31 Xvlqj wkh wrs sdqho lq Iljxuh 9 dv d jxlgh/ frqvlghu dq lqfuhdvh lq �
dqg khqfh �� +iurp Sursrvlwlrq 616,/ ehjlqqlqj zlwk wkh plqlpxp ydoxh ri
��+3, @ �W ? 4 +wkh odwwhu ehfdxvh I +4, ? 4,1 Dv �� lqfuhdvhv/ zh kdyh wkh
iroorzlqj srvvleoh wudqvlwlrqv lq ehkdylru/ hdfk dssolfdeoh wr vrph ydoxhv ri
+�> ��,=

+FG>FG, $ +FF>FF,

+FG>GG, $ +FF>FF,

+GF>GF, $ +FF>FF,

+GF>GG, $ +FF>FF, +4:,

+GG>GG, $ +FF>FF,

+GG>GG, $ +FG>GG,

+GG>GG, $ +GF>GG,=

Khqfh/ wkh lqflghqfh ri +FG>FG,/ +GF>GF, dqg +GG>GG, idoov/ zkloh
+FF>FF, lqfuhdvhv1

Qh{w/ vxssrvh wkdw �� uhdfkhv 4/ vr wkdw wkh erwwrp sdqho ri Iljxuh
9 lv uhohydqw1 Lw iroorzv iurp +48, wkdw �2 @ �� zkhq �� @ 4/ zlwk �2

ghfuhdvlqj dv �� lqfuhdvhv deryh 41 Zh wkhq kdyh wkh iroorzlqj olvw ri srvvleoh
wudqvlwlrqv=

+FG>FG, $ +FF>FG, +GG>GG, $ +FG>GG,
+FG>GG, $ +FF>FG, +GG>GG, $ +GF>GG,
+FG>GG, $ +FF>GG, +FF>FF, $ +FF>GG,
+GF>GF, $ +FF>GF, +FF>FF, $ +FF>FG,
+GF>GG, $ +FF>GF, +FF>FF, $ +FF>GF,
+GF>GG, $ +FF>GG, +FF>FG, $ +FF>GG,
+GG>GG, $ +FF>GG, +FF>GF, $ +FF>GG,=

+4;,

Djdlq/ wkh frqfoxvlrq lv wkdw wkh lqflghqfh ri +FG>FG,/ +GF>GF, dqg
+GG>GG, idoov1 Khqfh/ hdfk ri wkhvh wkuhh rxwfrphv ghfolqhv dv � lqfuhdvhv1
Krzhyhu/ zh qrz dovr �qg wkdw +FF>FF, ghfuhdvhv/ ohdglqj wr wkh revhu0
ydwlrq wkdw +FF>FF, lqfuhdvhv iru � vxfk wkdw ��+3> �, ? 4 dqg ghfuhdvhv
iru � vxfk wkdw ��+3> �, A 41 Qh{w/ +4;, vkrzv wkdw +FF>GG, lqfuhdvhv
lq � iru ��+3> �, A 4/ zkloh +FF>GG, grhv qrw dsshdu zkhq ��+3> �, ? 41
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Ilqdoo|/ qrwh wkdw +FF>GF, dqg +FF>FG, dsshdu rqo| iru ydoxhv ri � zlwk
��+3> �, A 4/ dqg/ iurp +4;,/ wkdw wkhuh duh wudqvlwlrqv erwk wr dqg iurp
wkhvh rxwfrphv dv � lqfuhdvhv zkhq ��+3> �, A 4/ ohdglqj wr dq dpeljxrxv
frpsdudwlyh vwdwlf1

Qrz uhwxuq wr wkh wudqvlwlrqv lq +4:,1 Lq hdfk fdvh/ wkh prqhwdu|
sd|r� uhdol}hg e| wkh sdlu +�> ��, lqfuhdvhv lq hdfk shulrg/ dqg khqfh vr
pxvw wkh wrwdo prqhwdu| sd|r� lqfuhdvh1 Khqfh/ wkh htxloleulxp h{shfwhg
prqhwdu| sd|r�/ zlwk wkh h{shfwdwlrq wdnhq ryhu wkh ydoxhv ri +�> ��,/ lq0
fuhdvhv lq �/ dqg zloo eh lqfuhdvlqj lq � xqwlo dw ohdvw ��+3> �, @ 41 Dw
wklv srlqw/ wkh wudqvlwlrqv lq +4;, ehfrph uhohydqw1 Hyhu| wudqvlwlrq djdlq
hqkdqfhv wkh lqflghqfh ri �uvw0shulrg frrshudwlrq/ vr wkdw ixuwkhu lqfuhdvhv
lq � dqg khqfh ��+3> �, zloo lqfuhdvh �uvw0shulrg frrshudwlrq1 Krzhyhu/ d
frq�lfwlqj irufh dulvhv/ zlwk vrph wudqvlwlrqv qrz ghfuhdvlqj vhfrqg0shulrg
frrshudwlrq +h1j1/ +FF>FF, $ +FF>GG,/ +FF>FF, $ +FF>FG, dqg
+FF>FF, $ +FF>GF,,1�2 Prqhwdu| sd|r�v duh wkxv vkliwhg dzd| iurp
wkh hqkdqfhg �uvw0shulrg frrshudwlrq wr d vhfrqg shulrg lq zklfk wkh lqfl0
ghqfh ri ghihfwlrq lv lqfuhdvlqj1 Hyhqwxdoo|/ wklv odwwhu irufh zloo grplqdwh/
fdxvlqj wkh h{shfwhg sd|r� wr idoo1 Lq sduwlfxodu/ wkh h{shfwhg sd|r� fruuh0
vsrqglqj wr � @ 4 htxdov wkdw fruuhvsrqglqj wr � @ 3/ zlwk kljkhu sd|r�v
iru lqwhuphgldwh ydoxhv1

Wkh dujxphqw h{whqgv wr fdvhv lq zklfk �� dqg �( duh qrq}hur exw
vpdoo/ xsrq qrwlqj wkdw ehkdylru lq vxfk htxloleuld dssurdfkhv wkdw vkrzq
lq Iljxuh 9 dv �� dqg �( dssurdfk }hur1 mm

e , Tih�4i?|@* �hLUi_�hit

Wkh h{shulphqw zdv frqgxfwhg dw wkh Xqlyhuvlw| ri Zlvfrqvlq/ xvlqj xqghu0
judgxdwh vxemhfwv/ lq Pd| dqg Rfwrehu ri 5335/ lq �yh vhvvlrqv lqyroylqj
55 vxemhfwv hdfk1 Hdfk vhvvlrq lqyroyhg 53 _urxqgv/% lq hdfk ri zklfk doo
vxemhfwv lq wkdw vhvvlrq zhuh pdwfkhg zlwk rssrqhqwv iurp wkhlu vhvvlrq iru
d wzlfh0sod|hg ru _wzr0shulrg% sulvrqhuv* glohppd1 Khqfh/ lq hdfk ri wkh
53 urxqgv wkh 443 vxemhfwv zhuh pdwfkhg lq 88 sdluv wr sod| wkh wzr0shulrg
jdph/ iru d wrwdo ri 4433 wzr0shulrg jdphv1

