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Abstract

We study elections with multiple issues, where voters have independent private values over
bundles of issues. The innovation is considering nonseparable preferences, where issues may be
complements or substitutes. Equilibrium exists when distributions over values have full support
or when issues are complements. Suppose that, conditional on a voter being pivotal for a fixed
issue, the outcomes of the residual issues are asymptotically certain. Then equilibrium strategies
reduce to issue-by-issue voting in large elections. We characterize when large elections exhibit
this reduction. With two issues, issue-by-issue voting is characterized with an inequality on the
distribution over type realizations. Finally, there exists a nonempty open set of distributions
where all equilibria induce aggregate uncertainty even in the limit. Thus, contrary to the single-

issue case, predictability of large elections is not a generic feature of independent private values.

1 Introduction

Propositions 1A and 1B of the 2006 California General Election both aimed to increase funding for
transportation improvements.! Consider a voter who prefers some increased funding and supports
either proposition by itself, but given the state’s fiscal situation, prefers to see both measures fail
together than to see both pass together. This voter views the propositions as substitutes. However,
the ballot does not ask for her preferences over bundles of transportation measures, but only elicits
a separate up-down vote on each proposition. If she votes up on Proposition 1A while Proposition
1B passes, she contributes to the undesired passage of both measures. On the other hand, if
Proposition 1B were to fail, she would like to see Proposition 1A pass to fund some transportation
improvements.

How should she vote? Some subtle considerations complicate the answer to this question.

What is the likelihood she is pivotal on either proposition or both? If she is pivotal on some
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proposition, what is the conditional likelihood that the other will pass or fail? The natural model
for these questions is a game of incomplete information. The model begs other questions. Does
equilibrium exist? What does it look like? Does it exhibit special properties in large elections?
Is it efficient? Do other mechanisms generate better equilibrium outcomes? For elections with
nonseparable issues, these basic questions are still undecided. To our knowledge, this paper is the
first to follow the strategic implications of complementarity or substitution across issues to their

equilibrium conclusions, and makes some initial progress in addressing these concerns.

The following example illustrates the strategic subtlety of elections with multiple issues. There
are two issues, say Propositions 1 and 2. Each voter’s private values for the four possible bundles
0,{1},{2},{1,2} can be represented as a four-dimensional type 8 = (6, 61, 02,612), where 04 de-
notes the value for bundle A. Voters’ types are independent and identically distributed with the

following discrete distribution:

(0,0,0,1) with probability 1 — 2¢
0 =4 (1,0,0,0) with probability e
(0,1,0,0) with probability e

where §,& > 0 are arbitrarily small. With high probability 1 — 2, a voter wants both issues to pass,
but slightly prefers both issues failing than either issue passing alone. With small probability €, a
voter is type (1,0,0,0) and wants both issues to fail or is type (0, 1,0,0) and wants issue 1 to pass
alone. But in either case, she is indifferent between her less preferred alternatives. It is dominant
for type (1,0,0,0) to vote down on both issues and for type (0,1,0,0) to support issue 1 and vote
against issue 2. The question is how type (4, 0,0, 1) should vote.

A natural conjecture is that type (d, 0,0, 1) should vote up on both issues. Then the conjectured

equilibrium strategy s* is

$°(6,0,0,1) = {1,2}
$°(1,0,0,0) = 0
$*(0,1,0,0) = {1},

where s*(-) refers to the issues which that type supports. When voters play this strategy, then
both issues will have majority support in large elections, which is ex ante efficient. One might then
argue that the suggested strategy is incentive compatible, since (4, 0,0, 1) should vote up for either
issue when she is confident that the other will pass.

However, the proposed strategy is not an equilibrium in large elections. This is because the
conditional probability that the residual issue passes is starkly different from the unconditional
probability. To see this, consider a voter deciding whether to support issue 1. She correctly reasons
that her support only matters when she is pivotal for issue 1. When the other votes on issue 1 are

split, she is in an unlikely state of the world where half of the other voters were of type (1,0,0,0),



since this is the only type who votes against issue 1. Moreover, in large elections, there will be
some voters of type (0,1,0,0). Then voters of type (9, 0,0, 1) comprise a strict minority of the other
voters. Since these are the only types who support issue 2, one should conclude that issue 2 will
surely fail when she is pivotal for issue 1 in large elections. Therefore, if the pivotal voter is of type
(6,0,0,1), she should vote down on issue 1 because she prefers the bundle ) yielding utility § to
the bundle {1} yielding utility 0. In fact, the only equilibrium in weakly undominated strategies is
for type (4,0,0,1) to vote down on both issues, inducing the ex ante inefficient social outcome of

the empty bundle in large elections.

The basic complication for elections with nonseparable issues is the wedge between the uncondi-
tional probability that an issue will pass and the conditional probability when a voter is pivotal on
another issue. This resonates with existing analyses of strategic voting on a single issue with inter-
dependent values; see for example, Austen-Smith and Banks (1996) or Feddersen and Pesendorfer
(1997). In these models, being pivotal provides additional information regarding other voters’ sig-
nals about an unknown state of the world. The intuition there is analogous to the importance of
strategic conditioning in common value auctions for a single item, where it leads to the winner’s
curse and strategic underbidding. In both single-issue elections and single-object auctions with
common values, strategic conditioning complicates information aggregation and efficiency. This is
because the expected value of the object or the proposal is different when the player conditions on
being the winner of the auction or the pivotal voter of the election.

The intuition here is different. We assume purely private values. Here, the wedge is related to
the exposure problem in combinatorial auctions for multiple items, which exists even with private
values. Suppose two items are sold in separate auctions. Consider a bidder with complementary
valuations who desires only the bundle of both items. She must bid in both auctions to have any
chance of obtaining this package. But, she should recognize that doing so exposes her to the risk
of losing the second auction while winning the first, forcing her to pay for an undesired single
item bundle. Moreover, she should condition the risk of losing the second auction on the event
that she wins the first auction. So, the unconditional probability of winning the second auction
is not appropriate in computing her exposure, but rather the conditional probability of winning
the second auction assuming that she wins the first auction. Likewise, a voter in an election who
desires a bundle of two issues to pass, but does not want either issue to pass alone, faces an exposure
problem. In deciding her vote for issue 1, she should consider the probability that issue 2 will pass
or fail, but also condition this probability on the assumption that she is pivotal on issue 1.

This exposure disappears when values are separable across issues, in which case each issue can
be treated like a separate election. Consequently, the following intuitions for voting on a single issue
are delicate. First, voting sincerely for the preferred outcome (pass or fail) is a weakly dominant
strategy for every voter. In contrast, with nonseparable preferences, voting sincerely is never an
equilibrium. Second, for a generic class of distributions over values, those distributions where
the probability of preferring an issue’s passage is not exactly one half, the outcome of each issue is

asymptotically predictable with large electorates. In our model, even maintaining the assumption of



independent private values, there nevertheless exists a nontrivial set of type distributions where the
outcomes of large elections are unpredictable. This aggregate endogenous uncertainty is despite the
fact that values are purely private and independent, i.e. there is no aggregate primitive uncertainty
in large elections. So, this unpredictability is orthogonal to considerations about interdependent

values or a failure of information aggregation.

The paper proceeds as follows. Section 2 introduces the Bayesian game of voting over multiple
issues. Section 3 shows the existence of equilibrium using two arguments. One is topological
and converts the infinite-dimensional fixed point problem over strategies to a finite-dimensional
problem over probabilities regarding which issues a voter is pivotal for and which issues will pass
irrespective of her vote. This conversion yields later dividends in characterizing equilibria as the
size of the electorate grows large. It also implies that sincere voting is not an equilibrium for every
density over voters’ types. The second argument assumes complementarity between issues and
shows the existence of a monotone equilibrium, where types who have a stronger preference for
passing more issues also vote for more issues in equilibrium. This proof relies on recent general
monotone existence results due to Reny (2008).

Section 4 moves to characterizing the asymptotic behavior of equilibria for large electorates. In
particular, we are interested in studying when the probability of an issue y passing, conditional
on a voter being pivotal on issue x, goes to zero or one. When all issues other than = are either
conditionally certain to pass or fail in large elections when the vote on x is split, we say that the
equilibrium exhibits conditional certainty. Conditional certainty simplifies the computation of best
response. In particular, there exists some set D, of issues which are certain to pass when a voter
is pivotal on z. To decide her ballot, the voter only needs to compare whether passing x is better
given the resolution D, of the other issues. In particular, if the bundle {z} U D, is preferred to the
bundle D,, then she should support issue x. To characterize conditional certainty, we highlight an
intuitive inequality on the limit strategy: the conditional probability that another voter supports
issue y € D,, when the vote on =z is split, is greater than a half. The strict version of the inequality
is sufficient for conditional certainty, while the weak version is necessary. While the intuition for
the importance of the expression is clear, the limit results do not follow directly from laws of large
numbers. This is because when a voter is pivotal for the issue x, others’ votes on issue x are no
longer independent. This then introduces statistical dependence across their votes on every issue.

These conditions are phrased on equilibrium strategies. Section 5 turns to the simpler case
with two issues. In this environment, we relate these strategic conditions to conditions on the
primitives. In particular, we identify an inequality on the distribution over type realizations which
is sufficient (in its strict form) and necessary (in its weak form) for conditional certainty. Using
these results, we construct a nonempty open set of densities where the conditional probability of
either issue passing when the other issue is split is uniformly bounded away from zero and one in
large elections. Moreover, we show that this implies there is also aggregate uncertainty regarding
the outcome of the election, even for very large elections. This establishes that predictability of

outcomes in is not a generic feature of large elections with multiple issues.



2 Model

There is a finite and odd set of I voters. They vote over a finite set of binary issues X, whose power
set is denoted X. Each voter ¢ submits a ballot A; € X, with x € A; meaning that ¢ votes “up” on
issue x, and y ¢ A; that she votes “down” on y. Issues can be interpreted as policy referenda which
will pass or fail, or as elected offices decided between two political parties where one is labelled
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up.” The social outcome F'(Aq,...,Ar) € X is decided with issue-by-issue majority rule:
F(Ay,...,An)={ee X:#{iel:x e A} >I/2}.

