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Abstract

Fixed effects estimator of panel models can be severely biased because of the well-known incidental
parameter problems. It is shown that such bias can be reduced as T' grows with n by using an analyt-
ical bias correction or by using a panel jacknife. We describe both of these approaches. We consider
asymptotics where n and T grow at the same rate as an approximation that allows us to compare bias
properties. Under these asymptotics the bias corrected estimators are centered at the truth, whereas the
fixed effects estimator is not. This asymptotic theory shows the bias reduction given by the analytical or

jacknife correction.



1 Introduction

Panel data, consisting of observations across time for different individual economic agents, allows the
possibility of controlling for unobserved individual heterogeneity. Such heterogeneity can be an important
phenomenon, and failure to control for it can result in misleading inferences. This problem is particularly
severe when the unobserved heterogeneity is correlated with explanatory variables. Such situation arises
naturally when some of the explanatory variables are decision variables.

Models and methods of controlling for unobserved heterogeneity in linear models are well established.
A partial list of references is Amemiya and MaCurdy (1986), Anderson and Hsiao (1982), Bhargava and
Sargan (1983), Chamberlain (1982), Hausman and Taylor (1981), and Mundlak (1978). Controlling for
unobserved heterogeneity is much more difficult in nonlinear models. Conditional maximum likelihood
can be used in the rare instance that there is a sufficient statistic for the individual effect. In a few cases
the individual effects can be removed by transformations. However, such cases are the exception rather
than the rule. Generally it is not possible to find a transformation or a sufficient statistic to remove the
individual effect.

One way of attempting to control for individual effects in nonlinear models is to treat each effect as a
separate parameter to be estimated. Unfortunately, such estimators are typically subject to the incidental
parameters problem noted by Neyman and Scott (1948). The estimators of the parameters of interest
will be inconsistent if the number of individuals n goes to infinity while the number of time periods T'
is held fixed. This inconsistency occurs because only a finite number of observations are available to
estimate each individual effect, so that the estimate of the individual effects are random, even in the
limit, and this randomness contaminates the estimates of the parameters of interest.

Even in static models the incidental parameters bias can be severe when there are few observations,
e.g. see Chamberlain (1982) and Abrevaya (1997). With many time series observations the bias in
static models may be small, as in the Monte Carlo studies of Heckman (1981), although the bias is more
pronounced in dynamic models, e.g. Heckman (1981) and Nickell (1981). This bias is so severe that
estimators are even asymptotically biased if T grows at the same rate as n. This problem is exemplified
by the results of Hahn and Kuersteiner (2001), who find asymptotic bias in fixed effects estimators of
linear dyanamic models under such asymptotics. We find here an analogous fixed effects asymptotic bias
for nonlinear models.

The purpose of this note is to consider two approaches to reducing the bias from fixed effects estimation
in nonlinear models. One approach is an analytical bias correction using the the bias formula obtained
from an asymptotic expansion as T grows, similarly to Hahn and Kuersteiner (2001). This correction
is obtained by generalizing a bias formula from Waterman et. al. (2000), estimating the bias term,
and using this to correct the estimator. The second approach is based on a jacknife in the time series
dimension of the panel. The idea here is to use the variation in the fixed effects estimators as a time
period is dropped to form a bias corrected estimator. We do this by applying the Quenouilles (1956) and
Tukey (1958) jacknife formula to the fixed effects estimators that drop each time period. This produces
an estimator with properties similar to the analytical approach without explicit computation of the bias
term.

We analyze the properties of both of these estimators under asymptotics as n and T grow at the same



rate. We find that both approaches yield an estimator that is asymptotically normal and centered at the
truth. This large n, large T asymptotics provides a way to formalize the idea that the bias corrected
estimators should be closer to the truth. As usual, the asymptotic theory is primarily intended as an
approximation to the finite sample distribution of the estimator, here especially to its bias. Under our
asymptotic approximation, bias correction does not increase the asymptotic variance. This suggests that
the benefit of bias reduction substantially dominates any potential increase of variance.