Vxemhfwv lqwhudfwhg yld dq dqrq|prxv frpsxwhu lqwhuidfh1 Vxemhfwv zhuh
udqgrpo| pdwfkhg zlwk d sduwqhu iru hdfk urxqg vxemhfw wr wkh frqvwudlqw
wkdw qr vxemhfw sod|hg wkh vdph rssrqhqw pruh wkdq rqfh1 Wkhvh ghwdlov

�2A��t LUU�ht MiU@�ti @ �ht|�Tih�L_ LMtih�@|�L? Lu E�c�� �t ?L� uL**L�i_ M) tiUL?_�
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� Shulrg04 Shulrg05 Iuhtxhqf|
Sxoo ydoxh Sxvk ydoxh Sxoo ydoxh Sxvk ydoxh

313 43 63 3 3 434
314 < 5: 4 6 443
315 ; 57 5 9 435
316 : 54 6 < ;8
317 9 4; 7 45 <3
318 8 48 8 48 <4
319 7 45 9 4; 448
31: 6 < : 54 445
31; 5 9 ; 57 <8
31< 4 6 < 5: <7
413 3 3 43 63 438

4433

Iljxuh := Ydoxhv ri �/ zlwk wkh fruuhvsrqglqj shulrg04 sxoo ydoxh {� +fi1
Iljxuh 4,/ shulrg04 sxvk ydoxh 6{�/ shulrg05 sxoo ydoxh {2 @ 43 � {�/ dqg
shulrg05 sxvk ydoxh 6{2/ dqg wkh qxpehu ri wzr0shulrg jdphv +rxw ri 4433,
fruuhvsrqglqj wr hdfk ydoxh1

zhuh nqrzq wr wkh vxemhfwv1��

Wkh sulvrqhuv* glohppd zdv suhvhqwhg wr wkh vxemhfwv dv wkh sxvk0sxoo
jdph1 Lq hdfk vwdjh jdph/ hdfk vxemhfw kdg wkh rssruwxqlw| wr hlwkhu sxoo
{ srlqwv wrzdug wkh vxemhfw ru sxvk 6{ srlqwv wrzdug wkh rssrqhqw1 Hdfk
vxemhfw hduqhg wkh wrwdo ri zkdwhyhu vxp wkh| sxoohg dqg wkhlu rssrqhqw
sxvkhg/ ohdglqj wr wkh sd|r�v ri Iljxuh 41 Zh uhjdug wklv dv d sduwlfxoduo|
vlpsoh zd| ri suhvhqwlqj wkh sulvrqhuv* glohppd1

Ohw wkh shulrg04 dqg shulrg05 sxoo ydoxhv eh ghqrwhg e| {� dqg {21 Lq
hdfk wzr0shulrg jdph/ {� . {2 @ 431 Wkh ydoxh ri � @ %2

%�n%2
zdv udqgrpo|

vhohfwhg hyhu| wlph d sdlu ri vxemhfwv zdv pdwfkhg wr sod| d wzr0shulrg
jdph/ lqghshqghqwo| dfurvv sdluv ri vxemhfwv dqg jdphv/ zlwk � gudzq iurp
wkh vhw i3> 3=4> 3=5> = = = > 4j1 Wdeoh : vkrzv wkh glvwulexwlrq ri uhdol}hg ydoxhv
ri � lq wkh h{shulphqw1

Vxemhfwv zhuh sdlg wkhlu fxpxodwlyh hduqlqjv/ lq fdvk/ dw wkh hqg ri wkh
h{shulphqw1 Wkh sxoo dqg sxvk ydoxhv {� dqg 6{� lghqwl�hg srlqwv wkdw wkh
vxemhfw hduqhg lq hdfk jdph1 Lq wzr ri wkh �yh vhvvlrqv/ hdfk srlqw zdv

��W?t|h�U|�L?t �ihi ThL��_i_ |L |�i t�M�iU|t ��@ UL4T�|ih� A�i �?t|h�U|�L?t @hi @�@�*@M*i
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zruwk wzr fhqwv dqg vxemhfwv zhuh dovr sdlg d �yh0groodu vkrz0xs ihh/ zlwk
hduqlqjv udqjlqj iurp ';=33 wr '45=7; iru dq h{shulphqw wkdw odvwhg ohvv wkdq
dq krxu1 Lq wkuhh ri wkh �yh vhvvlrqv/ hdfk srlqw zdv zruwk vl{ fhqwv +zlwk
qr vkrz0xs ihh,/ zlwk hduqlqjv udqjlqj iurp ':=35 wr '57=331 Zh irxqg qr
vljql�fdqw gl�huhqfhv lq ehkdylru ehwzhhq wkh wzr sd|phqw vfkhphv1�e

D +it�*|t

Wklv vhfwlrq surylghv d vxppdu| ri wkh h{shulphqwdo rxwfrphv dqg wkhq
h{dplqhv hdfk ri wkh irxu sduwv ri Sursrvlwlrq 61 Rxu zrunlqj k|srwkhvlv/
zklfk zh uhihu wr dv wkh htxloleulxp k|srwkhvlv/ lv wkdw wkh sod| ri wkh h{shu0
lphqwdo vxemhfwv lv ghvfulehg e| dq htxloleulxp ri wkh jdph1 Lq sduwlfxodu/
zh dvvxph wkdw hdfk sod|hu lv fkdudfwhul}hg e| d uhdol}hg ydoxh ri � wkdw
uhpdlqv �{hg wkurxjkrxw wkh h{shulphqwdo vhvvlrq/ zkhuh wkhvh ydoxhv duh
lqghshqghqwo| gudzq iurp d glvwulexwlrq I 1 Zh dvvxph wkdw lq hdfk shulrg
ri hdfk wzr0shulrg jdph/ hdfk sod|hu +lqghshqghqwo|, gudzv uhdol}dwlrqv ��
dqg �( ri wkh udqgrp yduldeohv �� dqg �(1 Jlyhq wkhvh uhdol}dwlrqv/ zh
dvvxph wkdw wkh vxemhfwv sod| wkhlu sduw ri wkh htxloleulxp ghvfulehg lq
Sursrvlwlrqv 4~61

D�� 5�44@h) Lu ��|UL4it

Hdfk vxemhfw kdg 73 rssruwxqlwlhv wr hlwkhu sxvk +frrshudwh, ru sxoo +gh0
ihfw,/ rqh lq hdfk ri wkh wzr shulrgv ri wzhqw| jdphv1 Iljxuh ; uhsruwv wkh
glvwulexwlrq dfurvv vxemhfwv ri wkh ryhudoo lqflghqfh ri frrshudwlrq1