We assume each voter knows her own private values over outcomes, but allow uncertainty about
others’ values. Each voter has a (normalized) type space ©; = R*, with typical element 6;.> Then
0;(A) denotes type 6;’s utility for all the issues in A passing and all those in its complement failing:
so 6;’s utility for the ballot profile (Ay,...,Ar) is 6;(F(A1,...,Ar)). Let © = [], ©; denote the
space of all type profiles, and ©_; = Hj 4 ©;. Voter i’s type realization follows the distribution
i € AB;. We assume types are independent across voters, letting p = 1 ® - - @ py € AO refer to
the product distribution across voters.

A (pure) strategy s; for each voter i is a measurable function s; : ©; — X assigning a ballot
to each of her types. The space of strategies for each voter is S;. The space of strategy profiles is
S =11, and let S_; = H#i S;.

Definition 1. A strategy profile s* is a voting equilibrium if it is a Bayesian-Nash equilibrium

in weakly undominated strategies.

A voter’s values might exhibit certain structural characteristics. For example, she might view
the issues as complements, as substitutes, or as having no interaction. These are captured by the

following definitions.
Definition 2. 6; is supermodular if, for all A, B € X:
0;,(AUB)+0;,(AnB) > 0;(A) + 6;(B).
0; is submodular if, for all A, B € X:
0;,(AUB)+0;,(ANB) <0;(A) + 6;(B).

0; is additively separable if it is both supermodular and submodular.

The model and its subsequent analysis stand nicely aside existing literatures in a diversity of
disciplines and methodologies. Existing theoretical work on aggregating preferences over multiple
issues largely focuses attention to separable preferences. On the normative side, Barbera, Sonnen-

schein, and Zhou (1991) use social choice axioms to characterize generalizations of issue-by-issue

2The results are unaffected by normalizing the type space as any subset of R with full dimension.



majority rule for the domain of separable preference profiles. They also prove that no mechanism is
strategy proof, efficient, and nondictatorial over separable (and, a fortiori, nonseparable) preference
profiles. Given their general impossibility results, understanding the features of specific institutions
seems important. We complement their normative insights with a positive study of the strategic
implications of majority rule.

A separate strand of work considers alternative institutions to improve efficiency in deciding
multiple issues, but under the assumption of separable preferences. Casella (2005) suggests a
storable votes mechanism which decides issues sequentially and voters can abstain and save their
current vote to cast multiple votes for a later issue. Casella and Gelman (forthcoming) propose
giving voters bonus votes to use for an issue of their discretion in an election simultaneously deciding
multiple referenda. Hortala-Vallve (2007) introduces a qualitative voting mechanism where voters
can distribute a fixed stock of votes arbitrarily among the issues. To date, this line of research has
not considered the nonseparable preferences we study here.

Several papers in political science recognize the potential problems introduced by nonseparable
preferences for multiple referenda. Brams, Kilgour, and Zwicker (1998) point out that the final set
of approved outcomes may not match any single submitted ballot, which they call the “paradox of
multiple elections.”® Lacy and Niou (2000) construct an example of preferences for three strategic
voters where the final outcome is not the Condorcet winner. Our proposal enriches this literature
in two directions. First, while this literature largely focuses on sincere voting, we analyze the
implications of strategic voting for this setting.? Second, we introduce uncertainty regarding other’s
preferences. This uncertainty is crucial for a voter with nonseparable preferences, whose optimal

vote for a particular issue depends on her conjecture regarding the resolution of other issues.

3 Existence of equilibrium

We begin by proving existence of voting equilibria.

3.1 General existence of equilibrium

Theorem 1. Suppose p; admits a density function with full support. There exists a voting equilib-

rium s*.

Remark. The full support assumption can be replaced with the following weaker condition: for
every bundle A, there is a positive measure of types whose unique weakly undominated strategy is
to submit the ballot A. Alternatively, assuming a set of naive voters who submit the ballot A in

all circumstances would also guarantee an equilibrium among the sophisticated voters.

The proof lifts the infinite-dimensional problem of finding a fixed point in the space of strategy

profiles to a finite-dimensional space of probabilities. Specifically, when other voters submit the

3The paradox is extended by Ozkal-Sanver and Sanver (2007) and reinterpreted by Saari and Sieberg (2001).
4The exceptions are the mentioned example by Lacy and Niou (2000) and a behavioral single-person model of
sequential survey responses by Lacy (2005).



ballots A_;, the strategically relevant information for voter ¢ is summarized as the set of issues C
for which voter ¢ is pivotal and the set of issues D which will pass irrespective of the ¢’s ballot.
The outcome of submitting the ballot A; is that those issues which she supports and on which she
is pivotal will pass, along with those issue which will pass no matter how she votes: [4; N C|] U D.
The relevant uncertainty can therefore be summarized as a probability over the ordered disjoint
pairs of subsets of X, which we write as D = {(C,D) € X x X : CN D = (}. Each strategy profile
s € S induces a probability m;(s) € AD for each voter i over D, where AD denotes the space of
probabilities on D. Viewed as a function, m; : S — AD can be verified to be continuous, essentially
by its construction.’

In turn, each belief P; € AD over these ordered pairs induces an optimal ballot [o;(FP;)](6;) € X
for a voter with values 6;, which is the ballot A; that maximizes the expected utility > 5 0;(A4; N
CUD)-P;(C,D). Observe that this expression for interim expected utility is a linear function with
coefficients P;(C, D) on 6;. Then the set of types for whom A; is an optimal ballot are those where
Ypbi(AinCUD)-P(C,D) > 50;(A,NnCUD)- P(C,D), which defines a finite intersection
of half-spaces. Small changes in P; induce small geometric changes in these half-spaces. The
density assumption implies that these small geometric changes also have small measure, proving
that o; : AD — S; is continuous.

Let m(s) = (m1(s),...,7m7(s)) : S — [AD]! and o(Py,...,P;) = (o1(P1),...,01(Pr)) : [AD])! —
S. Then the composition 7 o o : [AD]! — S — [AD]! defines a continuous function between
finite-dimensional spaces. However, before applying a fixed point theorem, we still need to prove
that we can restrict attention to undominated strategies.

Consider a strategy profile s in weakly undominated strategies. The induced probability 7;(s)
that voter ¢ will be pivotal for the issues in C' while the issues in D pass is at least as large as
the probability that half the other voter submit C' U D while the other half submits D. By the
full support assumption, there is a strictly positive probability any voter submits C' or C' U D
in any weakly undominated strategy. The independence assumption allows us to multiply these
probabilities across voters, to conclude that [m;(s)](C, D) is strictly positive. Then the probabilities
induced by strictly undominated strategy profiles SU lives in a compact subsimplex AV in the
interior of the entire AD: m;(SY) C AV. However, since all the strategically relevant events
have positive probability in AV, the induced best replies must also be weakly undominated AY.
Therefore, the restriction Too : [AV)f — SU — [AU]! defines a continuous function from a compact
subset of a finite-dimensional space to itself. By Brower’s Theorem, there exists a fixed point P*
with strictly positive probabilities on all pairs. Then o(P*) is a Bayesian-Nash equilibrium in

weakly undominated strategies.

The key step in the proof, converting the existence problem from the infinite-dimensional space
of strategies to a finite-dimensional space of probabilities, is adapted from Oliveros (2007). The
broad approach of reducing the dimensionality of the problem to a finite simplex is reminiscent
of Radner and Rosenthal (1982) and Milgrom and Weber (1985), who show existence of purified

®The topology on S; is defined by the distance d(s:, s;) = i ({6: : 5:(0:) # 55(6:)}).



equilibria in games of incomplete information with finite actions. However, these results are not
immediately applicable, as we require equilibrium in weakly undominated strategies. Beside the
technical benefit, there is a methodological insight in conceptualizing equilibrium as a fixed point of
probabilities over pivot and passing events. Later, this approach will enable sharper characterization
of voting behavior in large elections.

A similar proof can be used to demonstrate existence without a common prior, as long as i’s
belief for the others’ values is constant across her own types 6;. Another variant can be used to

show that if u; is identically distributed across voters, there exists a symmetric equilibrium.

Corollary 2. Suppose p admits a density function with full support and p; = p; for all i,j € I.

There exists a symmetric voting equilibrium where s; = s; for all i,j € I.

Some parts of the sequel will focus attention to symmetric settings to obtain limit characterizations.

As mentioned in the introduction, when p; has full support, sincere voting is never an equi-
librium. The result has a simple intuition. Optimal voting is determined cardinally by utility

differences across bundles, while sincere voting is determined ordinally by the best bundle.

Proposition 3. If each p; admits a density with full support, then sincere voting, where
si(0;) = arg max 0:(A).
s not a voting equilibrium.

3.2 Existence of monotone equilibrium

With complementary issues, equilibrium can be qualified to be monotone in the increasing differ-
ences order: those types who have a stronger preference for more issues passing will support more
issues in equilibrium. Monotonicity of the equilibrium ballot across types is useful for empirical
identification. Monotonicity justifies the following inference: those who are observed to vote for
more issues have a preference for larger bundles. For example, suppose X is a number of political
offices and voting “up” corresponds to voting for the Republican candidate while voting “down”
corresponds to voting for the Democratic candidate. If all voters prefer to have politicians of the
same party in government, then we can infer than those who vote for more Republicans are more
right-leaning than those who vote for fewer Republicans. However, if some voters are concerned
with balancing party representation, i.e. if issues are substitutes, then this inference is no longer
justified, as it confounds ideological centrism with a desire for party balance.

Consider the partial order > on types defined as follows: 0 > 6; if the inequality 6;(A) —6/(B) >
0;(A)—6;(B) holds for all A D B. This order captures the notion that a larger type 6’ has a uniformly
stronger preference for more issues to pass, as the difference in her utility between a larger bundle
A and a smaller bundle B always dominates that difference for a smaller type 6. Going back to the

ideology example, if “up” is coded as a Republican candidate for that office, the difference in utility



between a more Republican (A) and a less Republican (B) legislature is greater for a right-leaning
type 0’ then it is for a left-leaning type 6. The following theorem demonstrates that assuming issues
are complementary, i.e. that a more unified legislature is more desirable, suffices for the desired

inference that more right-leaning types will vote for more Republican candidates.

Theorem 4. Suppose i admits a density whose support is the set of all supermodular type profiles.

Define the increasing differences order > on ©; by 0} > 0; if
0i(A) — 0;(B) = 0;(A) — 6:(B), VA2 B.

Then there exists a monotone voting equilibrium s*, i.e. for all i € I, s¥(0)) D s¥(6;) whenever
0, > 0;.