We conjecture that the bias corrected estimators have an even stronger property, being asymptotically
normal and correctly centered as long as T grows faster than n'/3. This property would provide further
justification for the bias corrected estimators. It would mean they have little bias even when T is allowed
to be much smaller than n, a situation that is often encountered in practice.

In Section 2 we use some comparatively simple calculations to describe how the bias corrections work.
Section 3 gives the form of the analytical bias correction. Section 4 describes the jacknife bias correction.

Asymptotic theory is given in Section 5.

2 The Effect of Bias Correction

Some expansions can be used to motivate the bias results. Let 6 denote an R-dimensional parameter
vector of interest with true value 6y, and let (7 denote the limiting value, as n — oo with T' fixed, of
a fixed effects estimator 0 of fp. A consequence of the incidental parameters problem is that typically
07 # 0o. Note that the bias should be small for large enough T, i.e., limr o 07] = 6p. Indeed, it can

be shown that in some generality,

_g. 4B L
9[T1—90+T+O<T2).

To see the resultant bias of the fixed effects estimator, suppose that as n/T — p it is the case that

VAT (0= 0z1) > N (0,). Then

VT (6= 00) = /T (0= 011y ) + \/ﬁg +0 Q/%) < N(By/5, Q).

Thus we see that even when T' grows as fast as n the fixed effects estimator has asymptotic bias, with its
limit distribution not being centered at zero.
The first approach to bias correction consists of estimating § by some E and then forming a bias

corrected estimator
o
0=60—- = 1
z )

This estimator should be less biased than the fixed effects estimator 0. Specifically, when n and T' grow

at the same rate as before and E 2 3,

\/n_T<§—00):\/rﬁ@—ﬁ[ﬂ)—\/g(@—ﬁ)—l—O(\/%)iN(O,Q), 2)

so that the use of 0 eliminates that bias. Thus, all we need to do is find a consistent estimator of 5. We
do this by plugging in consistent esitimators of components of the formula for 3. We show that equation
(2) holds for the 3 we use.



The panel jacknife provides an alternative approach that avoids estimation of 3. To describe it, let
/H\(t) be the fixed effects estimator based on the subsample excluding the observations of the tth period.

The jackknife estimator is

T
0=T0—(T—1)> 04)/T (3)
t=1
To explain the bias correction from this estimator it is helpful to consider a further expansion

. 1
G[T]*QJFTJFTQJFO 75 | (4)

To see how the jacknife affects the bias we can consider the limit of 0 for fixed T and see how it changes

with 7. The estimator 6 will converge in probability to
1
Jrwo(m)

Thus we see that the bias of the jacknife corrected value is of order 1/T2. Furthermore, as shown below,
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the jackknife estimator 0 has the same property as © under the large n and T approximation, namely
\/71_T(5—HO) <4 N(0,Q).

Our conjecture, that the analytical bias correction works if 7' grows faster than n'/3, can also be
explained by an analogous expansion. Suppose now that B is vnT consistent, so that /ﬁ\ = 6+0 (1 / VnT > .

Then expanding as in equation (2) gives

T3

\/ﬁ@—ao) :\/ﬁ@—am) —\/ﬁ@—ﬁ) /T+0< ﬁ) < N(0,9).

Although we do not verify this conjecture here, this expansion strongly suggests that the bias correction

/3 This conjecture

removes asymptotic bias under the condition that T grows at least as fast as n
suggests that the bias corrected fixed effects estimator should be approximately unbiased when 7" is much

smaller than n.

