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Abstract

Omitted proofs for results in “Hierarchies of Ambiguous Beliefs” [1] are presented.

B Online appendix

Unless explicitly stated otherwise, references to lemmata, proofs, and propositions are to [1].

B.1 Proof of Proposition 9

Let Hy = {(A1, As,...) € Hy : |A,(-|B)| = 1,VB € B}, which is also naturally identified as a subset
of TT>, ABX,. The proof of [2, Proposition 1] can be applied verbatim to produce a canonical
homeomorphism f : H; — AB(S x Hy). Then f*: K(H;) — K(AB(S x Hp)) is a homeomorphism
by Lemma 2. For each compact K C Hi, let G(K) = (ProjﬁBXO(K),ProjﬁBXI(K),...). An
obvious modification of the proof of Proposition 4 implies that f = F o fX : H; — IC(AB(S x Hyp))
is the desired homeomorphism, where F = G~! : H; — K(H;).

B.2 Proof of Proposition 10

Using arguments similar to Lemmata 3 and 5, we can demonstrate that Hy, hence H,,, is closed.
Let Hy, = {h € Hy, : f(h) € AB(S x Tp) and H = (°°_, Hy,. A slight notational variation of the
proof of [2, Proposition 2] implies that the restriction f : H — AB(S x Hy,) is a homeomorphism.
By Lemma 2, fX : K(H) — K(AB(S x Hy)) is also a homeomorphism. The second paragraph
of the proof of Proposition 6 can be obviously modified to show that the restriction f : Hoo —
KC(AB(S x Hy,)) is the desired homeomorphism.
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B.3 Proof of Proposition 11

Since Tho = Tho N Tp is a closed set, Lemma 5 implies each K,,(Th) is a closed set. Arguments
completely analogous to those in the proof of Proposition 6 establish that the restriction of g :
TM?Z — A(S x TM?) is a homeomorphism. Now let

Ir = {(A],45,..) € IV : [Ay| = 1,Vn}
Tip = {0 €Ty g"(t") CAS x T})}

— Py —
Tr, = (\Tr
k=1

We will demonstrate that both TM% and ©M% are homeomorphic to 7%, hence to each other.

For notational ease, let @M% = vz 4 denote the embedding of TM? into T%. We begin by
showing MZ(TMZ) C T by induction. Fix t € TM%. Since g(t) € A(S x Two), [Qoo Ro(t) € AXG.
By canonicity of g* and the commutativity established in Lemma 13, this suffices to show [@Q,—1 o
Rp_10---0Ry|(t) € AX} 4, i.e. that oM%(t) € Ty. Now suppose oM%(TM%) C T . Then L (1dg;,M7)
maps A(S x TMZ) into A(S x T%%). Since g* o M2 = L1dg;oM7) © g and g(TM?%) = A(S x TM?Z),
this implies eM#(T%) C T ;.

Now, fix (A%, A%,...) € T%. Since g is onto A(S x T, ), we have [Qoo Ro)(Tho) 2 Proj,C(Xg)(Tf).
By canonicity of ¢g* and Lemma 13, this implies [@Q,—1 © Rp—1 0+ 0 Ry|(Two) 2 PTOJIC(X;_l)(T;)-
Let Dy = {t € Too : [Qn-10Ry_10---0 Ro|(t) = A} 1 }. Each D, is closed. Since

[@n-10Rp-10---0 Ro|(To) 2 Proji(x:_)(Tyy) 2 Projicixx)(T%),

each D, is nonempty. By coherence, (,,<,, Dm = Dy, so {D,} has the finite intersection property.
So select any t* € (2, D), and t* satisfies OMA(1*) = (A7, A3,...). Thus M7 surjectively maps
T onto T%..

Since g is canonical and injective, the argument at the end of the proof of Proposition 7 implies
©M? is injective. Thus pM?% : T, — TZ is a continuous bijection between compact sets, thus Ti,
and T% are homeomorphic. The same argument, with some notational changes, proves YoMz oMz

OMMP _, T* is also a homeomorphism. Hence OMMF and T, are homeomorphic to each other.

B.4 Proof of Proposition 12

Since S x T, is separable, the set of Dirac measures §(S x Ti) is a closed subset of A(S X T)
[3, Theorem 14.8]. Then K(4(S x Tw)) is a closed subset of I(A(S x Tw)). To see this, consider
any convergent sequence of sets K; € K(§(S x T)) with K; — K. Pick any point z € K. Since
r € lim K;, there must exist a sequence of selections x; € K; such that z; — x. But, since
x; € 6(8 X T'), which is a closed set, we have x € §(S X T'). Thus K € K(6(S X Tw)). Therefore
TMMP — g=1(IC(5(S x Ts)) is the continuous preimage of a closed set, hence closed. Finally,
Lemma 5 implies that TMMP = CK(TMMP) is closed.
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Arguments completely analogous to the proof of Proposition 6 implies the restriction ¢ :
TMMP _ KC(6(S x TMMP)) is a homeomorphism. Recalling that g* is the canonical homeomorphism
from T} — K(A(S x T7)), let

Ti = {(A].A5,..) € Tj - A, € K(O(X 1)), Vn):
Ti = {t" €Ty 9" (1) CAS < TPk

~ g ~
o, = (\Tr
k=1

Now arguments identical to those in the proof of Proposition 11, with appropriate replacements

of notation, establish that both Th and ©., are homeomorphic to T;O, hence to each other.
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