
Math 104–Spring 2005–Anderson

Lecture Notes on Metrics on Rk

Lemma 13.11
4 (Cauchy-Schwarz Inequality):
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Definition 13.11
2 (Metrics on Rk) We define the following

three metrics on Rk:
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1. d1(x, y) =
∑k

j=1 |xj − yj|

2. d2(x, y) = |x − y| =
(∑k

j=1(xj − yj)
2
)1/2

3. d∞(x, y) = max {|xj − yj| : j = 1, . . . , k}.
Theorem 13.13

4: d1, d2 and d∞ are all metrics on Rk.
Proof: The proofs for d1 and d∞ are contained in Problem

13.1, so we consider only d2. The proofs of the first two proper-

ties of a metric are obvious, so we only need to prove the triangle
inequality.

(d2(x, z))2 = |x − z|2
= (x − z) · (x − z)

= ((x − y) + (y − x)) · ((x − y) + (y − z))

= (x − y) · (x − y) + 2(x − y) · (y − z) + (y − z) · (y − z)

= |x − y|2 + 2(x − y) · (y − z) + |y − z|2
≤ |x − y|2 + 2|x − y||y − z| + |y − z|2
= (|x − y| + |y − z|)2

= (d2(x, y) + d2(y, z))2

d2(x, z) ≤ d2(x, y) + d2(y, z)
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