3 Analytical Bias Correction

We first describe the model we consider. Let the data observations be denoted by z, (t = 1,...,T;i =
1,...,n). We assume that these observations are mutually independent and that there is a density function
f(z;60,a) such that

Tt Nf(';eo,aio), (t:l,...,T;i:l,...,n)

We assume that dim () = R > 1 and that dim («) = 1. Thus, here X;7 = (21, ..., ;1) is i.1.d. over ¢,

while the distribution of observations across ¢ differs only due to a;g. The fixed effects estimator is given



by

0 = argmax Xir,0),
gn ;q( 7,9)

T
q(Xir,0) = Zlogf(a:it;e,aiw)),

t=1

T
a; (0) = argmaleogf (i;0, ) .

¥ =1

By the usual results for extremum estimators, for fixed T' the estimator 0 will be consistent for
07 = argmax E [q (Xir, 0)] = argmax E [log f (zi:; 0, a; (9))] .
0 0

The incidental parameters problem, with 07 # 0o, arises because of randomness of a; (). If a; (6) were
replaced by «;(0) = argmax,. E [log f (z4;0, )], i.e. if the sum over T" were replaced by the expectation,
then it is straightforward to show that 0|7 = 0o.

To describe the analytical bias correction, we need to define some additional derivatives. Let

0 0
so (30, 05) = @bgf(ﬂ?it;&ai), V(zi; 0, 05) = %bgf(xit?oaai)a
_1 0?
Vo (zi;0,05) = f(xi;0,05) Wf(ﬂ?it;@,ai)-

Also, for the fixed effect estimator 0 and Qy, ..., Qp, let

~

Sit = so (:ﬂit;Q,ai) , Vu=sV (:ﬂn;&%) , V=W (:mu&m) ;

T T
Sit — Vit (Z ‘/itgit>/ (Z Vi
u=1 u=1

Then the bias term estimator is

Uit

R 117LTAA_1171, T T
f=-3 (n_TZZUitUi/t> (52 (ZUMVZM Z‘G%)) .
i=1 t=1 i=1 \t=1 t=1
The bias corrected estimator can then be formed as in equation (1).
This object can be interpreted as local bias correction for random parameters. Note that 1/ Zle VL%
is an information approxmation to the variance of &;. From Chesher (1984), we know that the score for

a random «; with variance 1/ 31, V2 would be

~ 1 1 ~
Dit =3 (ﬁ) Vv?it'
2 Zt:l ‘/2%

Applying the Kiefer and Skoog (1984) general formula for local bias of the MLE under misspecification
to the special case of random parameters then gives B Thus we see that B is an estimator of the local

bias that results from random parameters, and so bias correcting with it makes the bias go away faster.



4 Jacknife Bias Correction

The jacknife bias correction is constructed by re-estimating 6 while dropping each time series observation

in turn. To describe it, for a given @ let the fixed effect estimator of o; from all observations but the ¢**

be given by
T
Qi(¢) (0) = argmax Z log f (x40, ) .
« s#t,s=1

The fixed effects estimator of 6 excluding time period ¢ is then given by

n
g(t) = argmaxZZlogf (is; 0, Qe (0))
LA
The jacknife bias corrected estimator is then as given in equation (3).

The jacknife bias correction requires recomputing the estimator 7' times, but avoids the computation
of higher-order derivatives needed for the analytic bias correction. The fixed effects estimator @, Q1 .eey Oy
provide a good starting value for these computations. Starting at the fixed effects and iterating to-
wards /é(t) should be straightforward computationally, requiring no additional software. Thus, the jackife
provides a straightforward approach to bias correction.

A simple example may serve to illustrate this jacknife bias correction. Suppose

‘TitiALdAN(aio,eo) tzl,...,T:z':l,...,n

so that
log f (21; 0 .)_0_11 Q_M
og | (T4, 0,04) = D) 0g 20
The fixed effects MLE is
1 I
ap = ?Z%’tETu
t=1
1 n T 1 n T
~ N2 —\2

As is well known, F {/H\} = %90. It is straightforward to show that

3

T T
P L R | e T -
T0 - —— ;e(t)_n(T_l) > (@i — ) _(T—1)9'

i=1 t=1

S
Il

In this example, the jacknife bias corrected estimator is unbiased.