Iljxuh ; vkrzv wkdw rqo| wzr vxemhfwv frrshudwhg pruh wkdq 63 rxw ri
73 wlphv +frrshudwlqj 64 dqg 73 wlphv,1 Vlqfh d sod|hu iru zkrp � ? 3
lv suhglfwhg wr frrshudwh dw hyhu| rssruwxqlw| +lq wkh olplw dv wkh qrlvh
ohyho jhwv vpdoo,/ rxu uhvxowv duh wkxv frqvlvwhqw zlwk wkh sod|huv kdylqj
ehhq gudzq iurp d glvwulexwlrq I iru zklfk I +3, lv vpdoo1 Wklv lq wxuq
vxjjhvwv wkdw htxdwlrq +43, ri Dvvxpswlrq 7 lv uhdvrqdeoh1 Zkhuhdv wkhuh
lv qr vxemhfw zkr ghihfwv dw hyhu| rssruwxqlw|/ wkhuh duh pruh vxemhfwv zkr
frph forvhu wr shuvlvwhqw ghihfwlrq wkdq wr shuvlvwhqw frrshudwlrq1 Khqfh/
htxdwlrq +44, ri Dvvxpswlrq 7 pd| dovr eh uhdvrqdeoh1

Iljxuh < lghqwl�hv wkh rxwfrphv ri wkh 4433 wzr0shulrg jdphv1 Jlyhq
wkdw hdfk sod|hu kdv wzr fkrlfhv lq hdfk ri wzr shulrgv/ wkhuh duh vl{whhq
srvvleoh sdwkv ri sod|1 Krzhyhu/ zh duh qrw lqwhuhvwhg lq glvwlqjxlvklqj

�e�iU@�ti ?L t�M�iU| T@h|�U�T@|i_ �? 4Lhi |�@? L?i titt�L?c |�i �?_���_�@* � i_ igiU|t
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Iljxuh ;= Hdfk vxemhfw idfhg 73 frrshudwh2ghihfw ghflvlrqv1 Wkh klvwrjudp
lghqwl�hv wkh qxpehu ri vxemhfwv +yhuwlfdo d{lv, h{klelwlqj hdfk ri wkhvh srv0
vleoh iuhtxhqflhv ri frrshudwlrq +3 wr 73/ rq wkh krul}rqwdo d{lv,1

rxwfrphv wkdw duh lghqwlfdo h{fhsw iru zklfk sod|hu lv odehohg _sod|hu 4%
dqg zklfk _sod|hu 5/% doorzlqj xv wr froodsvh wkhvh rxwfrphv wr whq fdvhv1
Khqfh/ wkh odvw olqh ri Iljxuh < fruuhvsrqgv wr d fdvh lq zklfk rqh sod|hu
ghihfwhg lq shulrg 4 +zkrp zh kdyh ghvljqdwhg sod|hu 4, dqg rqh frrshudwhg/
zkloh erwk frrshudwhg lq shulrg 51�D Iljxuh < suhvhqwv gdwd iru doo jdphv
dv zhoo dv iru wkrvh jdphv lq zklfk � 5 +3> 4,/ vr wkdw sd|r�v duh uhohydqw
lq erwk shulrgv1 Wkhvh duh wkh jdphv uhohydqw wr pdq| ri wkh frpsdudwlyh
vwdwlf suhglfwlrqv lq Sursrvlwlrq 61�S

Iljxuh < lqglfdwhv wkdw dq djhqw*v rssrqhqw lv pruh olnho| wr frrshudwh lq
wkh vhfrqg shulrg zkhq wkh djhqw frrshudwhv lq wkh �uvw shulrg1 Uhvwulfwlqj
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Shulrg rqh Shulrg wzr Iuhtxhqf| Iuhtxhqf|/ � 5 +3> 4,
FF GG 4<4 45:
FF GF <3 :<
FF FF 63 59

GG GG 575 567
GG GF 454 <3
GG FF 93 4<

GF GG 596 56<
GF GF 75 69
GF FG 76 66
GF FF 4; 44

4433 ;<7

Iljxuh <= Iuhtxhqf| ri hdfk srvvleoh rxwfrph iru wkh wzr0shulrg jdph1 _GF
FG/% iru h{dpsoh/ lqglfdwhv wkdw rqh sod|hu ghihfwhg dqg rqh frrshudwhg lq
wkh �uvw shulrg/ dqg wkhq wkh wzr sod|huv vzlwfkhg dfwlrqv iru wkh vhfrqg
shulrg1

dwwhqwlrq wr fdvhv lq zklfk � 5 +3> 4,/ zh kdyh=

Frrshudwlyh rssrqhqw sod| lq shulrg 5>

jlyhq djhqw frrshudwlrq lq shulrg 4 = 55( +4:8 ri :;6,

Frrshudwlyh rssrqhqw sod| lq shulrg 5>

jlyhq djhqw ghihfwlrq lq shulrg 4 = 4:( +4:8 ri 4338,=

Wkhvh gdwd duh frqvlvwhqw zlwk wkh suhvxpswlrq wkdw wkh htxloleulxp lv
prqrwrqlf1

D�2 �hLTLt�|�L? ���G �LLTih@|�L? M) �ih�L_

Iljxuh < doorzv xv wr dvvhvv Sursrvlwlrq 614/ dvvhuwlqj wkdw frrshudwlrq zloo
eh pruh suhydohqw lq wkh �uvw shulrg zkhq � 5 +3> 4,1 Zh kdyh=

Frrshudwlyh sod|v lq shulrg 4 = 77( +:;6 ri 4:;;,

Frrshudwlyh sod|v lq shulrg 5 = 53( +683 ri 4:;;,=
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Iljxuh 43= Lqflghqfh ri �uvw0shulrg +gdvkhg olqh, frrshudwlrq dqg vhfrqg0
shulrg +vrolg olqh, frrshudwlrq/ hdfk dv d ixqfwlrq ri wkh sursruwlrq ri wkh
wrwdo vwdnhv lq wkdw shulrg1 Wklv jurxsv wrjhwkhu �uvw0shulrg fkrlfhv dqg
vhfrqg0shulrg fkrlfhv pdgh zlwk wkh vdph vwdnhv lq wkh fkrlfh shulrg1 Sursr0
vlwlrq 614 suhglfwv wkhuh zloo eh pruh �uvw0shulrg frrshudwlrq zkhq � 5 +3> 4,1

Iljxuh 43 looxvwudwhv wklv uhvxow/ vkrzlqj wkh lqflghqfh ri �uvw0shulrg frrshu0
dwlrq dqg wkh lqflghqfh ri vhfrqg0shulrg frrshudwlrq/ hdfk dv d ixqfwlrq ri
wkh sursruwlrq ri wkh wrwdo vwdnhv lq wkdw shulrg1 Wkxv dw =7/ zh frpsduh wkh
�uvw0shulrg sod| iru � @ =9 +iruw| shufhqw ri wkh vwdnhv lq wkh �uvw shulrg,
zlwk vhfrqg0shulrg sod| iru � @ =7 +iruw| shufhqw ri wkh vwdnhv lq wkh vhfrqg
shulrg,1