Note that the election is not a supermodular game. Assuming sufficiently large strategies by the
other voters guarantees that no voter is ever pivotal on any issue. Precluding a voter from being
pivotal eliminates the difference in interim utility between any of her two strategies. Moreover, the
restriction to weakly undominated strategies is important, since the trivial equilibrium where all
voters play the same constant strategy is monotone. The proof relies on recent monotone existence
results by Reny (2008), which improve earlier theorems by Athey (2001) and McAdams (2003) by
allowing for general orders on types, such as the increasing differences order, and for restrictions

on strategies, such as the exclusion of weakly dominated strategies.

4 Asymptotic behavior in large elections

This section examines asymptotic voting behavior as the number of voters tends large. To this end,
we assume that voters are identically distributed, p; = p; for all voters 4, j, and focus attention
to symmetric equilibria where s; = s;‘-. For notational ease, we henceforth drop the subscript
as a reference to a particular player’s strategy and let s} denote the equilibrium strategy for an
anonymous player in the game with I voters.

As the number of voters gets large, the probability of being pivotal for any single issue x
becomes small. But, the probability of being pivotal on two issues simultaneously vanishes at a
much faster rate. So, when a voter conditions on the unlikely event of being pivotal for issue x,
she can ignore the doubly unlikely event of also being pivotal for another issue. Then, the only
relevant uncertainty is how these other issues besides x are resolved by the rest of the electorate,
after appropriately conditioning on being pivotal for issue z.

Suppose that as the electorate grows, conditioning on a voter being pivotal for issue z, it
becomes certain that the issues in D, C X \ {z} will pass while the other issues outside of this
set fail. When deciding how to vote on issue x, a voter’s strategic calculus reduces to whether the
expected conditional outcome D, on the residual issues is better for her with or without the addition
of issue z, i.e. whether {x} U D, is better than D, alone. So, the equilibrium strategy is determined

ordinally issue-by-issue, with the proviso that the status quo D, is appropriately conditioned on



x. This substantially reduces the complexity of deciding a voter’s equilibrium ballot, which is then
determined by only #.X ordinal rankings. Even though she has generally nonseparable preferences,
equilibrium voting behavior in large elections is as simply determined as that of someone with
separable preferences, if this asymptotic certainty holds. The following definition and proposition

formalize this.

Definition 3. Fix a sequence of strategies s; — s and an issue . An issue y # x is conditionally

certain to pass (fail) at x if:

P <#{j #iyesi0)} > (<) % #{j#i:xes(0))} = I;l) —1 (1)

If each issue y # x is conditionally certain to either pass or fail at x, then we say the sequence
exhibits conditional certainty at x. In this case, we let D, denote those issues which are

conditionally certain to pass and write that D, is conditionally certain at x.

As claimed, conditional certainty at x simplifies the decision to support or vote against issue x.
Suppose the issues in D, are conditionally certain to pass when a voter is pivotal on issue z, while
the issues outside of D, are conditionally certain to fail. Then for large elections, the voter should
support issue z if and only if adding = to D, makes her better off: 6;,(D, U{z}) > 6;(D,).

Proposition 5. Consider a sequence of equilibrium strategies s; — s*. If D, is conditionally
certain at x, then
x € $°(0;) < 0;(D, U{z}) > 6;(Dy).

The proof of Proposition 5 exploits the probabilistic structure used to prove Theorem 1, the
general existence result. There, the strategically information was summarized by an induced prob-
ability P(C, D) over ordered disjoint pairs (C, D) of subsets of issues, interpreting C' as the issues
for which voter is pivotal and D as the issues which will pass irrespective of her ballot. In deciding
whether to support issue z, the relevant probability is the conditional probability P(C, D |z € C).

The incentive condition for whether A U {z} is better than A is summarized as:

> P({a},DlzeC)-0([ANCIUD) > Y  P(C,D|zeC)-0([AU{z}NC]UD).
C,DeD C,DeD

Conditional certainty of D, implies that P({z}, D,|2x € C) — 1. For any fixed population I,
there exist some set of types 6; whose weighted differences in values across bundles beside D, and
D, U{x} more than offset the difference (D, U{z})—0(D,) in deciding whether to support z. But,
these differences across other bundles need to get arbitrarily large since they are being weighted by
a vanishing probability. By the density assumption, types with these large differences across values,
or dimensions, become very unlikely for large elections. So, for nearly all types, the decision as to
whether to submit the ballot A or the ballot AU{z} is mediated by the difference 8(D,U{z})—0(Dy).

Since this defines the incentive condition across a finite number of comparisons, the incentive
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condition for z to be included in the optimal ballot is also determined by 6(D, U {z}) — 6(D,) at
the limit.

A recent strand of theoretical computer science studies the computational complexity of express-
ing the large number of rankings over combinatorial domains and of aggregating those preferences.’
For example, Lang (2004) studies the completeness of different logical languages for expressing pref-
erences and characterizes the class of computational complexity for different aggregation rules, while
Grabos (2005) suggests using recent techniques from artificial intelligence to design constructive
algorithms which find the winning combination for different voting rules. Proposition 5 suggests
that large electorates might mitigate the complexity of strategic voting. In particular, if conditional
certainty holds for every issue z, each voter’s equilibrium ballot is determined by only her preference
over only a few of the possible bundles. This is because most of bundles become extremely unlikely
to be the outcome of the election, irrespective of how she votes. However, this argument assumes
conditional certainty holds at all issues. The rest of the paper examines when this assumption is

valid, and the implications of its failure.

The remainder of this section characterizes when a sequence of symmetric strategies exhibits

conditional certainty, hence admitting issue-by-issue voting in large elections.

Proposition 6. Let s; — s. If

u(y € s(0) [z € s(0)) > (<) uly & s(0) |z & s(0)). (2)
Then y is conditionally certain to pass (fail) at x.

A heuristic intuition for the inequality is straightforward: inequality (2) is equivalent to

Sy € 5(6) [ € 5(0) + Ly € 5(0) |7 ¢ 5(6)) >

When a voter is pivotal on issue x, the conditional probability that someone else supports x or
votes against x is a half, so the left hand side is the conditional probability that someone else
supports issue y. The suggested inequality guarantees that the conditional probability another
voter supports issue y is strictly larger than one half.

However, the result is not a simple application of the law of large numbers, which requires
independence across observations. Conditioning on being pivotal for x breaks the unconditional
statistical independence across the other voters’ ballots. Suppose voter i is pivotal on issue . Then
knowing that voter j supported issue x makes it more likely that another voter j’ voted against
it, since an equal number voted each for and against. From the pivotal voter’s perspective, the
votes on x are like an urn with an equal number of black or white balls, and without replacement.

This indirectly introduces statistical dependence for any issue which is strategically correlated with

SLang (2005) and Chevaleyre, Endriss, Lang, and Maudet (2007) review the state of the art in computational
social choice, including combinatorial domains.
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x. Such dependence precludes a straightforward application of convergence results for independent
sequences.

The proof handles this dependence by making an artificial conditioning assumption. This
additional conditioning restores independence of votes across players, but has no effect on the

conditional distribution of the sum.” In particular, suppose that the highest-indext voter I is

pivotal on issue z. Assume that the lowest-indexed half of the other voters 1, ..., FTl supported
issue z, while the higher-indexed voters %, ...,I —1 voted against it. When I is pivotal on

x, the others’ votes are no longer independent, but are still exchangeable. Moreover, we are
interested only in the total distribution of the sum, and not in the identity of the supporters. This
artificial assumption regarding the identities of the supporters has no effect on the distribution
of the vote count on y. However, with this assumption, knowing player j’s vote on issue z is no
longer informative regarding player k’s vote on z, since k’s vote is now assumed to be known. The
statistical independence between votes on y is now recovered. We can then apply the law of large
numbers separately to each artificial subsample, the sample of those assumed to support issue x or

those assumed to vote against it.

As any issue which is conditionally certain to pass cannot be conditionally certain to fail, the

contrapositive of Proposition 6 provides a necessary condition for conditional certainty.

Corollary 7. Let s; — s. If y is conditionally certain to pass (fail) at x, then

ply € s(0) |z € 5(0)) = (<) ply & s(0) [z ¢ 5(0)).

5 The two issue case

5.1 Characterization of limit equilibria

The previous section characterized conditional certainty through inequalities on strategies. Turning
to the simpler case with only two issues, the first part of this section expresses these inequalities on
the primitive details of the model, namely the distribution of values over bundles. For either issue
x = 1,2, let 2/ # x denote the complementary issue. Restricting attention to two issues affords a

notational simplification, since each issue can be conditionally certain only at its complement.

Definition 4. For the two issue case, we write A C {1,2} is conditionally certain if z is
conditionally certain to pass at 2’ for every x € A and x is conditionally certain to fail at 2’ for

every x ¢ A.

"Recall that de Finetti’s Theorem ensures that the probability distribution of any exchangeable sequence X*
can be expressed as a mixture of probability distributions of conditionally independent sequences XfY where 7 is
an (unobserved) piece of additional information. In our case, this mixture can be expressed in a way where all
conditionally independent distributions share the same induced distribution on the sum )", X@. Insofar as we are
interested only in the sum, we can proceed taking any of the components of the mixture as the true distribution of
the sequence.
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Proposition 8. Consider the following graph:

{1,2}

N,
\/

Let A, A" denote the two nodes connected to A. Suppose

wloa = max{0ar, 0ar}] {M[GA/ > 04 > 040] plbar > 64> 04] }
,U/[QA S min{9A’79A"}] IU,[GA// 2 GA Z QA’]’ ,U,[QA/ 2 0,4 Z HA”]

Then there exists a sequence of equilibria s — s* such that A is conditionally certain.

When the sufficient inequality in Proposition 8 holds, computing an equilibrium for large elec-
tions is simple. By virtue of Proposition 5, the asymptotic equilibrium decision to support issue x
is determined by

x € s () = 0(AU{x}) > 0(A\ {z}).

The sufficiency of the inequality, which ignores the value for the bundle {1, 2}\ A that is unconnected
to A, is suggestive of the scope for inefficiency or miscoordination in elections with nonseparable

preferences.