5 Asymptotic Theory

The first result we consider is the asymptotic distribution of the fixed effects MLE when n,T — oo at

the same rate. We impose the following conditions:



Condition 1 n,T — oo such that 75 — p, where 0 < p < oo.

Condition 2 (i) The function Inf (+; 0, «) is continuous in (8,a) € Y; (ii) The parameter space Y is com-
pact; (iii) There exists a function function M (xi;) such that [log f (xie; 0, )| < M (x), |Leedbeiedan) | <

0(0,a;) —
M (x;4), and sup; E [M (xit)33i| < 0.

Condition 3 For each n > 0, inf; [G(i) (00, io) = SUP{(6,):(0,0)— (60,ai0)| >0} G (i) (05 a)} > 0, where

T
Gy (0, 01) = lzlogf zit;0,00) =T g(@usb, i), Gy (0, 00) = E [log f (wit; 0, )]
=1
Let
Ui = s (xit; 00, o) — pio - Ve, Vie = V(xir: 0o, o),
pio = Elso(mit; 00, i0)Viel JE[VEE],  Voir = Va(2irs 0o, cvio),

Condition 4 (i) There exists some M (x;) such that

< M (xi) 0<m+me<1,...,6

Mt m2 Jog f (14430, ;)
00 0™

and sup; £ [M (:Eit)Q} < 00 for some Q > 64; (i) lim, oo = >0 E [UyU},] > 0; (iii) min; E [V2] > 0.

Under these conditions we can obtain the asymptotic distribution of the fixed effects MLE as n and

T grow at the same rate.

Theorem 1 Under Conditions 1, 2, 8, and 4, we have

x/ﬁ(@—eo)—w (nhm—ZI> B

where
—1
1 1< 1 & E [VaiUs]
= [1m =37 lim — S 220t
2<n£r;on2 ) <nLﬂgoni_l BV

Proof. See Appendix B. m
Waterman et al (2000) establish the asymptotic distribution of v/nT @ - 90) assuming that 6 and

Q; (5) are consistent for 0y and «;o, and dim () = 1. We show that § and Q; are consistent for 6y and
;0: Theorems 4 and 5 in Appendix A establish such consistency under Conditions 1, 2, and 3. We also
allow for dim () to be bigger than 1.

Next, we show that the analytic bias correction eliminates the asymptotic bias term.
Theorem 2 Under Conditions 1, 2, 3, and 4, we have 3 = (3 + op (1)

Proof. See Appendix E. =



Corollary 1 Suppose that Conditions 1, 2, 3, and 4 hold. Let
b=0- 7P

We then have

~ 1 n -
VnT <9 - 90) —~N|o, ( lim — ZL->
n—oo N, =1
Proof. The conclusion easily follows from

Wﬁi%3=¢g2=ﬁ¢z+%a)

PN
Remark 1 By equation (22) in Appendiz E, we can see that <% Yo Z?:l UitUi’t> is a consistent

estimator of the asymptotic variance (limnéOO % > Ii) ! of vVnT <5 — 90) .

To compare our result with Waterman et. al. (2000), let ‘72‘15 = (Vi Vgit)/ and
< 1\ —1 -
po= (BVaVi]) E[VaUa),
U* (xit;97a) = S (xit;97ai) - (V (xit;aaai) 7‘/2 (xit;eaai)),ﬁi‘

They showed the same conclusion as above with scalar 8 for a nonfeasible estimator obtained by solving

n T
ZZUZ* (z4;0,a) =0, ZV (2350, 0;) =

=1 t=1
This estimator is not feasible because p; is unknown. In contrast, our result shows that a feasible bias
corrected estimator satisfies the conclusion.
The jacknife bias corrected estimator has the same limiting distribution as the analytic bias corrected

estimator. In order to simplify the proof we only show this for scalar 6.

