
Supplemental Appendix for �GMM �equivalence�for
semiparametric missing data models,�by Bryan S. Graham.
This supplemental Appendix provides details of some of the more tedious calculations used to prove Theorems

5.1 and 6.1 of the paper �GMM �equivalence�for semiparametric missing data models,�by Bryan S. Graham. It also
details the calculation of the variance bound for the ATE when the two potential outcomes have partially linear CEFs
and homoscedastic variances.

B Bound for ATE under Assumption 1.5

To calculate the variance bound for the average treatment e¤ect (under homoscedasticity) let e (X2) = Pr (D = 1jX2)
be the marginal propensity score and de�ne
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: The expressions

for E [A0 (X2)], E [B0 (X2)] and E [C0 (X2)] are analogous; plugging into If (�)�1 gives the result.
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C Details of calculations used in proof of Theorem 5.1

In order to calculate the bound the inverse of

 
M 0
2�0

V �122 M2�0 M 0
2�0

V �122 M2�0

M 0
2�0

V �122 M2�0 M 0
2�0

V �122 M2�0

!
is required. This inverse evaluates

to 0BBBBBB@

��
M 0
2�0

V �122 M2�0

�
�
�
M 0
2�0

V �122 M2�0

��
M 0
2�0

V �122 M2�0

��1 �
M 0
2�0

V �122 M2�0

���1
�
��
M 0
2�0

V �122 M2�0

�
�
�
M 0
2�0

V �122 M2�0

��
M 0
2�0

V �122 M2�0

��1 �
M 0
2�0

V �122 M2�0

���1
�
�
M 0
2�0

V �122 M2�0

��
M 0
2�0

V �122 M2�0

��1
�
�
M 0
2�0

V �122 M2�0

��1 �
M 0
2�0

V �122 M2�0

�
�
��
M 0
2�0

V �122 M2�0

�
�
�
M 0
2�0

V �122 M2�0

��
M 0
2�0

V �122 M2�0

��1 �
M 0
2�0

V �122 M2�0

���1
��
M 0
2�0

V �122 M2�0

�
�
�
M 0
2�0

V �122 M2�0

��
M 0
2�0

V �122 M2�0

��1 �
M 0
2�0

V �122 M2�0

���1

1CCCCCCA

=

0BBBBBB@

�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0

V �122 M2�0

��1
M 0
2�0

V �122

�
M2�0

��1
�
�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0

V �122 M2�0

��1
M 0
2�0

V �122

�
M2�0

��1
�
�
M 0
2�0

V �122 M2�0

��
M 0
2�0

V �122 M2�0

��1
�
�
M 0
2�0

V �122 M2�0

��1 �
M 0
2�0

V �122 M2�0

�
�
�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0

V �122 M2�0

��1
M 0
2�0

V �122

�
M2�0

��1
�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0

V �122 M2�0

��1
M 0
2�0

V �122

�
M2�0

��1
:

1CCCCCCA :

We then evaluate

�
(�L 
 IK)

0M2�0 (�L 
 IK)
0M2�0

� M 0
2�0

V �122 M2�0 M 0
2�0

V �122 M2�0

M 0
2�0

V �122 M2�0 M 0
2�0

V �122 M2�0

!�1 �
M 0
2�0

(�L 
 IK)

M 0
2�0

(�L 
 IK)

�

2



as 0BBBBBB@
(�L 
 IK)

0M2�0

�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0

V �122 M2�0

��1
M 0
2�0

V �122

�
M2�0

��1
� (�L 
 IK)

0M2�0

�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0

V �122 M2�0

��1
M 0
2�0

V �122

�
M2�0

��1
�
�
M 0
2�0

V �122 M2�0

��
M 0
2�0

V �122 M2�0

��1
� (�L 
 IK)

0M2�0

�
M 0
2�0

V �122 M2�0

��1 �
M 0
2�0

V �122 M2�0

�
�
�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0

V �122 M2�0

��1
M 0
2�0

V �122

�
M2�0

��1
(�L 
 IK)

0M2�0

�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0

V �122 M2�0

��1
M 0
2�0

V �122

�
M2�0

��1

1CCCCCCA
�
�
M 0
2�0

(�L 
 IK)

M 0
2�0

(�L 
 IK)

�
= (�L 
 IK)

0M2�0

�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0V

�1
22 M2�0

��1
M 0
2�0V

�1
22

�
M2�0

��1
M 0
2�0 (�L 
 IK)

� (�L 
 IK)
0M2�0

�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0V

�1
22 M2�0

��1
M 0
2�0V

�1
22

�
M2�0

��1
�
�
M 0
2�0V

�1
22 M2�0

��
M 0
2�0V

�1
22 M2�0

��1
M 0
2�0 (�L 
 IK)

� (�L 
 IK)
0M2�0

�
M 0
2�0V

�1
22 M2�0

��1 �
M 0
2�0V

�1
22 M2�0

�
�
�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0V

�1
22 M2�0

��1
M 0
2�0V

�1
22

�
M2�0

��1
M 0
2�0 (�L 
 IK)

+ (�L 
 IK)
0M2�0

�
M 0
2�0

�
V �122 � V �122 M2�0

�
M 0
2�0V

�1
22 M2�0

��1
M 0
2�0V

�1
22

�
M2�0

��1
M 0
2�0 (�L 
 IK) :

This, and similar calculations, give the penultimate expression for If (�) given in the proof.
The task is now to use the expression for M and V given in the proof to evaluate If (�): We begin by evaluating
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The expressions for A1 (X2), B1 (X2) and C1 (X2) can be derived analogously.
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The variance bound for � is given by the lower right-hand block of this matrix. Using the V and M components given
in the main paper we have
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=