Example 1. Let the values for bundles 84 be independently drawn from normal distributions g4

with common variance but different means. Suppose the expectations are ordered
E(elg) > E(am) > E(Hl) = E(eg)

Then for large elections, equilibrium approximates one of the following strategies. In the first, each
voter assumes both issues are conditionally certain to pass: z € s*(6) if and only if 612 > 0,/. In
the second, each voter assumes both issues are conditionally certain to fail: z € s*(0) if and only if
0, > 0p. While passing both issues can be arbitrarily more efficient ex ante than having both fail,
i.e. E(A12) —E(6p) can be arbitrarily large, there still exists a miscoordinated equilibrium where the
pivotal voter on x assumes that the other issue has failed. These are both limit equilibria because
the right hand side of the inequality in Proposition 8 is exactly one while the left hand side is
strictly greater than one when A is set to either bundle {1,2} or 0.
On the other hand, suppose

E(@lg) > E(@l) = E(Qz) > E(@@)

This eliminates the second limit, and both issues are conditionally certain to pass in all sequences
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of equilibria.®
The following provides a partial converse to Proposition 8.7

Proposition 9. Consider the graph in Proposition 8. Let A’, A” denote the two nodes connected

to A. If A is conditionally certain, then

M[GAZmaX{HA/,GA/’}] > {,UJ[HA/ ZGAZQA"] IU,[QA//ZGAZHA/]}
A -~ max s .
IUJ[QA S mln{eA’,eA"}] ,U’[GA” 2 GA Z HA’] ,U,[QA/ 2 0,4 Z QA”]

Th contrapositive statement of Proposition 9 provides a sufficient condition for conditional
uncertainty: if the the inequality in Proposition 9 is in the opposite direction for all A, then every
sequence of equilibria must exhibit conditional uncertainty. We will use this fact in then next

subsection to construct a set of densities which preclude conditional certainty.

5.2 Conditional certainty is not generic

In this section, we focus on the following set of densities.

Example 2. Pick some small ¢ > 0.!° Consider the class of densities C which satisfy the following

restrictions:

1_
T6<M(912291290292)<
1—¢
4
1—¢
4
1—¢
T<M(92291229129@)<

< by >0y > 02 > bh2) <

< p(ly > 02 > 612 > 01) <

e Rl Bl S W S

This class is open and nonempty.'!

We will shortly claim that every convergent sequence of equilibria for any distribution in C must
exhibit conditional uncertainty. A key step in establishing that claim is the following generalization
of 5, which is of independent interest. The equilibrium strategy s* is summarized by two parameters
a1, ay € [0,1] for large elections, where a, corresponds to the asymptotic conditional probability
that issue 2z’ passes when a voter is pivotal for issue x. Proposition 5 is the special case where aq

and ay are degenerately 0 or 1.

8In fact, these characterizations hold as long as the distributions of p4 are independent and analogously ranked
in terms of first-order stochastic dominance.

9Tt is not a corollary of the contrapositive of Proposition 8, because the fact A is conditionally certain for one
sequence of equilibria does not preclude another set B from also being conditionally certain for another sequence of
equilibria.

°Tn fact, € can be as large as %.

171t is open in both the sup and weak convergence topologies.
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Proposition 10. There exists o, € [0,1] such that:
x € §7(0) <= azbia + (1 — ag)ly > azby + (1 — ay)by.

The next result is that if g € C, then no limit equilibrium can exhibit conditional certainty on

either issue.

Proposition 11. There exists a nonempty open set of densities, namely C, where every convergent

sequence of equilibria exhibits conditional uncertainty on both issues.

The claim is not just that there exists one sequence of equilibria with this property, but rather that
all convergent sequences of equilibria must maintain conditional uncertainty in the limit. Therefore,
the conditional uncertainty is not a consequence of selection, but endemic to all limit equilibria of
the game.

To obtain some intuition for Proposition 11, notice that every distribution in C induces a
connected Condorcet cycle for large electorates. More precisely, pairwise majority rule across
bundles would rank {1,2} > {1} = 0 > {2} > {1,2}. The connectedness of this cycle is important,
because it implies that for any fixed outcome A, there is a dominating bundle which differs from
A on only one issue. For example, if both issues were conditionally certain to pass, the relevant
comparisons are to the bundle {1,2}. Then most types would vote for issue 2 (since {1,2} > {1})
and against issue 1 (since {2} > {1,2}). This provides some tension against the initial assumption
that both issues are conditionally certain to pass, since nearly everyone is voting against issue 1.
However, this tension needs to be maintained conditionally when a voter is pivotal. The proof fleshes
out this tension conditionally, showing that that it indeed leads to a contradiction. In particular,
the necessary inequality for conditional certainty in Proposition 9 is violated for every bundle A
by the construction of C, because the ratio of the probability u(6; > 612 > 63) to the probability
(02 > 612 > 07) is very large, as the denominator pu(fy > 612 > 61) is bounded above by e.

This demonstrates that there must be conditional uncertainty on at least one issue. The proof
proceeds by arguing that conditional uncertainty on one issue implies conditional uncertainty on
the other. Suppose issue 1 is conditionally uncertain. We invoke Proposition 10 to parametrize
the equilibrium decision to support issue 2 by some probability as € (0,1). In particular, in large
elections a type 6 will support issue 2 if and only if g2 + (1 — a2)f2 > a9 + (1 — a2)fp. This
parameterization implies that certain subsets of types must support or vote down on issue 2 in
large elections, for example any type 6 where 6 > 612 > 61 > 6 must vote down on issue 2. The
proof shows that this partial information precludes issue 2 from being conditionally certain to pass
or fail.

While C is a particular open set which induces conditional uncertainty, there are other type
distributions which also do so. For example, let 7 be the set of densities where the values across
bundles are independent and identically distributed. Any strict convex combination of such a
density and a cycling density, u € aZ+(1—a)C with « € (0, 1) also exhibits conditional uncertainty

on both issues.
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5.3 Predictable outcomes for large elections are not generic

Finally, we show that all limit equilibria for the densities in Example 2 display not only conditional
uncertainty from the perspective of a pivotal voter, but also display unconditional or aggregate
uncertainty. For every sequence of equilibria s7, the probability that an issue will pass or fail
remains uniformly bounded away from 0 and 1 for large elections. In this case, the outcome of the
election remains unpredictable, no matter how large the number of voters is.

This contrasts with the case of separable preferences. Assuming separability, excepting knife-
edge distributions where voters are equally likely to prefer an issue’s passage or its failure, the
outcome of each issue is certain in large elections. Unpredictability in election outcomes is therefore
difficult to reconcile with a model of voting with private separable values. While modifications to
a model with private separable values can explain this unpredictability, these modifications are
unnecessary if preferences are allowed to be nonseparable. With nonseparable preferences, the

predictability of large elections is a consequence of the shape of the type distribution.

The following formally defines what it means for a sequence of equilibria to exhibit aggregate

uncertainty regarding the outcomes of an election.

Definition 5. Consider a sequence of strategies s; — s. Issue x is unconditionally certain to pass
(fail) if

P (#{z’ cx € 57(0:)} > (<) ;) — 1.

If issue x is neither unconditionally certain to pass or fail, we say issue x is unconditionally uncertain.

So far, all of our results have implicated the conditional probabilities given that a voter is pivotal
for the residual issues. On the other hand, the unpredictability of election outcomes is related to
the unconditional probabilities of passage. The following proposition connects the uncertainty of

conditional outcomes with the uncertainty of unconditional outcomes in large elections.

Proposition 12. There is unconditional uncertainty for both issues if and only if there is condi-

tional uncertainty for both issues

To provide some intuition for Proposition 12, recall that assuming conditional uncertainty on
both issues imposes restrictions on the limits of conditional probabilities, such as the probability is-
sue 1 will pass when a voter is pivotal for issue 2. Reusing the artificial conditioning argument used
in the proof of Proposition 6, the conditional distribution of the vote count on issue 1, when the
vote on issue 2 is split, can be expressed as the sum of two arrays of independent random variables.
The first array consists of binary variables whose success probabilities are u[l € s7(0) |2 € s(6)],
the conditional probability of supporting issue 1 given a positive vote for issue 2. The other array
similarly consist of binary variables with success probability u[l € s(0)[2 ¢ s()]. We can apply
the central limit theorem to each array separately. The distribution of the (normalized) sum is a
convolution of these two distributions, therefore itself asymptotically normal. Therefore, the con-

ditional probability of the issue passing can be approximated by a normal cumulative distribution
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function evaluated at one half. For there for to be conditional uncertainty, the expectation of the
conditional distribution must converge to one half at rate faster than VI , otherwise the distribution
function will collapse too quickly and will be degenerately 0 or 1 at one half. In other words, we
need

: \f 1 * 1 1

lim (VI |5u[l €s7(0)]2 e s(0)] +sull €s(0)]2¢s(0)] — 3 < 00.

I—o00

A similar rate of convergence must hold for the conditional probability of supporting issue 1 given
a split on issue 2.

To move from the conditional probabilities to the unconditional probabilities, observe that, for
a fixed I, the unconditional probability of a voter supporting issue 1 can be written as a linear

equation of the conditional probabilities given her vote on issue 2:

plt € s7(0)] = p[2 € s7(0)|ull € s7(0) |2 € s7(0)] + ul2 ¢ s7(0)]p[L € 57(0) |2 & s7(0)].

A similar equation can be written for the unconditional probability of a voter supporting issue
2. Jointly, the pair defines a system of two linear equations with two unknowns, namely the
unconditional probabilities p[l1 € s(0)] and p[2 € s(0)]. The coefficients of the system are given
by the conditional probabilities. The resulting solutions for the unconditional probabilities imply
that root convergence for both conditional probabilities is equivalent to root convergence for both
unconditional probabilities.

A consequence of Propositions 11 and 12 is that for a nontrivial set of primitive distributions

over type realizations, election outcomes will remain unpredictable for arbitrarily large electorates.

Corollary 13. There exists a nonempty open set of densities where every convergent sequence of

equilibria exhibits unconditional uncertainty on both issues.

As with Proposition 11, we stress that every convergent sequence of equilibria must exhibit
unconditional uncertainty. So unpredictability is not a special feature of a particular sequence of

equilibria, but will hold no matter which equilibria are selected.

A Appendix

Throughout the appendix, we normalize types to live in [0, 1] for expositional convenience.'?

A.1 Proof of Theorem 1

We first verify that every undominated strategy assigns an open set of types to each ballot. Additive
separability is too strong for this purpose because the set of additively separable types is Lebesgue null.