Theorem 3 Suppose that dim (0) = 1. Also suppose that Conditions 1, 2, 3, and 4, hold. We then have

\/11_T('é—00)—>zv<o, ! )

limy,— o0 % Z?:l E [Uf]

Proof. See Appendix I. m

6 Summary

We developed two methods of reducing bias of the fixed effects maximum likelihood estimator for nonlinear
panel models with fixed effects, an analytic method and an automatic method based on a time series
jacknife. It might be of interest consider the extra term v in the expansion of equation (4), and seek to
remove this terrm by analytical and/or jacknife methods. We expect that such could be done under yet
another alternative approximation where n and T grow to infinity at a different rate. Such analysis is

expected to be substantially complicated, and we leave it to future research.
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Appendix

A Consistency
Throughout this section, we assume that Conditions 1, 2, and 3 hold.

Lemma 1 Assume that Wy are iid with E[W,] =0 and E [W2*] < co. Then,

E {(Zf_l Wt)%} = C()T* + o(T")
for some constant C'(k).

Proof. By adopting an argument in the proof of Lemma 5.1 in Lahiri (1992), we have
T 2%k 2k i
B|(SLw)"] - £ SC@ima) e | T W, 6
=1 « s=

where for each fixed j € {1,...,2k}, > extends over all j-tuples of positive integers (a1, ..., ;) such that
a1 + ...+ o =2k and ) ; extends over all ordered j-tuples (t1y ey t;) of integers such that 1 <t¢; <T.
Also, C(ay, ..., ) stands for a bounded constant. Note, that if j > k then at least one of the indices
a; = 1. By independence and the fact that £ [W;] = 0 it follows that F [ngl Wf:s] = 0 whenever j > k.

SENN

Lemma 2 Suppose that, for eachi, {&;;,t = 1,2,...} is a sequence of zero mean i.i.d. random variables.

This shows that < C(k)T* - E [W2F] for some constant C(k). m

We assume that {&,;,t = 1,2,3} are independent across i. We also assume that max; E {|£”|16} < 00.
Finally, we assume that n = O (T). We then have

1 T
7>
t=1

for every n > 0.

> 77] =0 (T7?)

max Pr
2

Proof. Using Lemma 1, we obtain

T 16

> &

t=1

<CT® E[&/],

where C' > 0 is a constant. Therefore, we have

T
CcT®
T?Pr Zflf 2mE[ it ]
or
s C
miaxTzPr Zflt > _TG 16maxE[£ ] o(1).
=
[

10



Lemma 3 Suppose that Conditions 1 and 2 hold. We then have for all n > 0 that

_ -1
Pr Lrgzag(n (sgup) ‘G(i) (0,0) =Gy (9,04)’ > n] =o(T)

Proof. Let n > 0 be given. We note that

Pr [max sup ‘G(L) (0,0) =G (0, ' > n] < ZPr lsup (6)

1<i<n (6,a) — (6,a)

) (0,0) = Gy (0.0)| = |

Let € > 0 be chosen such that 2e max; £ [M (z;)] < 3. Divide T into subsets Y1, Ta,..., T such

that |(6,) — (6',a’)| < & whenever (6, a) and (¢',/) are in the same subset. Let (6}, ;) denote some
point in Y; for each j. Then,

sup
(6,a)

Gy (6.0) =Gy (6,0)| = maxsup |Gy (6,0) ~ Gy (6,0,

and therefore

M(e)
G(i) (9, a) — G(i) (9, Oé)‘ > 77] < Z Pr
J=1

Pr | sup
(6,)

sup ‘é(i) (0, 0) = G (9>04)’ > 77] (7)
For (0,a) € T;, we have

iy (0,0) = Groy (0,00 < [Groy (05,5) = Gy (05, 05|+

Then,

Pr [sgp ‘@(i) (0,a) — G (9,0[)‘ > n] < Pr H@(i) (05, a5) — G (Qj,ozj)’ > ﬂ}

3
+Pr % ;(M (2i2) — E[M (z:2)])| > %1
= o(T7? (8)

by Lemma 2. Combining (6), (7), (8), and n = O (T'), we obtain the desired conclusion. m

Theorem 4 Under Conditions 1, 2, and 3, Pr H@ — 90’ > 77} =0 (T*I) for every n > 0.