Iljxuh 43 vkrzv wkh suhglfwhg uhvxow wkdw frrshudwlrq lv pruh suhydohqw
lq wkh �uvw wkdq lq wkh vhfrqg shulrg/ hvshfldoo| zkhq wkh �uvw0shulrg vwdnhv
duh vpdoo1�. Lw lv lqwxlwlyh wkdw wkh gl�huhqfh ehwzhhq �uvw dqg vhfrqg0shulrg
frrshudwlrq zrxog eh juhdwhvw zkhq �uvw0shulrg vwdnhv duh vpdoo/ vlqfh lw lv
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64



Shulrg rqh/ Shulrg wzr/
� @ 3 � @ 4

Qxpehu ri frrshudwruv= 5: 55
Shufhqwdjh= 4617( 4318(

Qxpehu ri ghihfwruv= 4:8 4;;
Shufhqwdjh= ;919( ;<18(

Iljxuh 44= Frpsdulvrq ri sod| lq �uvw shulrg ri jdphv zlwk luuhohydqw
vhfrqg0shulrg sd|r�v +� @ 3, dqg vhfrqg shulrg ri jdphv zlwk luuhohydqw
�uvw0shulrg sd|r�v +� @ 4,1 Sursrvlwlrq 615 suhglfwv wkh vdph ehkdylru lq
wkhvh wzr jdphv1

khuh wkdw wkh frvw ri lqyhvwlqj lq vhfrqg0shulrg frrshudwlrq lv hvshfldoo| orz1

D�� �hLTLt�|�L? ��2G ,giU|��i*) 5�?}*i�5�L| B@4it

Sursrvlwlrq 615 lqglfdwhv wkdw zh vkrxog h{shfw sod| lq wkh �uvw shulrg ri
jdphv zlwk � @ 3 wr eh lghqwlfdo wr sod| lq wkh vhfrqg shulrg ri jdphv
zlwk � @ 41 Lq hdfk fdvh/ wkh wzr0shulrg jdph lqfoxghv rqh vwdjh jdph
sod|hg iru }hur sd|r�v/ zlwk doo ri wkh sd|r�v frqfhqwudwhg lq wkh rwkhu
jdph1 Wkh| gl�hu lq zkhwkhu wkh }hur0sd|r� shulrg frphv �uvw +� @ 4, ru
vhfrqg +� @ 3,1

Iljxuh 44 suhvhqwv sod| lq wkh �uvw shulrg ri jdphv zlwk � @ 3 dqg lq wkh
vhfrqg shulrg ri jdphv zlwk � @ 41 Sod| lq wkhvh wzr jdphv lv vlplodu1 Wr
rewdlq d pruh suhflvh hvwlpdwh ri wklv vlplodulw|/ ohw ��� eh wkh shufhqwdjh ri
wkh wlph wkdw sod|hu l frrshudwhg zkhq sod|lqj lq shulrg 4 ri d jdph zlwk
� @ 3 dqg ohw ��2 eh wkh shufhqwdjh ri wkh wlph wkdw sod|hu l frrshudwhg
zkhq sod|lqj lq shulrg 5 ri d jdph zlwk � @ 41 Xqghu rxu k|srwkhvhv dqg
h{shulphqwdo ghvljq/ wkhvh shufhqwdjhv uhsuhvhqw wkh rxwfrphv ri gudzv iurp
lqghshqghqw Ehuqrxool wuldov +zlwk gl�huhqw qxpehuv ri gudzv iru gl�huhqw
vxemhfwv/ vlqfh wkh ydoxh ri � lv gudzq udqgrpo| lq hdfk jdph,1 Rxu prgho
suhglfwv wkdw wkh wzr udqgrp yduldeohv shuwdlqlqj wr dq| sduwlfxodu vxemhfw
zloo kdyh wkh vdph phdq/ wkrxjk wkhvh phdqv fdq gl�hu dfurvv vxemhfwv1 Ohw
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�� @ ��� � ��2/ iru wkrvh ;3 vxemhfwv zkr idfhg jdphv zlwk erwk � @ 3 dqg
� @ 41 Ohwwlqj � dqg v# eh wkh phdq dqg vwdqgdug ghyldwlrq ri wkh revhuyhg
ydoxhv ri ��/ wkh glvwulexwlrq ri �@+v#@

s
;3, lv dssur{lpdwho| Qrupdo zlwk

}hur phdq dqg xqlwdu| yduldqfh1 Wkhq zh fdofxodwh=

� v# �@+v#@
s
;3, s0ydoxh

516 5;16 31:4 317;
/

zkhuh wkh s0ydoxh lv wkh suredelolw| ri rewdlqlqj d frh�flhqw rq wkh yduldeoh
_shulrg wzr% zkrvh devroxwh ydoxh h{fhhgv 3=:4/ jlyhq wkh qxoo k|srwkhvlv
ri qr gl�huhqfh ehwzhhq shulrgv1�H

Wkh vhfrqg shulrg wkxv kdv dq h�hfw rq frrshudwlrq wkdw lv vwdwlvwlfdoo|
vpdoo1 Vhfwlrq 818 vkrzv wkdw wkh lqgxfhg gl�huhqfh lq sd|r�v lv dovr vpdoo1
Wkrxjk wkh ehkdylru grhv qrw pdwfk h{dfwo|/ wkh vxemhfwv lq rxu h{shulphqwv
dsshdu wr uhfrjql}h flufxpvwdqfhv xqghu zklfk rqo| rqh shulrg ri wkh jdph
lv uhohydqw dqg wr wuhdw wkdw shulrg vlploduo|/ zkhwkhu lw rffxuv dv wkh �uvw
ru vhfrqg vwdjh ri wkh wzr0shulrg sulvrqhuv* glohppd1

D�e �hLTLt�|�L? ���G 6�ht|��ih�L_ �LLTih@|�L?