This motivates the following weaker notion of separability:

Definition 6. 6; is quasi-separable if

'2Take any increasing homeomorphism from R to (0,1), e.g. (A) — w.
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When 6; is quasi-separable, the voter’s preference for whether any issue z is voted up or down is invariant
to which of the other issues in A\ {x} pass or fail. The following observation is also made by Lacy and Niou
(2000, Result 4).

Lemma 14. Suppose 0; is quasi-separable and A% (0;) = argmaxacx 0;(A) is unique. Then s;(6;) = A5 (6;)

whenever s; is weakly undominated.

Proof. Suppose 0; is quasi-separable and A} = A (6;) is unique. We first prove that if z € A}, then s; is
weakly dominated whenever x ¢ s;(6;). Since 6;(AF) > 6;(A; \ {z}), we have 6;({z}) > 6;(0). Consider
any strategy s; where there exists some quasi-separable x ¢ s;(0;). Compare this to the strategy s(6;) =
$:(0;) U {x} for 6; and equal for all other types. Now, for any fixed ballot profile A_; for the other voters,
either i is pivotal for issue = or is not. If not, then the same set of issues passes under both strategies, so
there is no loss of utility to ;. If she is pivotal on x, then the set of issues F'(s;(6;), A;) U {x} passes, which
leaves her strictly better off by quasi-separability. So s; is weakly dominated.

Similarly, if z ¢ A¥, then s; is weakly dominated whenever = € s;(0;). Therefore AF = s;(6;) for every

weakly undominated strategy s;. O

We now begin the proof of existence. We endow each voter’s strategy space .S; with the topology induced
by the following distance: d(s;, s}) = p;({6; : s:(0;) # s;(6;)}) and endow the space of strategy profiles S with

the product topology.'® For a fixed strategy profile s, let the function G*~# = (G§",G5") : ©O_; — X x X
be defined by

Gy (0 = {ae Xsli v s =151 ),

i.e. the set of issues where voter ¢ is pivotal, and

G0 ={a e X liisacsi0)) > 5 ).

2
i.e. the set of issues which pass irrespective of voter i’s ballot. Then, for type 6;, her utility for a fixed ballot
profile (Ay,..., Ay) is 6;([4; N Ggl’i] U Gﬁ’i), i.e. the union of two sets: first, the set of issues where she is
pivotal and she votes up; second, the set of issues which are passed irrespective of her ballot. Let D C X x X
denote the space of ordered disjoint pairs of sets of issues, D = {(C,D) € X x X : CN D = (}}. For a type
0;, her expected utility for a strategy profile s is

> 0:([sinClUD) x p_; ([G*=]71(C, D)).
(C,D)eD

An important observation is that the type’s expected utility for a ballot depends only on her belief about
for which issues she will be pivotal and which issues will pass irrespective of her ballot. Let AD de-
note the probability distributions over D. For convenience, we work with the sup metric, |P — P'|| =
max(c,pyep [P(C, D) — P'(C, D).

Define the probability m;(s) € AD by

[7i()/(C, D) = p—; ([G>]71(C, D)) - 3)

In words, [m;(s)](C, D) is the probability, from voter i’s perspective, that she will be pivotal on the issues in
C and that the issues in D will pass no matter how she votes, given that the strategy s is being played by the

13T be precise, this is defined over equivalence classes of strategies whose differences are j;-null.
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other voters. Fix (C,D) € D. If s; is weakly undominated, by Lemma 14 there exists some quasi-separable
type 0; for whom s;(f;) = D. Moreover, these conditions are satisfied in an open neighborhood UP of
0;. By the full support assumption, there is some strictly positive probability u(U”) > 0 of a type for j
with s;(UP) = D, and similarly u§“? of a set of types U“P for which s;(U““P) = C'U D. Enumerate
I\ {i} ={j1,...,jr-1}. By independence of u across voters for any weakly undominated strategy profile
the Jomt probability that D is submitted for the first I L other voters and C'U D is submitted by the second
I—

? other voters is at least

Hugk x H il >

k= I+1

Thus [m;(s)](C, D) > L;(C, D) for all (C, D) € D, whenever s is weakly undominated. Let
L =min{L;(C,D):i€I,(C,D) €D}
and define the following compact convex subset of probabilities:
AV = {Pe AD: min P(C,D) > L}.
(C,D)eD

So, letting SY denote the space of weakly undominated strategy profiles, we can consider the function

7 SU — AV, By independence of i,

[7i(s))(C, D) = p—; ([G*~]71(C, D))
= > p—i({0—i : 5—i(0—;) = A_i})

{A_;exT-1.GI ~ ' =(C,D)}

-~ > [T (405« 55005) = (A=)}

{A_exi-1.G '~ =(c,p)} U#

The last expression is a sum of products of probabilities p;({6; : s;(6;) = [A_;];}) which, considered
as functions dependent on SV, are immediately continuous in the defined topology on SY. Hence m; is
continuous. Then the function 7 : SY — [AV] defined by 7(s) = (m1(s),...,n;(s)) is continuous.

Fix a belief P; € AV. Then the set of types for voter i for which it is optimal to submit the ballot A; is
defined by

Ai(P) = {9 Za [AiNClUD) x Pi(C,D) > 6;([4; N C] UD)xP(CD)}
D

Alex

Fix an enumeration X = {A!,..., AI*1} and define the function o; : AD — S as follows. Let A° denote
the set of types which are not quasi-separable or do not have a unique argmaxacy 0;(A). For all §; €
AR(P)\ (AP U .. AR et [oy(P)])(0;) = AF.1* Since P; is in the interior of AD, o;(P;) is not weakly
dominated: o;(P;) € SY. Observe that the set of types §; which play A; is a convex polytope (with open
and closed faces).

4 This construction is to avoid ambiguous assignments on the j;-null set of types with multiple optimal ballots given
P;. Alternatively, one can consider the space S modulo differences of u-measure zero, in which case the ambiguous
assignment is irrelevant.
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We now prove that o; : AY — SV is continuous. Since P; € AV is strictly bounded away from
zero, the set of types which have multiple optimal ballots given belief P; is of strictly lower dimension
than ©;, hence p;-null since p; admits a density. Then pu;(A4;(P;) \ [0(P;)]71(4;)) = 0, so it suffices to
show that p;(A4;(P;)) is continuous in P;. Fix ¢ > 0. The set A;(P;) is nonempty, since there exists a
nonempty neighborhood of quasi-separable types which submit A; in any undominated strategy. By outer
regularity of u;, the probability of the closed set A;(P;) is arbitrarily approximated by its neighborhoods
(cf. Parthasarathy 1967, Theorem 1.2), i.e. there exists some d-neighborhood of A;(F;), denoted Us[A;(F;)],
such that u; (Us[A;(P;)]) < pi(Ai(F;)) + e. Moreover, there exists a sufficiently small v > 0 such that if, for
all AL e X,

> 0;(JAinCluD) x P(C,D) > Y 6:([A;nC]UD) x P,(C, D) -,
D D

then 6; € Us[A;(F;)]; this is because of the continuity of the quantities on both sides of the inequality in 6;.
Suppose ||P; — P/|| < /2. The difference in expected utility for any action across the two probabilities is
bounded by /2, since values were normalized to live in the unit interval. Then, fixing 0; € A;(P)), i.e. a

type 6; for whom A; is optimal given conjecture P/, for all A, € X
> 0;(JAinCluD) x P(C,D) > Y pi([A4; N ClUD) x P/(C, D) — /2
D D
> 376,14/ C] U D) x P(C. D) —7/2
D

> 60:([A4;NCJUD) x P,(C, D) — .
D

So, A;(P}) is contained in Us[A;(P;)]. Then p;(A;(P})\ Ai(F;)) < wi(Us[A:i(P)] \ Ai(P;)) < e. Similarly,
there exists a sufficiently small distance 7' > 0 such that if |P; — P/| < «/, then u;(A;(P;) \ 4;(P!)) < e. But

pi ({0; + [0 (P](0:) # [0 (PD](0:)}) < D pi(As(Po) A Ai(P)))

Aex
= ) ((Ai(P)\ Ai(P)) + pi(Ai(Pi) \ Ai(P))))
Aex

< 2|X|e

whenever ||P; — P!|| < min{y/2,7'}. So the function o : [AV]! — SU defined by o(Py,...,P;) =
(o1(Py),...,0r(Pr) is continuous.

Then the composition moo : [AU]F — SU — [AU]! is continuous, hence yields a fixed point (Pj, ..., P})
by Brower’s Theorem. Then s* = o(Py,...,P}) is, by construction, a best response to itself, hence the

desired equilibrium in weakly undominated strategies.

A.2 Proof of Proposition 3

We maintain the notation from the proof of Theorem 1. Let s denote the sincere voting profile, where
s9(0;) € argmaxy 0;(A). By full support assumption, for all A and 4, there is a strictly positive measure of
types 6; where the sincere ballot is A. Hence the induced probability P? = m;(s") is in the interior of AD.
Therefore P;(C, D) > 0. Consider 6; with 6;(#) =1 and 6;({1}) = 0, and 6;(A) = 1 —§ whenever A # 0, {1}.

When 2 € C and D = {1}
0:([{2ynclu{1}) —o(DnClufl}) = 0:;({1,2}) - 0:({1}) = 1 - 0.
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For all other (C, D), the difference 6;([{2} N C]U D) — 6;([0 N C] U D) is either 0 or —4. Since PP has full

support, we have
> 0:([{2ynCluD) x PY(C,D) > Y _6:([hn Clu D) x P)(C, D)
D D

for sufficiently small § > 0. So submitting the ballot {2} is a stricter better reply than the sincere ballot §
for this 6;. This property is maintained in a neighborhood of 6;, so sincere voting is not a best reply for a

strictly positive measure of types.

A.3 Proof of Theorem 4

We use recent results due to Reny (2008). Namely, we will verify the assumptions of Theorem 4.1 and 4.2,

which we summarize in the following statement.

Theorem 15 (Reny 2008). Suppose that, for every player i:
G.1 ©; is a complete separable metric space endowed with a measurable partial order
G.2 u; assigns probability zero to any Borel subset of T; having no strictly ordered points
G.3 A; is a compact locally-complete metric semilattice
G.4 ui(-,0) : A — R is continuous for every 6 € ©.