Proof. Let n be given, and let ¢ = inf; {G(i) (00, @ti0) = SUP{(9,0:((8,0)— (60,ai0)| >0} Gy ()| > 0.
With probability equal to 1 — o (%), we have

- —1
Gy (0,0) < Goo (0,00
|6— 90|>777a17 7an Z (1) a;) < (0.0) 907a7o)|>n Z (l o)
—1
< Gy (0, ;)
1(6,0)— (90@;0)|>7} Z () l
< nflg G (6o, v, _25
3
< ”_1ZG (0, o) — 2,
3

11



where the second and fourth inequalities are based on Lemma 3. Because

0,a1,...,0n

max n”! Z é(z') (0,;) >0t Z é(z') (00, cvio)
i=1 i=1

by definition, we can conclude that Pr [

000/ =] =o(4). m

Theorem 5 Under Conditions 1, 2, and 3,

N — anl > —
TPr -1I£1ia§}(n|al aio| > n} o(1)

Proof. We first prove that

T Pr | max sup
1<i<n ¢

Geo (9.0 = Goo (00,0 > ] =0 (1) ©)
for every n > 0. Note that
CA?(Z-) (/é, a) — G(i) (5, a) ‘

@(i) @, a) -G <§, oz)‘ + max sup

1<i<n

max sup
1<i<n g

< max sup
1<i<n o

Gy (0,0) = G (00, 0)|

<  max sup ‘@(i) (0,0) = Gy (9,04)‘ + max F[M (x4)] - '[9\— 00‘ .

1<i<n (0,0) 1<i<n
Therefore,
A (7 = 1
) R > < . . > L
TPr Lrgizg(n stip ‘G(z) (9,a> Gi) (0o, a)‘ > 77} < TPr lrg%xn (s:gui)) )G(z) (0,a) =G (9,04)‘ > 21

~ n
60— 0y >
ol=73 (1+maxi<j<n E [M (mzt)]):|

—I—TPr[
= o)

by Lemma 3 and Theorem 4.
We now get back to the proof of Theorem 5. It suffices to prove that

1<i<n

TPr {max |a; — ao] > n} =o0(1)

for every n > 0. Let n be given, and let ¢ = inf; [G(,-) (00, @io) = SUP{a;: i —aso| >0} G i) (90,0@')} > 0.
Condition on the event {maxlgign sup,, c?'(i) (5, a) — Gy (0o, a)’ < %5}, which has a probability equal

to1—o0 (%) by (9). We then have

~ ~ 1 2 ~ ~ 1
max G(i) (9,0@) < max G(i) (Ho,a,») + gé‘ < G(i) (90,0@0) - 55 < G(i) (9,0@'0) - 55

lai—aio|>n |ai—aio|>n

This is inconsistent with @(i) (@, az-) > @(i) (@, ozm), and therefore, |@; — a0 < i for every i. ®

12



B Proof of Theorem 1

We can see that the MLE 9 also solves

0= 330 (e (7).

i=1 t=1

Let F = (F1,...,F,) denote the collection of distribution functions. Let F= (ﬁl, e ﬁn>, where ﬁz

denotes the empirical distribution function for the stratum i. Define F(¢) = F + eV/T (ﬁ —F ) for
ee [0, T*1/2]. For each fixed 6 and ¢, let «; (0, F; (¢)) be the solution to the estimating equation

0— / Vi [0, 01 0, F; (€))] dF. (¢),
and let § (F (€)) be the solution to the estimating equation
0= [ U6 s (F () 0 0 Fi () 2 (9) aF (0.
By Taylor series expansion, we have
- 1 1 2 1/1\°
O(F)—0(F)=—=6° ——= 6° ——=| 0
(F) -0 == <o>+2(f) 0+5(5) 0.
d*6

where 0° (¢) = df (F (€))/ de, 8 (e) =
We therefore have

VnT (9 (F) .y (F)) —/nT 79 )+ VnT (—) 0 o L /n \/_9 (10)
Theorem 6 in Appendix D establishes that last term in (10) is 0, (1) under Condition 4. It is shown later
in Appendix C that