Sursrvlwlrq 616 suhglfwv wkdw wkh lqflghqfh ri �uvw0shulrg frrshudwlrq vkrxog
eh lqfuhdvlqj lq � zkhq � 5 ^3> 4,1 Wkh kljkhu lv �/ wkh pruh lpsruwdqw duh
vhfrqg0shulrg sd|r�v/ dqg khqfh wkh pruh ydoxdeoh lw lv wr lqyhvw lq vhfrqg0
shulrg frrshudwlrq e| frrshudwlqj lq wkh �uvw shulrg1 Iljxuh 45 vkrzv
�uvw0shulrg frrshudwlrq dv d ixqfwlrq ri �1 Wkh lqflghqfh ri frrshudwlrq
lqfuhdvhv iurp 46( zkhq � @ 3 wr :;( zkhq � @ =<1

Wr frq�up wklv olqn ehwzhhq wkh frqfhqwudwlrq ri sd|r�v lq wkh vhfrqg
shulrg dqg �uvw0shulrg frrshudwlrq/ zh h{dplqh d orjlw uhjuhvvlrq lq zklfk
wkh ghshqghqw yduldeoh htxdov rqh li d sod|hu frrshudwhg lq shulrg 4 dqg 3
rwkhuzlvh1 Wkhuh duh 4<<3 revhuydwlrqv/ rqh iru hdfk fkrlfh e| rqh ri wkh
443 djhqwv lq wkh �uvw shulrg ri hdfk jdph sod|hg e| wkh djhqw lq zklfk
� 5 ^3> 4,1 Lqghshqghqw yduldeohv lqfoxgh �/ d frqvwdqw/ dqg qlqhwhhq gxp0

�HA��t U@*U�*@|�L? �}?Lhit _@|@ uhL4 |�i �S t�M�iU|t ��L T@h|�U�T@|i_ L?*) �? }@4it
��|� b ' � E��L ULLTih@|i_ ���eI Lu |�i |�4i �? |�i tiUL?_ Tih�L_ t�U� }@4it� @?_ uhL4
|�i �� t�M�iU|t ��L T@h|�U�T@|i_ L?*) �? }@4it ��|� b ' f E��L ULLTih@|i_ �S�2I Lu |�i
|�4i �? |�i �ht| Tih�L_ Lu t�U� }@4it�� E�?i t�M�iU| T@h|�U�T@|i_ �? ?L }@4it ��|� b ' f
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Iljxuh 45= Iluvw0shulrg frrshudwlrq dv d ixqfwlrq ri wkh lpsruwdqfh ri
vhfrqg0shulrg sd|r�v/ udqjlqj iurp jdphv lq zklfk vhfrqg0shulrg sd|r�v
duh luuhohydqw +� @ 3, wr jdphv lq zklfk rqo| vhfrqg0shulrg sd|r�v pdw0
whu +� @ 4,1 Sursrvlwlrq 616 suhglfwv wkdw wkh lqflghqfh ri frrshudwlrq zloo
lqfuhdvh lq � iru � 5 ^3> 4,1

plhv lghqwli|lqj wkh urxqg +iurp 4 wr 53, ri wkh revhuydwlrq1�b Rxu prgho/
lq frqmxqfwlrq zlwk wkh htxloleulxp k|srwkhvlv/ lqglfdwhv wkdw �uvw0shulrg
ehkdylru lq hdfk jdph fdq eh ylhzhg dv d gudz iurp dq lqghshqghqw udqgrp
yduldeoh zlwk d phdq wkdw lv srwhqwldoo| lglrv|qfudwlf wr wkh vxemhfw lq txhv0
wlrq1 Wr lqfrusrudwh wkh fruuhodwlrqv lqwurgxfhg e| wkh ghshqghqfh ehwzhhq
pxowlsoh revhuydwlrqv rq wkh sduw ri d vlqjoh sod|hu/ zh lqfoxgh �{hg h�hfwv
iru wkh sod|huv lq wkh uhjuhvvlrq12f Rxu lqwhuhvw fhqwhuv rq wkh hvwlpdwhg

�bA��t @**L�t |�i TLtt�M�*�|) |�@| �?Uhi@ti_ t�M�iU| u@4�*�@h�|) ��|� |�i }@4i 4@) U@�ti
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ih@|�L?t @hi Lu tiUL?_@h) �4TLh|@?Ui� 5�M�iU|t |i?_ |L Mi tL4i��@| *itt ULLTih@|��i �?
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frh�flhqw iru �1 Vxssuhvvlqj wkh rwkhu hvwlpdwhv/ zh �qg=

Yduldeoh Hvwlpdwhg frh�flhqw Vwdqgdug huuru s0ydoxh
� 914 164 31333

Wkh s0ydoxh lv wkh suredelolw| ri jhqhudwlqj d frh�flhqw hvwlpdwh zkrvh
ydoxh h{fhhgv 9=4 jlyhq wkdw wkh qxoo k|srwkhvlv ri d }hur frh�flhqw1 Dv
h{shfwhg/ � lv vljql�fdqwo| srvlwlyh= kljkhu shulrg0wzr sd|r�v |lhog kljkhu
�uvw0shulrg frrshudwlrq1

D�D �hLTLt�|�L? ��eG , TiU|i_ �@)Lgt

Sursrvlwlrq 617 ehjlqv zlwk suhglfwlrqv frqfhuqlqj htxloleulxp rxwfrphv1
Iluvw/ wkh rxwfrphv +FF>GG, dqg +FF>GF, duh suhglfwhg wr eh uduh +l1h1/
wr qrw rffxu zkhq wkh udqgrp sd|r� shuwxuedwlrqv �� dqg �( duh }hur, iru
uhodwlyho| vpdoo ydoxhv ri �/ zlwk +FF>GG, lqfuhdvlqj iru odujhu ydoxhv ri �
dqg zlwk +FF>GF, srvlwlyh exw zlwk dq dpeljxrxv frpsdudwlyh vwdwlf iru
wkhvh odujhu ydoxhv12� Iljxuh 46 sorwv wkh lqflghqfh ri wkhvh rxwfrphv dv d
ixqfwlrq ri �1 Wkh suhglfwhg wuhqgv duh fohduo| ylvleoh1 Wkh frpprq ydoxh
ri � deryh zklfk wkhvh rxwfrphv dsshdu pruh iuhtxhqwo|/ fruuhvsrqglqj wr
�� @ 4/ lv suhglfwhg wr eh ehorz wkh ydoxh ri � wkdw pd{lpl}hv wkh vxp
ri wkh wzr0sod|huv* h{shfwhg sd|r�v/ zklfk lv frqvlvwhqw zlwk wkh �qglqjv
uhsruwhg ehorz1

Wkh lqflghqfhv ri +GF>GF, dqg +GG>GG, duh suhglfwhg wr ghfuhdvh
lq � iru � 5 +3> 4,1 Iljxuh 47 vkrzv wkh uhohydqw uhvxowv1 Vpdoo vdpsoh
vl}hv revfxuh d klqw ri d grzqzdug wuhqg lq wkh lqflghqfh ri +GF>GF, dv
� ulvhv +qrwh wkh gl�huhqfh lq yhuwlfdo vfdohv lq Iljxuhv 46 dqg 47,1 Rqfh
zh holplqdwh wkh ydoxh fruuhvsrqglqj wr wkh lqflghqfh ri +GG>GG, zkhq
� @ 3/ iru zklfk wkh prgho pdnhv qr suhglfwlrq/ lw lv fohdu wkdw +GG>GG,
dsshduv ohvv riwhq iru kljkhu ydoxhv ri �/ wkrxjk wkh uhdol}dwlrqv duh qrw
shuihfwo| prqrwrqlf1 Hdfk ri wkh wkuhh _qdnhg h|h% uhodwlrqvklsv iru zklfk
vdpsoh vl}hv duh dghtxdwh fdq eh frq�uphg e| uhjuhvvlrqv/ exw zh rplw wkh
ghwdlov1