For each i, let C; be a join-closed, piecewise-closed, and pointwise-limit-closed subset of pure strategies
containing at least one monotone pure strategy, such that the intersection of C; with i’s set of monotone
best replies is nonempty whenever every other player j employs a monotone pure strategy in C;. Then G

possesses a monotone pure-strateqy equilibrium in which each player i’s pure strategy is in C;.

We first show that the election is weakly quasi-supermodular and obeys single-crossing in >, which will
be useful later.

Lemma 16. The voting game is weakly quasi-supermodular in actions, i.e.

0i(As,5-3(0-5))dpu—; > 0i(A; N By, 5_i(0_;))dp—;
e_,; e_,;

- 0;(A; U By, s_i(0_;))dp—; > / 0i(Ai, 5_i(0—3))dp—;
o_; o_;

Proof. We show that supermodularity in outcomes of the ex post utilities implies weak quasi-supermodularity
in actions of the interim utilities. So, suppose the hypothesis inequality holds. Carrying the notation from

the proof of Theorem 1, this can be rewritten as

> 0:([ANCIUD) x [m(s))(C,D) > > 6:([A; N B;NClU D) x [mi(s)](C, D).
C,DeD C,DeD

Applying supermodularity of 8; to the sets [A; N C]U D and [B; "N C]U D:

> [0:([4; N ClUD) - 6:([A; N B; N ClUD)] x [m;(s)|(C, D) >0
C,DeD
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implies
> [0:([(4; U B)) N C1U D) — 0;([A; 0 Cl U D)] x [m(s)|(C, D) > 0,
C,DeD

which can be rewritten as the desired conclusion. O

Lemma 17. The voting game satisfies weak single-crossing in >, i.e. if 0} > 0; and A} D A;, then
0:(F(Aj; 5-i(0-1))) > 0:(F(A}, 5-4(0-:))) = O,(F (A, s-i(0-4))) = O;(F (A, s-:(0-1)))

for any profile s_; of monotone strategies by the other voters.

Proof. Suppose 0, > 0, and fix a monotone strategy profile s_; for the other voters. Suppose A, O A;. Then
F(AL, s_;(0_;)) D F(A;,s_;(6—;)) for any 6_; € ©_;. By construction of the partial order >,

0;(F (A}, 5-i(0-4))) — O (F (A}, 5-4(0-4))) > 0:(F(A}, s-4(0-:))) — 0:(F (A}, 5-i(0-4)))-

This inequality is preserved by integration:

[P s 0D~ [ AL s (00
> /@i 9¢(F(A¢,S_i(9_i)))du—i/@i 0;(F(AL, s_i(0_)))dp—;.

Then if
0:(F (A}, s—i(0-:))) > 0:(F (A, 5-4(0-4))),

the inequality implies
0i(F(A}, 5-4(0-4))) = 0;(F(A}, s-4(0-4)))- [

We can now check the assumptions in Reny’s theorem. The technical conditions G.1 to G.4 are straight-
forward to verify. We will restrict attention to a space of strategies which will induce weakly undominated best
responses. Let R; be the subset of strategies for player ¢ such that (u; almost surely): if §; is quasi-separable
and Af(6;) = argmaxacx 0;(A) is unique, then s;(6;) = AF(6;). This space is join-closed, pointwise-limit-
closed, and piecewise-closed because it is the intersection of two measurable order inequalities (c.f. Reny
2008, Remark 4). To see this, let

£(0) Af(0;) if 0; is quasi-separable and A (;) = argmaxacx 6;(A4) is unique
% = )

1] otherwise

and similarly

o) Ax(6;) 1if 0; is quasi-separable and A} (6;) = argmaxscx 6;(A4) is unique
9i = .

X otherwise

And R; = {s; € S;: fi(0:) C s:(0:) C gi(6:), pi-as.}.
We next show that there exists a monotone strategy in R;. Define the following strategy:

si(0:) = | £:(6)).

0:<0;
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By construction, s; is monotone. Now suppose 8} > 6; are quasi-separable with respective unique maximizers

Ax(0), Ax(0)). By repeated application of quasi-separability, we have
O(A2(6:) U A2 (6))) — 0(A3 (8))) > 0.
Considering the definition of >,
0'(A7(07) U A (6:)) — 0'(A7(67)) > 0.

Since Af(#}) is the unique maximizer of #’, this forces A¥(6)) U Af(6;) = AF(0}), i.e. AX(0)) D Af(6;). So if
0! is separable and has a unique maximizer A} (6}), then f;(6)) 2 f;(6;) for all § < 0/. Hence s;(6,) = AF(6;).
So s; € R;.

Finally, we prove that any monotone strategy in R_; will induce a monotone best reply in R;. Since R; is
a superset of the weakly undominated strategies for 4, clearly for any strategy profile s_; of the other voters,
there is some element of R; which is a best response. Moreover, any best reply to a strategy profile from R
must be weakly undominated. This is because the quasi-separable types with unique maximizer A constitute
a relatively open subset of the supermodular types, so every ballot has positive probability for each voter by
the full support assumption. Standard lattice arguments show that weak quasi-supermodularity and weak
single-crossing imply that the point-wise join of each type’s best replies in weakly undominated strategies
constitutes a monotone best reply itself; for example, see the proof of Corollary 4.3 in Reny (2008). Since
R; is join-closed, this monotone best reply lives in R;. So, there exists an equilibrium in strategies in R;,

and by construction this equilibrium must be in weakly undominated strategies.

A.4 Proof of Proposition 5

Fix z € X and take any set B C X \ {z} and consider the strategies A = B U {z} and B. Recall, from
the proof of Theorem 1, that for a fixed electorate size I, the expression (3) for [m;(s)](C, D) reflects the
probability induced by strategy profile s that voter ¢ will be pivotal on the issues in C and the issues in D
will pass irrespective of her vote. For ease of notation, let P; = m;(s}) in the election with I voters.

Then the incentive condition for A being a better reply than A’ to sj is

> Pr(C,D)-6([ANCIUD)> Y Pi(C,D)-6([A' nCluD) (4)
C,DED C,DeD

However, since if © ¢ C, we have CN AU D = C N A’ U D, the only relevant components of the sums on
both sides of this inequality are:

> PHCD)-6i([AnCluD)> Y P{(C,D)-6;([A'NClUD)
C,DeD:xeC C,DeD:xeC

Dividing both sides by Z(C,D):xec Pf(C,D) > 0, we can replace the unconditional probabilities P; with
the conditional probabilities P (C, D |z € C) :

> PHCD|zeC)-6:(CNAUD)> >  Pi(C,D|zeC) 0;(CNAUD). (5)
C,DeD:zeC C,DeD:xeC
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We can rewrite the left hand side as:

> Pi(C,D|zreC)-6,(CNAUD)
C,DeD:xzeC

= P;({z}, D, |z € O)0;({z} UD,) + > P;(C,D|z e C)-0;(CNAUD)
C,D:xeC,D#D,

Similarly rewriting the right hand side, the incentive inequality (5) can be rewritten:

P;i({z}, D, |z € C)-0;({z} UD,) + > Py (C,D|zeC) 0;(CNAUD)
C,D:xe€C,D#D,

> P;({z}, D, |z € C) - 0:(D,) + > P (C,D|zeC) 0;(CNAUD)
C,D:xe€C,D#D,

This is rearranged as
0({x} U Ds) = 0:(Dz) + Az, I) (6)

where
- ZC’Dwec)D#Di PiC,D|zeC)[0;(CNAUD)—-0,(CNAUD)]

Pi(z, D, |z € C)
If 160;({z} U D) — 0;(D,)| > A(x,I) for all z € X, her best response A to s7(6) is determined by

Ag

r€ A< 0({z} UD,) > 06(D,).

To see this, suppose not. Then there exists some alternate ballot A’ such that either z € A but 8(D,) >
0({z}UDy),or z ¢ Abut ({z} UD,) > 0(D,). Assume the former, the second case being entirely similar.
Since |0({z} U D,) — 0(D,)| > Ay, the inequality is stronger: 6(D,) > 6({z} U D,) + A;. Now consider
the alternative A = {z} U A’. Then, since inequality (6) was shown to be equivalent to inequality (4), the
inequality 0({z} U D;) > 0(D;) + Ay implies A is a strictly better response than A’, a contradiction.

We finally show that this equivalence holds for an arbitrarily large measure of types at the limie. When-
ever D # D, then

#{jAiyesi)}y =5 wecC 1

PI(C.DlzeC)=P | #{j#i:y€si(0y)}>5 VyeD #i#Fiwesi(0)}=——

#{i#iyesi) <3 wwgCuD
., X I-1 S . I-1
<1-P #{j#z:yESI(Hi)}>TVy€Dw #{]#z:JUEsI(@i)}:T
—0
Noticing that |0(-)] < 1, we have A; — 0 as I — oc.

Observe that the set of types for which |§({z} U D,) — 0(D,)| > Ay for all z € X is of full Lebesgue
measure at the limit, since A; — 0. Invoking the density assumption, this set also has full ;4 measure at the
limit.

A.5 Proof of Proposition 6

Without loss of generality, suppose voter I is pivotal on issue 1 and consider whether issue 2 is conditionally

certain to pass or fail. Let X{* (I =1,3,...;i=1,...,I—1; k = 1,2) denote the triangular array of indicator
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functions on the events k € s%(6;). While X£! are unconditionally rowwise independent, this independence
is broken once we condition on voter I being pivotal on issue 1. This precludes a straightforward application
of the law of large numbers to the array and requires more delicacy.

The basic logic is to split the sample of I — 1 other voters into two subsamples: those 1%1 who voted for
issue 1, and those 1;21 who did not. Within each subsample, the votes on issue k are conditionally identical
and independent because the votes on issue 1 are fixed. However, by exchangeability, the particular identity
of voters in each subsample is irrelevant, so we can proceed without loss of generality by assuming the first
half of other other voters constitute the first subsample while the remainder constitute the second.