1

Q2

XL

l=1
� l

�l
1� �l

q0;lq
0
0;l

=
1

Q2
E
�

p (X)

1� p (X)
q0 (X) q0 (X)

0
�
:

Similarly we have

V 012M
�10
1� = � 1

Q

�
�1 (1� �1) q1;1 + �1�1q0;1 � � � �L (1� �L) q1;L + �L�Lq0;L

�
�

0BB@
�1
�1

0

. . .
0 �L

�L

1CCA
�1

= � 1
Q

�
�1 (1� �1) q1;1 + �21q0;1 � � � �L (1� �L) q1;L + �2Lq0;L

�
;

and hence

V 012M
�10
1� M 0

2� =
1

Q2
�
�1 (1� �1) q1;1 + �21q0;1 � � � �L (1� �L) q1;L + �2Lq0;L

�
�

0B@ �1
q0;10
1��1

�L
q00;L
1��L

1CA
=

1

Q2

XL

l=1
� l

"
�lq1;lq

0
0;l +

�2l
1� �l

q0;lq
0
0;l

#

=
1

Q2
E

"
p (X) q1 (X) q0 (X)

0 +
p (X)2

1� p (X)
q0 (X) q0 (X)

0
#
:
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Putting these calculations together gives

= M2�M
�1
1� V11M

�10
1� M 0

2� � V 012M
�10
1� M 0

2� �M2�M
�1
1� V12 + V22

=
1

Q2

XL

l=1
� l

�l
1� �l

q0;lq
0
0;l �

1

Q20

XL

l=1
� l

"
�lq1;lq

0
0;l +

�2l
1� �l

q0;lq
0
0;l

#

� 1

Q2

XL

l=1
� l

"
�lq0;lq

0
1;l +

�2l
1� �l

q0;lq
0
0;l

#

+
XL

l=1
� l
�2l
Q0

�
�1;l
�l

+
1� �l
�l

q1;lq
0
1;l + q1;lq

0
1;l +

�0;l
1� �l

+
�l

1� �l
q0;lq

0
0;l + q0;lq

0
0;l

�
=

XL

l=1
� l
�2l
Q20

(
q0;lq

0
0;l

�l (1� �l)
�
q1;lq

0
0;l

�l
�
q0;lq

0
0;l

1� �l
�
q0;lq

0
1;l

�l
�
q0;lq

0
0;l

1� �l

+
�1;l
�l

+
1� �l
�l

q1;lq
0
1;l + q1;lq

0
1;l +

�0;l
1� �l

+
�l

1� �l
q0;lq

0
0;l + q0;lq

0
0;l

�
=

XL

l=1
� l
�2l
Q20

(
q0;lq

0
0;l

�l (1� �l)
�
q1;lq

0
0;l

�l
�
q0;lq

0
1;l

�l
�
q0;lq

0
0;l

1� �l
+
q1;lq

0
1;l

�l

+
�1;l
�l

+
�0;l
1� �l

�
=

XL

l=1
� l
�2l
Q20

(
q0;lq

0
0;l

�l
�
q1;lq

0
0;l

�l
�
q0;lq

0
1;l

�l
+
q1;lq

0
1;l

�l

+
�1;l
�l

+
�0;l
1� �l

�
=

XL

l=1
� l
�2l
Q20

�
�1;l
�l

+
�0;l
1� �l

+
1

�l

�
q1;l � q0;l

� �
q1;l � q0;l

�0�

= E

"
p (X)2

Q2

�
�1 (X)

p (X)
+

�0 (X)

1� p0 (X)
+

1

p (X)
(q1 (X)� q0 (X)) (q1 (X)� q0 (X))

0
�#

= E [� (X)] ;

for � (x) as de�ned by (10) of the paper.

10



For the case where p (X) is known we need to evaluate

V 012V
�1
11 V12 =

1

Q2
�
�1 (1� �1) q1;1 + �1�1q0;1 � � � �L (1� �L) q1;L + �L�Lq0;L

�

�

0BB@
�1

1��1
�1

0

. . .

0 �L
1��L
�L

1CCA
�1

�

0BB@
�1 (1� �1) q

0
1;1 + �1�1q

0
0;1

...
�L (1� �L) q

0
1;L + �L�Lq

0
0;L

1CCA

=
1

Q2

�
�1q1;1 +

�21
1��1 q0;1 � � � �Lq1;L +

�2L
1��L q0;L

�
�

0BB@
�1 (1� �1) q

0
1;1 + �1�1q

0
0;1

...
�L (1� �L) q

0
1;L + �L�Lq

0
0;L

1CCA
=

1

Q2

LX
l=1

� l�l (1� �l) q1;lq
0
1;l + � l�

2
l q1;lq

0
0;l + � l�

2
l q0;lq

0
1;l + � l

�3L
1� �L

q0;lq
0
0;l

=

LX
l=1

� l
�2l
Q2

�
1� �l
�l

q1;lq
0
1;l + q1;lq

0
0;l + q0;lq

0
1;l +

�L
1� �L

q0;lq
0
0;l

�

= E

"
p (X)2

Q2

�
1� p (X)

p (X)
q1 (X) q1 (X)

0 + q1 (X) q0 (X)
0
�

+q0 (X) q1 (X)
0 +

p (X)

1� p (X)
q0 (X) q0 (X)

0
��

;

which then gives
V22 � V 012V

�1
11 V12 = E [� (X)] ;

with � (x) as de�ned by (8) of the paper.
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