Sursrvlwlrq 617 qh{w vxjjhvwv wkdw wrwdo sd|r�v iurp wkh wzr0shulrg jdph
vkrxog eh �uvw lqfuhdvlqj lq � dqg wkhq ghfuhdvlqj lq �/ dwwdlqlqj dq lqwh0
ulru pd{lpxp1 Wkh fdvhv ri � @ 3 dqg � @ 4 vkrxog jlyh htxdo sd|r�v/

i?UL�?|iht �� E+iU@** |�@| ?L |�L T*@)iht i�ih 4ii| 4Lhi |�@? L?Ui��
2��L|i |�@| |�i L�|UL4it E��c�(� @?_ E��c(�� |�@| @TTi@h �? �hLTLt�|�L? ��e @hi

LMtih�@|�L?@**) i^���@*i?| EUu� 6�}�hi b�c @t @hi |�i L�|UL4it E�(c�(� @?_ E(�c(��c
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Iljxuh 46= Iuhtxhqf| ri rxwfrphv +FF>GG,/ dqg +FF>GF, dv d ixqfwlrq
ri �1 Sursrvlwlrq 617 suhglfwv wkh lqflghqfh ri +FF>GG, dqg +FF>GF, zloo
eh dssur{lpdwho| }hur ryhu d frpprq udqjh ri uhodwlyho| vpdoo ydoxhv ri �/
deryh zklfk +FF>GG, lv lqfuhdvlqj dqg +FF>GF, lv srvlwlyh exw zlwk dq
dpeljxrxv frpsdudwlyh vwdwlf1
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Iljxuh 47= Iuhtxhqf| ri rxwfrphv +GG>GG, dqg +GF>GF, dv d ixqfwlrq
ri �1 Sursrvlwlrq 617 pdnhv qr suhglfwlrq iru � @ 3/ dqg suhglfwv wkdw erwk
zloo idoo dv � lqfuhdvhv iru wkrvh ydoxhv ri � 5 +3> 4,1
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Ydoxh ri � Dyhudjh sd|r�
313 5817
314 5:18
315 5:17
316 5:14
317 5<15
318 6415
319 651:
31: 6419
31; 6319
31< 5913
413 5715

Iljxuh 48= Dyhudjh ydoxh ri wrwdo sd|r�v iru hdfk ydoxh ri �1 _Wrwdo sd|r�%
lv wkh vxp ri wkh shulrg0rqh dqg shulrg0wzr sd|r�v hduqhg e| erwk sod|huv
lq d wzr0shulrg jdph/ phdvxuhg lq srlqwv1 Wkh qxpehu ri revhuydwlrqv iru
hdfk ydoxh ri � lv jlyhq lq Iljxuh :1

uh�hfwlqj wkh htxlydohqw ehkdylru iru � @ 3 dqg � @ 41 Iljxuh 48 vkrzv
wkh dyhudjh hduqlqjv/ vxpphg ryhu sod|huv dqg shulrgv/ iru hdfk ydoxh ri �1
Wkh plqlpxp srvvleoh sd|r� lv 53 +h{shulphqwdo srlqwv, dqg wkh pd{lpxp
lv 93/ zlwk hyhu| hyhq qxpehu ehwzhhq wkhvh wzr ydoxhv ehlqj srvvleoh dqg
zlwk hyhu| vxfk ydoxh rffxuulqj lq wkh gdwd1 Wkh pd{lpxp revhuyhg sd|r�
rffxuv dw � @ 3=9/ zlwk d sd|r� 68( kljkhu wkdq wkh plqlpxp sd|r�1 Wkh
sd|r�v dwwdfkhg wr � @ 3 dqg � @ 4 duh txlwh vlplodu1

Wr dvvhvv wkh uhodwlrqvkls ehwzhhq � dqg wrwdo sd|r�v / zh wxuq wr d
uhjuhvvlrq lq zklfk wkh ghshqghqw yduldeoh lv wkh wrwdo +ryhu sod|huv dqg
shulrgv, ri wkh qxpehu ri h{shulphqwdo srlqwv hduqhg lq wkh wzr0shulrg
sulvrqhu* glohppd1 Lqghshqghqw yduldeohv lqfoxgh �/ �2/ dqg �� dv zhoo
dv d frqvwdqw/ lqglylgxdo �{hg h�hfwv dqg gxpp| yduldeohv lghqwli|lqj wkh
urxqg ri wkh h{shulphqw lq zklfk wkh jdph lv sod|hg122 Wkhuh zhuh 4433
revhuydwlrqv/ rqh iru hdfk ri wkh 44 wzr0shulrg jdphv sod|hg lq hdfk ri 53
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urxqgv lq hdfk ri 8 h{shulphqwdo vhvvlrqv1 Zh duh lqwhuhvwhg lq wkh hvwlpdwhg
frh�flhqwv rq �/ �2 dqg ��/ iru zklfk zh �qg=

Yduldeoh Hvwlpdwhg frh�flhqw Vwdqgdug huuru s0ydoxh
� 0718 91: 3183
�2 84 49 31334
�� 07< 43 31333

Wkh frh�flhqw rq � lv qhjdwlyh/ uhodwlyho| vpdoo/ dqg lqvljql�fdqw1 Wkh
frh�flhqwv rq �2 dqg �� duh pxfk odujhu lq devroxwh ydoxh/ ri rssrvlwh
vljqv/ dqg erwk vljql�fdqw1 Wkh| frpelqh iru dq hvwlpdwhg uhodwlrqvkls wkdw
lv lqlwldoo| lqfuhdvlqj/ uhdfkhv d pd{lpxp dw � @ =98/ dqg wkhq ghfuhdvhv1

H{shfwhg sd|r�v duh wkxv qrqprqrwrqlf lq �1 Li rqh*v jrdo lv wr pd{lpl}h
wkh h{shfwhg wrwdo sd|r� jhqhudwhg e| d wzr0shulrg sulvrqhuv* glohppd/ wkhq
rqh vkrxog qhlwkhu sdfn doo ri wkh sd|r�v lqwr wkh �uvw shulrg qru lqwr wkh
vhfrqg shulrg1 Lqvwhdg/ grlqj vr zrxog plqlpl}h wkh h{shfwhg sd|r�/ zlwk
yhu| olwwoh ghshqglqj xsrq zklfk shulrg frqwdlqhg wkh uhohydqw sd|r�v dqg
zklfk zdv luuhohydqw1 Sd|r�v duh pd{lpl}hg e| pdnlqj wkh vwdnhv lq shulrg
wzr ehwzhhq rqh0dqg0rqh0kdoi dqg wzr wlphv dv odujh dv wkrvh lq shulrg rqh1

S #�tU�tt�L?