Formally, consider the following arrays of rowwise independent binary random variables:

1 with probability (2 € s7(6;)|1 ¢ s7(67))

YIi —
0 with probability u(2 ¢ s7(6;)|1 ¢ s1(61))
and
Zli _ 1 with probability u(2 € s7(6;)|1 € s1(6r)
0 with probability u(2 ¢ sr(6;)|1 € s1(61)
Lemma 18. The distribution of Zl 1 XIZ conditional on ZI ! XTi = %1 1s identical to the distribution
of the sum

-1 -1
2 2
LRSI
i=1 i=1
Proof. Suppressing the I superscript for the size of the electorate and fixing any integer n:
I-1 I-1 7.1
P Xi= b=
(Zu=r|En-)
i=1 i=1
SD VLI SRt

ACI-1:#A=172 icA

IZ: ) ZXQ—n ZXl—OZXJ—

i€A Jj¢A

By exchangeability across voters, the particular identities of the voters in the set A that voted up on issue 1
is irrelevant. In other Words we can assume without loss that the first £=2 other voters included 1 in their

ballots and the last £ T other voters excluded 1 from their ballots. The prlor expression is therefore equal

to:
= -1
= > P> Xi=0 ngz ZXQ_n le_o ZXJ
ACIA:#A:I;I i=1 i=1 . I+1

=P ZXQ*n lefo Z Xjf

. I+41
J_Jr

= (= = -1 -1 I
= P X;=m X;=0]|P X)=n-m X! = ——
2 1 2 1 9
m=0 L i=1 i=1 j:% j:%
I—1r I—1 I—1
2 2 2
= P> Vliem|P|) Z'=n-m
m=0 i=1 i=1
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I—1
2

I-1
=P Zy”+iz“:n O
1=1

i=1

I—1 Ii
. -1 x iy I-1 v 1i _ ) o
Lemma 19. The normalized sum E;%l’“ conditional on Y, Xit = ITl converges in probability to

sty € s7(0) [z € s71(0)) + 5u(y € 57(0) | ¢ s7(0)).

Proof. We can apply the Strong Law of Large Numbers for triangular arrays to Y/? and Z* to conclude
that

I—-1

-1 =2
<I;1> ZYH — p(2€s7(0:)|1 ¢ s7(0:))
and -1
-1 =2
(I;1> SO 20— (2 € 5001 € 55(6)
i=1

almost surely, hence in distribution. By the Continuous Mapping Theorem, the sum
g 1=
1/I-1\ 1 (T-1\ < .
B YIZ S ZIZ
(7)) xa(T) & "

converges in distribution to the constant

32 € s1(0)[1 € 57(0)) + 32 € 57(0) |1 ¢ 57(9))-

I—1 Ii
Since, by Lemma 18, the conditional distribution of ==t X2

shares the distribution of (7), it also converges
in distribution to the same constant. As convergence in distribution to a constant implies convergence in
probability, this delivers the desired conclusion. O

To prove the Proposition, suppose p(2 € s(0) |1 € s(0)) > u(2 ¢ s(6)|1 ¢ s(f)). Then:

n(2 € s(0)|1€s(0)>nu2¢sO)1¢s(6))
W2 e s0)]1es(0)+1—pu2ds0)|1¢s6)>1
w2 es@)]1esd)+u2es@)|1ds@)>1
1u(2es)|1es(0)+iu2es0)|1¢s(0) >3

Let E = 1u(2 € 5(0)|1 € s(6) + 2u(2 € 5(6) |1 ¢ s(0)) and pick a strictly positive § < E — 1. By Lemma

19, the probability that the normalized vote count on issue 2, conditional on voter I being pivotal on 1, is

greater than £ — § > % approaches one. Thus, the conditional probability that 2 passes converges to one.
Symmetrically, assuming the opposite strict inequality, the conditional probability of y failing converges

to one.

Remark. The proof only requires that there exists some § > 0 such that

u(y € s1(0) |z € 51(0)) —ply & s1(0) |z & s1(0)) > (<) 6

for sufficiently large I, irrespective of whether the sequence has a limit or not.
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A.6 Proof of Proposition 8

It suffices to prove the case A = {1,2}. Other cases then follow by appropriately permuting the direction of

“pass” or “fail” on the ballot. For example, when A = {1}, consider the following permutation:

{1,2} — {1}, {1} — {1,2},{2} — 0,0 — {2}.

Similar permutations apply for A = {2} and A = (.
So let

©12 = {0 : 615 > max{0;,0:}}
©1={0:6, >0 > 065}
Oy ={0:05>012>06,}
©p = {0 : 612 < min{by,02}}

These four sets of types cover ©. Since p has full support and admits a density, they have strictly positive

probability but null pairwise intersections. By assumption,

w(O12) w(©1) w(O2)
n®) M { 1(82)" (1) } ‘

Let
Po={PeAY: Pz, 2|z C)>1-1 vz =12}

n’

Recall that P(C, D) is the probability that an anonymous voter is pivotal on the issues in C' and that the
issues in D will pass irrespective of her ballot. Let A C {z'} and consider A’ = {z} U A. The incentive
condition for A’ being a better reply than A given the belief P € P,, over pivotal and passing events is:

012 > 0, + An(6)

where
P(z,0|z € C)l0p —0,] + P({1,2},0]|x € C)[0a — 04/]

P(z,2' |z € C)
Observe that A, (0) — 0 as n — oco. Let ©,, = {0 : |12 — 0] > A, } and notice p(0,) — 1. As n — oo, the

proportion of types in ©15 which include x in their optimal ballots covers the entire subset ©12, while the

An(0) = .
proportion of types in © \ ©12 which include z becomes null. Similarly arguing for ©1, 2, O¢, we have
or(P,) — s

where s4(04) = A for all 4 € © 4, for any sequence of selections P,, € P,,. Then

plor(P)](0) ={1,2}) max{u([a(P)](9) ={1}) plor(P)O) = {2})}
pu(lor(P)I(0) = 0) p[o(P)(O) ={2})" u(lor(P)](0) = {1}

which is arbitrarily close to

pO12) [ u(O1) 1(O:)
2o ™= f =0



for any P € P, as n — o0o0. So, there exists some ng such that if n > ng:

p(lor(P))(0) = {1,2}) >max{u([01(P)](9) {1}) pllor(P)](0) {2})}
p([or(P))(0) = 0) plor(P))O) ={2})" p([or(P)]1(0) = {1}

for all P € P,.
So, let n > ny and consider the sequence of strategies s; = oy(P) for any P € P,. Fix I and let
s = (o1 (P))(6) = A) Then:
me
Ho H2
Hizp2 > Ho i1

paz(pe + po) > po(pr + pi2)
12 > Mo
P12 e+ e

(2 €or(P)(0)[1 € [o1(P))(0)) > (2 ¢ [o1(P)I(0) [ 1 & [o1(P)](6))

By Proposition 5 (see also the remark immediately following the proof), for I sufficiently large, the probability
mr(or) satisfies
i (o1 (P)](@,ale € C) > 1 1

for x = 1,2. This means for sufficiently large I > Iy, the image [r 0 07](P,) C Pp. It therefore admits a
fixed point Pj € P,, which defines an equilibrium s7, for all sufficiently large I > Iy(n).

Finally, define n(I) = max{n : I > Iy(n)} V I. Observe that as I — oo, we have n(I) — oco. For each I,
select a fixed point Py € [7 0 0](Py(ry). The induced equilibrium strategy s} satisfies

(o7 (O0) |1 € [or(P))(0)) > u(2 & [or(P)I(0) [ 1 ¢ [01(P)](6))

By Propositon 5, the set {1,2} is conditionally certain. Also, recalling the construction, s§ — s* where
S*(@A) = A.

A.7 Proof of Proposition 9

As argued in the proof of Proposition 8, it suffices to prove the case A = {1,2}. Suppose each issue is

conditionally certain to pass. In particular, 2 is conditionally certain to pass at 1. By Corollary 7
pl2€s%(0i) |1 €s™(0:)] = pu2¢s™(0:) |1 & s(6:)).

For notational convenience, let p% = pu({0; : s*(6;) = A}). Since 2 is conditionally certain to pass at 1, we

have:
Hio > 1
P G R e U
pi2 (g + p3) > pg(pis + p7)
ity = fpH]
M | i
My M3
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Symmetrically, since 1 is conditionally certain to pass at 2:

M1*2 > M%
Ko H
The prior two inequalities imply
* * *
M2 > o {11, 02 ®)
Ko Mo M

By Proposition 5, we have
x € s°(0;) <= 0;({1,2}) > 0({z'})
Thus:
{1,2} if O12 > max{6y, 6>}
{1} if01>012>6,
{2} if O3 > 612 > 601
0 if 012 < min{6,,0>}

s*(0) =

Substituting these cases into condition (8) delivers the result.

A.8 Proof of Proposition 10

Without loss of generality, consider the case x = 2. Let

aI:P<#{j7éi:265§(9k)}>Igl‘#{j;«éizleﬁ(ﬁk)}:‘r;l).

and
ﬂlP(#{j%z‘:2esi<9k)}<121’#{J‘%i:m?(@k)}Izl)'

By the full support assumption, the conditional probability of being pivotal on issue 2 when pivotal on issue
1 vanishes, so ay + By — 1.

Fix a voter ¢ with type 6 and consider a ballot A C {1} which does not include 2. The incentive condition
for {2} being a better reply than {2} U A to the strategy s} is:

arbia + Brbs + (1 — ar — fr)0aua > arb1 + B0y + (1 — ar — Br)0a.

Passing to a subsequence if necessary, there exists an « such that a;y — «. The incentive inequality can be

rewritten as
04912 + (1 - 04)92 Z 0491 + (1 - Oz)eq) + A]

where
A[ = [Oé] — Oé](gl — @12) + [ﬁ[ — (1 — Ol)](gg) - 92) + []. — oy — ﬂ[](@A - GQUA).

However, A; — 0. From here, we can replicate the arguments which conclude the proof of Proposition 5 to

conclude that, at the limit, the set of types which support issue 2 is characterized by the inequality

abis + (1 —a)f, > aby + (1 — «)by.
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A.9 Proof of Propostion 11

Suppose € < 75. Let u be any density in the class described in Example 2. We first prove that there must

exist be at least a single issue which exhibits conditional uncertainty.
Lemma 20. For any density in C, there is no sequence of equilibria that exhibits conditional certainty.