Vxppdu|1 Wkh srlqw ri ghsduwxuh iru rxu uhvhdufk lv wkh h{shulphqwdo hy0
lghqfh wkdw lqglylgxdov kdyh wdvwhv iru frrshudwlrq lq wkh sulvrqhuv* glohppd
wkdw/ dw wlphv/ ryhuulgh hfrqrplf lqfhqwlyhv wr wkh frqwudu|1 Zh ylhz rxu
uhvhdufk dv d �uvw vwhs wrzdug xqghuvwdqglqj krz irupdo ru lqirupdo lqvwl0
wxwlrqv pljkw eh ghvljqhg wr xwlol}h wkhvh sulydwh wdvwhv lq rughu wr idflolwdwh
pruh h�flhqw hfrqrplf dqg vrfldo lqwhudfwlrqv1

Wkh nh|v wr rxu prgho ri ehkdylru lq wkh sulvrqhuv* glohppd duh wkh
k|srwkhvhv wkdw shrsoh suhihu wkdw wkhlu rssrqhqwv frrshudwh/ vrphwlphv
suhihu wr frrshudwh wkhpvhoyhv/ pd| gl�hu lq wkh vwuhqjwk ri wklv suhihuhqfh/
dqg ydoxh frrshudwlrq uhodwlyho| pruh zkhq wkhlu rssrqhqwv duh olnho| wr
frrshudwh1 Wkh �uvw wkuhh k|srwkhvhv dsshdu wr eh hvvhqwldo hohphqwv ri dq|
prgho ri sulvrqhuv* glohppd ehkdylru1 Rxu dqdo|vlv ehfrphv qrqwulyldo zkhq
dgglqj wkh �qdo k|srwkhvlv dqg lghqwli|lqj lpsolfdwlrqv iru krz ehkdylru
vkrxog eh d�hfwhg e| fkdqjlqj wkh uhodwlyh pdjqlwxghv ri sd|r�v dfurvv
wkh shulrgv ri d wzlfh0sod|hg sulvrqhuv* glohppd1 Khuh/ zh rewdlq vrph
suhglfwlrqv wkdw duh qrw lpphgldwho| reylrxv/ lqfoxglqj wkh lqfuhdvh lq �uvw0
shulrg frrshudwlrq dv vhfrqg shulrg sd|r�v ehfrph uhodwlyho| lpsruwdqw dqg
hvshfldoo| wkh lqwhulru pd{lpxp ri h{shfwhg wrwdo sd|r�v dv d ixqfwlrq ri
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wkh uhodwlyh lpsruwdqfh ri vhfrqg0shulrg sd|r�v1 Wkhvh suhglfwlrqv dsshdu
fohduo| lq wkh gdwd/ ohdglqj xv wr eholhyh wkdw rxu prgho fdswxuhv vrph urexvw
ihdwxuhv ri ehkdylru1

H{whqvlrqv1 Wkhuh duh pdq| pruh dyhqxhv wr h{soruh zkhq dvnlqj krz
wr frqvwuxfw vrfldo dqg hfrqrplf lqwhudfwlrqv wr wdnh dgydqwdjh ri qdwxudo
lqfolqdwlrqv wr frrshudwh/ zkhwkhu dulvlqj rxw ri ihholqjv ri dowuxlvp/ idluqhvv
ru wuxvw1 Lq sduwlfxodu/ zh wklqn lw lpsruwdqw wr h{whqg rxu dqdo|vlv eh|rqg
wkh wzr0shulrg sulvrqhuv* glohppd jdph frqvlghuhg khuh12� Iru h{dpsoh/ zh
zrxog eh lqwhuhvwhg lq zkhwkhu vwduwlqj vpdoo kdv pruh ri dq h�hfw lq orqjhu
jdphv1 Wkh ohqjwk ri wkh jdph dv zhoo dv wkh glvwulexwlrq ri vwdnhv frxog
ehfrph d ihdwxuh ri wkh lqvwlwxwlrqdo ghvljq1

Zh duh dovr lqwhuhvwhg lq dsso|lqj vlplodu lghdv wr wkh _wuxvw jdph1%
Sod|hu 4 lq wkh wuxvw jdph lv hqgrzhg zlwk d vxp ri prqh| wkdw vkh fdq
glylgh ehwzhhq khuvhoi dqg sod|hu 51 Dq| prqh| jlyhq wr sod|hu 5 lv wulsohg/
zlwk sod|hu 5 wkhq glylglqj wkh uhvxowlqj vxp ehwzhhq sod|hu 4 dqg klpvhoi1
Wkh vxejdph shuihfw htxloleulxp fdoov iru sod|hu 4 wr grqdwh qrqh ri wkh
prqh| wr sod|hu 5/ zkloh wkh h�flhqw rxwfrph fdoov iru sod|hu 4 wr grqdwh doo
ri wkh prqh| wr sod|hu 51 H{shulphqwdo uhvxowv vkrz wkdw sod|hu 4 w|slfdoo|
grqdwhv vrph +exw qrw doo, ri wkh prqh| wr sod|hu 5/ zkr rq dyhudjh r�huv
d uhwxuq wkdw grhv qrw ixoo| frpshqvdwh sod|hu 4 iru wkh grqdwlrq1

Djdlq/ zh vxvshfw wkdw wuxvw fdq eh qxuwxuhg lq uhshdwhg sod| ri wklv
jdph e| dssursuldwho| fkrrvlqj wkh vl}h ri wkh vwdnhv1 H{dplqlqj wklv dqg
vlplodu jdphv zloo frqwulexwh wr d ehwwhu xqghuvwdqglqj ri wkh lqwhudfwlrq
ehwzhhq lqwhushulrg sd|r� yduldwlrq dqg frrshudwlrq ru wuxvw1 Frpelqhg/
wkhvh vwxglhv zloo khos ghyhors dq xqghuvwdqglqj ri krz vlpsoh lqvwlwxwlrqv
fdq eh ghvljqhg wr irvwhu dqg h{sorlw qdwxudo wdvwhv iru frrshudwlrq1

. �TTi?_� 

Surri ri Sursrvlwlrq 514= Xqltxhqhvv1 Wr hvwdeolvk xqltxhqhvv/ zh
pxvw frqvlghu frqwlqxdwlrq sod| zkhq rqh djhqw kdv frrshudwhg dqg rqh
kdv ghihfwhg lq shulrg rqh1 Dvvxpswlrq 4 hqvxuhv wkdw wkhuh h{lvw �� dqg
���/ zlwk

3 � �� � �� � ��� � 4>

zlwk wkh sod|hu � zkr frrshudwhg lq shulrg rqh +lq wkh suredelolw|0rqh hyhqw
wkdw � 5 ^�> ��`, frrshudwlqj lq wkh vhfrqg shulrg li dqg rqo| li � ? ��> dqg