Proof. To see that {1,2} cannot be conditionally certain, observe that

p(012 > max{f,65}) _ i
p(012 < min{fy,0:}) — § —¢

For small ¢, this ratio approximates one. On the other hand,

w(la > 612 > 61)
w(bh > 612>62) — €

N[ =

For small ¢, this ratio becomes arbitrarily large. This precludes the required inequality in Proposition 9
for A = {1,2}. An entirely similar argument proves that the inequality also fails for A = {1},{2},0. By
Proposition 9, there cannot be an equilibrium with conditional certainty. O

By Lemma 20, we can assume that there is some issue with conditional uncertainty. We now prove
that this implies the other issue must also be conditionally uncertain. We demonstrate that if issue 2 is
conditionally uncertain, then it cannot be the case that issue 1 is conditionally certain to pass. The other
cases can be argued symmetrically.

So, suppose issue 1 is conditionally certain to pass. Recall p% denotes the probability that an anonymous
voter submits the ballot A when playing the limit strategy s*. If 1 is conditionally certain to pass, then
’;102 > ’:2% Since 2 is conditionally uncertain, it is not conditionally certain to fail. We therefore conclude
Bz > ”—1 So, when issue 2 is conditionally uncertain, the following inequality:

.U‘@ — H2
ﬂ12 > max {,u’{ ME} (9)
I ps' i)

is still necessary for issue 1 to be conditionally certain to pass.
In view of Proposition 5 and Proposition 10, there exists some « € (0,1) such that the following describes

the limit strategy in terms of types:

@ if 912 S 92 and 01912 + 11—«

{1,2} if 015 > 6y and abia + (1 — a)by > ab) + (1 — a)by
“(60) {1} if 615 > 6y and abia + (1 —a)fy < @by + (1 — )by
S =
{2} if 012 < 6y and abis + (1 — a)9 afy + (1 — )by
(1—a)f; (1—-a)

Let

v12(a) = plabis + (1 —a)fs > aby + (1 — )by | 612 > 01 > 0y > 65)
QDQ(CY) = ,u(a912 + (1 — 05)92 >ab + (1 - Oé>9@ |9@ >0y > 010 > 491).

Observe that, since p admits has full support and admits a density, @12 and ¢y are increasing and continuous

functions with ¢12(0) = ¢p(0) =0 and ¢12(1) = ¢p(1) =1, .
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Now we can rewrite the limit probability of voting for both issues as:

,UTQ = ,UJ(912 > 92) . ,U(Oéalg =+ (1 — 04)92 > aby + (1 — Oé)@@ |912 > 92)

< p(f12 > 01 > 0y > O2)pu(abis + (1 —a)bs > b + (1 — )by [ 612 > 61 > 0y > 62) + ¢

1
= - a) + €.
1Piz(@) +
Likewise, the limit probability of voting down on both issues can be rewritten as:

pp = (012 < 62) - p(abia + (1 — )by < aby + (1 — a)by | 012 > 62)
> (01 > 0y > 02 > 012)pu(adio + (1 — )by < aby + (1 — )y |01 > 0y > 02 > 012)
+ (0 > 02 > 612 > 01)pu(abiz + (1 — )by < aby + (1 —a)ly |0y > 02 > 012 > 01)
+ (02 > 012 > 01 > Og)p(abiz + (1 — )by < by + (1 — )y |02 > 012 > 01 > bp)
= (b1 > 0p > 02 > b12) + (b > 02 > 12 > 01)(1 — pp(a))

+ 71— pp(a)) —¢

%
=~ =
=] =

So )
P2 _ Tp12(a) +€
py ~ A+ 11— gga) —€

Since (9) provides that ‘:}3 > Z—i So (10) implies:
[1] 2

Mo iv12(@) +¢
s~ i+ 1(1—gg(a) —¢

= %

Again by (9), 12

> 1. Therefore (10) also implies:

S

1 1 1
— > 24 2(1 — _
o) +e> 1+ 11— ) —e
p12() = 2 = po(a) — 8¢
@12(@) >1— 8e.
Symmetrically,
wo(a) > 1 — 8e.

We can rewrite the limit probability of voting only for issue 1 as:

pi = (012 < 02) - plabis + (1 — )by > aby + (1 — a)fy | 012 > 6)
> (01 >0y > 0 > 010 (b + (1 — )by > aby + (1 — )by |01 > 0y > 02 > 612)
+ p(0g > 02 > 012 > 01)p(abiz + (1 — )by > aby + (1 — )8y | 8y > 02 > 612 > 01)
+ (02 > 012 > 01 > Op)p(abiz + (1 — )by < aby + (1 —a)ly |0z > 012 > 01 > 0p)

= pu(0p > 02 > 012 > 61)pp(a) + (02 > 012 > 61 > 0y)

1
wo(a) + = —e.

>
- 4

NG
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Similarly, rewriting the probability of voting only for issue 2:

b < 70— pua(e)) +e.
So,
M ivo(a) + 5 —¢
Js = 11— p12(a)) +e 1)
Combining (11) and (14):
1‘1‘712( )+e S Teo(a)+31—¢
it 10 —pp(a)) —e 7 (1 —pi2(@) +¢
This can be rewritten as
(pr2(@) +4e)(1 — p12(a) +4g) = (po(@) +1 = 4e)(2 — po(a) — 4e). (15)

At the same time, recalling earlier inequalities:

pra(@) +4e < 1+4e
< 2 —12¢, since € < %
< po(a) +1—4e, by (13).

And:

1—p2(a) +4e <1 —(1—8¢) +4e, by (12)
= 12¢
< 1—4e, since € < 1—16
< 2—pola) — 4e.

But the prior two series of inequalities contradict (15), since the left hand side is the product of strictly

smaller positive quantities than those in the product on the right hand side.

A.10 Proof of Proposition 12

For notational ease, we define the following. Let u!(z|2') = pu(z € s7(0;) | 2’ € s7(6;)) and p!(z|-2') =
i € sp(0) |2 ¢ s1(0). Let w(x) = i (z € 51 (6:)).

Lemma 21. Issue x is conditionally uncertain if and only if

hm‘\/ — 1) (" (z[2") + p (z]2") — 1)) ’<oo

Proof. Take x = 2; the case x = 1 is identical. Recall the two arrays defined in the proof of Proposition 6,
rowwise independent binary random variables Y/¢ and Z!* whose success probabilities are (2 € s;(6;)|1 €
sr(0r) and p(2 € s;(0;)|1 ¢ s7(07)). In Lemma 18 of that proof, we demonstrated that the conditional
distribution of the vote count on issue 2 is equal to the distribution of ZE Y4+ ZE Zh. Let Wit =

Y4 7z As YT* and Z!* are mutually independent, the array W!* defines a rowwise independent array of
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random variables. We can write that

I—1

P(#{j#izzes;wj)b];l#{j#i:lesm)}J;l) —p(yowes It
=1

Recalling the definition of the binary random variables Y% (§) and Z!* (§) we have that
B (W) = i @]1) + ' (21-1)

and
Var (W) = 1 (201) [1 = w!(21)] + ! 2]-1) [1 = " 2[-1)]

Applying the Central Limit Theorem for triangular arrays:

ZW“— 1) [6! (211) + pf (2 -1)]
P <y| = (I)(y)a (16)
V) (@I [ = @)+ (2-1) [1 = i (2]-1)))

where ® denotes the standard normal cumulative distribution function.

I—1 .
As I — oo, the probability that Y2, W1 > % is converges to expression (16) evaluated at y = %:

o ( VI =) (1= (u2[1) + 4 (2]-1))) )
VET21) [T = pf 2]+ (2-1) [T — p! (2]-1)]

Therefore hm ‘\/ —1) (p'(211) 4+ pf(2]71) — 1) ’ < o0 is necessary and sufficient for issue 2 to be condi-

tional uncertaln O

Lemma 22. Issue x is unconditionally uncertain if and only if Ilim ’\/.7 (ué — %)‘ < o0
— 0

Proof. Define the binary random variable

e 1 with probability sl
0  with probability 1 — ,u,l;

with mean /() and variance p/(z) (1 — p!(z)). The probability that issue k will pass (fail) is

Lo I
P <Z Vil > (<) 2) :

Arguing as in the proof of Lemma 21, we have that the asymptotic (unconditional) probability that issue x

q)(ﬁ(;—uf(x)) ;>

will pass is equal to

I
Vil (@) (1= p (2))

Therefore unconditional uncertainty is equivalent to

lim ‘fl (; - ,ul(x)>’ < 0. O

I—o0
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To prove the proposition, let

al = p!(1) a' = p'(1)2)

J = i) b =l (1]-2)
o = ul(21)
a1 = il (2]-1)

We have a system of two equations with two unknowns, = and y!:

ol = aly! +o! (1—y1)
yI=clx —|—d1( I)

The corresponding solutions for z and y are:

o (a® —bh)d! + !
11— (al —bl)(cI —dl)
;o (f—dD + !

VoIS (e —d)a —bl)

(19)

(20)

We will first prove that if there is conditional uncertainty on both issues, then there must be unconditional

uncertainty on both. Subtracting one half from both sides in Equations (19) and (20) yields, after some

manipulation:
;01 1 —a )( (c’+d1))+(1—(a + 1))
T T9T g “(al —bl)(cd -
;1 1(d - )( —(a" +0") + (1 = (" +d"))
Y7573 “(cl —dl)(al —b]) '

By Lemma 21, conditional uncertainty on both issues means
lim \ﬁ|1 — (o’ +b")| <0
I—o0

and

lim \f‘l

I—o0

(c +dl)‘ < oo

Since 1 — (a! — b")(c! — d!) is uniformly bounded away from 0 and |(a’ — b7)| is bounded by 1, this suffices

to show that limy_, o \fI|x1 — %’ and lim;_, o \ﬁ|x1 — %| are both finite.

unconditional uncertainty on both issues.

By Lemma 22, this implies

We finally show that unconditional uncertainty on both issues implies conditional uncertainty on both.

Equations (17) and (18) imply:

foyI:(aI+be
(cl—&-dl—

)y +2a(
)m —|—2c(

I\W—‘ N[

yl — al =
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—y")

y



These can be rewritten as

(al+b1—1)ylz(zl—
(CIerI—l)xI:(yIf

N[= =
—_

+2(3
+2(3

By Lemma 22, unconditional uncertainty on both issues provides limy_, oo v/T |% — x1| and limy_, o VI |% — y1|
are both finite. Since both |3 — a’| and |3 — ¢!| are bounded by %, this suffices to show that

lim \/f!a1+blfl‘yl<oo.

I—o0

By Lemma 21, this implies issue 1 is conditionally uncertain. Similarly, issue 2 is also conditionally uncertain.
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