2�A��t T@Tih uLU�tit L? |�L�Tih�L_ }@4it MiU@�ti UL4T@h@|��i t|@|�U hit�*|t @hi 4�U�
4Lhi _��U�*| |L i |h@U| uhL4 *L?}ih }@4it�
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wkh �uvw0shulrg ghihfwru � +lq wkh suredelolw|0rqh hyhqw wkdw � 5 ^��> �`,
frrshudwlqj lq shulrg wzr li dqg rqo| li � ? ���1 Wklv lv vlpso| wkh vwdwhphqw
wkdw/ frqglwlrqdo rq �uvw0shulrg ehkdylru/ sod|huv zlwk uhodwlyho| orz ydoxhv
ri � zloo frrshudwh dqg wkrvh zlwk kljk ydoxhv ri � zloo ghihfw +frxsohg zlwk
wkh revhuydwlrq wkdw djhqwv zlwk grplqdqw vhfrqg0shulrg vwudwhjlhv zloo sod|
wkhp,1

Qrz frqvlghu wkh srvvlelolwlhv iru wkh ydoxh ri ��1 Wkh shqxowlpdwh sdud0
judsk ri wkh surri ri Sursrvlwlrq 514 lq wkh wh{w vkrzhg/ zlwk wkh khos ri
frqglwlrq +43,/ wkdw �� @ 3 lpsolhv wkdw ��� @ ��1 Wklv frpelqdwlrq ri ��

dqg ��� uhsurgxfhv wkh htxloleulxp ri Sursrvlwlrq 51 Lw wkxv vx�fhv wr vkrz
wkdw �� @ 3 lv wkh rqo| srvvlelolw| iru ��1

Vxssrvh wkdw �� @ ��1 Wkhq wkh vhfrqg0shulrg suredelolw| ri frrshud0
wlrq rq wkh sduw ri wkh �uvw0shulrg ghihfwru/ jlyhq rq wkh ohiw lq wkh iroorzlqj
lqhtxdolw|/ pxvw vdwlvi|

I +���,� I +��,

4� I +��,
A ��>

lq rughu wr hqvxuh wkh rswlpdolw| ri frrshudwlrq iru doo � 5 ^�> ��`1 Lw
lv d vx�flhqw frqglwlrq iru wklv lqhtxdolw| wr idlo iru doo srvvleoh ydoxhv ri
��� 5 ^��> 4` wkdw

I +4,� �W

4� �W
? �W>

ru I +4, ? 5�W � +�W,2/ dv vwlsxodwhg lq +44,1 Khqfh/ +44, hqvxuhv wkdw zh
fdqqrw kdyh �� @ ��1

Frxog zh kdyh �� 5 +3> ��,B Vxfk dq htxloleulxp uhtxluhv

I +��,@I +��, @ ��� +4<,

lq rughu wr vxvwdlq frrshudwlrq rq ^��> �
��`/ dqg uhtxluhv +xvlqj +4<, iru wkh

�uvw htxdolw|,

I +���,� I +��,

4� I +��,
@

I + 8 E�
��

8 E���
,� I +��,

4� I +��,
@ ��> +53,

lq rughu wr vxvwdlq frrshudwlrq rq ^�> ��`1 Zh kdyh hvwdeolvkhg wkdw +53,
fdqqrw krog iru � @ 3 ru � @ ��=

I + 8 Ef�
8 E���

,� I +��,

4� I +��,
? 3

I +8 E���
8 E���

,� I +��,

4� I +��,
? �� +54,
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Li I lv olqhdu/ wkhq wkh plggoh whup lq +53, lv olqhdu lq ��1 Wkh lqhtxdolwlhv
lq +54, wkhq suhfoxgh wkh vdwlvidfwlrq ri +53, iru dq| �� 5 +3> ��,1 Frqglwlrq
+53, zloo wkxv idlo/ dqg khqfh wkh htxloleulxp fkdudfwhul}hg lq Sursrvlwlrq 5
zloo eh xqltxh/ dv orqj dv I lv qrw wrr qrqolqhdu/ l1h1/ dv orqj dv mI ��m lv qrw
wrr odujh1

Wklv xqltxhqhvv frqwlqxhv wr krog iru vpdoo �� dqg �(1 Lq sduwlfxodu/
wkh khduw ri wkh dujxphqw jlyhq lv wkdw }hur lv wkh rqo| srvvleoh ydoxh iru ��

ehfdxvh wkh srvwhulru eholhiv iroorzlqj dq revhuydwlrq ri frrshudwlrq dqg dq
revhuydwlrq ri ghihfwlrq duh wrr idu dsduw1 Dv orqj dv �� dqg �( duh vpdoo
dqg khqfh srvwhulru h{shfwdwlrqv vx�flhqwo| forvh wr wkrvh ri +47,/ wkh| zloo
uhpdlq wrr idu dsduw wr dgplw dq| htxloleulxp rwkhu wkdq wkh frxqwhusduw
ri wkh qrlvhohvv htxloleulxp1 mm

+iuihi?Uit

^4` Mdphv Dqguhrql/ Pdufr Fdvwloor/ dqg Udjdq Shwulh1 Zkdw gr edu0
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Dphulfdq Hfrqrplf Uhylhz/ 53361 Iruwkfrplqj1

^5` Mdphv Dqguhrql dqg Mrkq K1 Ploohu1 Udwlrqdo frrshudwlrq lq wkh �qlwho|
uhshdwhg sulvrqhuv* glohppd= H{shulphqwdo hylghqfh1 Hfrqrplf Mrxu0
qdo/ 436=8:3~8;8/ 4<<61

^6` Mdphv Dqguhrql dqg Mrkq K1 Ploohu1 Jlylqj dffruglqj wr JDUS= Dq
h{shulphqwdo whvw ri wkh frqvlvwhqf| ri suhihuhqfhv iru dowuxlvp1 Hfrqr0
phwulfd/ :3=:6:~:86/ 53351

^7` Nhqqhwk Duurz1 Jliwv dqg h{fkdqjhv1 Sklorvrsk| dqg Sxeolf D�dluv/
4=676~695/ 4<:51
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45<;/ 4<<;1
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Xqlyhuvlw| ri Pdqqkhlp/ 53341
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^;` Oruqh Fduplfkdho dqg Ehqwoh| PdfOhrg1 Jliw jlylqj dqg wkh hyroxwlrq
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Orqgrq Vfkrro ri Hfrqrplfv/ 4<<91

^43` Grxjodv Z1 Gldprqg1 Uhsxwdwlrq dftxlvlwlrq lq ghew pdunhwv1 Mrxuqdo
ri Srolwlfdo Hfrqrp|/ <:=;5;~;95/ 4<;<1

^44` Duplq Idon/ Huqvw Ihku/ dqg Xuv Ilvfkedfkhu1 Rq wkh qdwxuh ri idlu
ehkdylru1 Hfrqrplf Lqtxlu|/ 53351 Iruwkfrplqj1
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