-1
1 €
\/ﬁ\/—fﬁ 0) — (nhjrolog21> )

1/ 1\% .. V(1) (1 EVauli]
\/n_T§<\/—T> 0 (0) = —3 f(ﬁZL) (ﬁ, Tﬁ])—i_ol)(l)’

i=1

/de .., and € is somewhere in between 0 and 7~1/2.

from which Theorem 1 follows.

C Derivatives of 0
Let

hi (-,€) = Ui (50 (F (€)), i (0 (F (€)) , Fi (€))) (11)
The first order condition may be written as

_ %Z/h (. €) dF} (¢) (12)

13



Differentiating repeatedly with respect to €, we obtain

1w [ dh;(-,
0= Seedar, Z/ ) dr
1~ [ d?h; (- €) dh; (
0= EZ/ deze Z/ iy
0 = —Z/ dF €) + 3= Z/ dAzT

where A = VT (E — FZ)

C.1 6(0)
Because
th (~, 6) - 6hZ (', 6) % 8h7, (', E) aai @ 8h ( ) 80&1
de 90 Oe Oa; 00 Oe da;  Oe

we may rewrite (13) as

n

Bh 69 6hZ (', E) Bai 89 8h2 (~, 6) 8ai : l ) )
;/ < 9' 36 da; 00 Oe * Oa;  Oe dF; (e) + n Z/hl () dAir

i=1

Evaluating at € = 0, and noting that E [U;*] = 0, we obtain

0) = (% iL‘)_ (%i/UidAiT>

We therefore have

18 1 K& I R
oo (157) (ArSEe) (o (mige)

7

C.2 of and af

In the ith stratum, «; (6, F; (¢)) solves the estimating equation

/ Vi (0,04 (0, F; () dF; (¢) = 0

Differentiating the LHS with respect to 6 and ¢, we obtain

/%dﬂ (€) + (/ %Of’e)dﬂ (e)) W’
</ %j,e)dﬂ (6)) W"ﬁ‘/%(.ﬂ,e) A7,
Observe that

14
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Equating these equations to zero and solving for derivatives of «; evaluated at € = 0 gives

E[%¢] _ P15

of = — = =0(1), 19
T ~1/25T
of = ——z=tlt T Ermln_ o (), 20)
VTE [g—cﬂ B[V?]
where
OLQ _ 60@ (Q,FZ (0)) af = Bai (Q,FZ (0))
v 00 ’ v Oe '
C.3 6°(0)
Note that
d2hi (~, 6) - thl ( ) 8% 00\ 00 82h1 (~, 6) 8ai 00
gz = Gha+ s (aa' ae) 9 " T009a; e e
ahZ (',6) @
08 Oe?

Ohi (1) 9000500 hi (,€) (00i 00\* | 0hi(e) (D0 00 Do
90'0a; e 08’ de da? 00" de da? 00" Oe ) Oe
+8hz (',6) (89/ 82(12‘ > @ 8hZ (',6) 32(11‘ o0 + 8hl (',6) aai (920

e da;  00'De De da; 00 de?
+82hz- (,6) 90 9ai 8%h; (- €) <aa@) dai 9%h; (- €) <8ai)2
00'dc; Oe Oe da? 00" de ) Oe da? De
Ohi (- €) 0%a; 00 Oh; (- €) D%

do;  0edl De Oa; 0?2’

da;  \ de 0090 e

where G, (-, €) is a R-dimensional column vector such that its r-th element er) (-,€) is equal to

90 (-,) P (-,€) 0 (-, )
Oe 0606’ Oe '’

G (e =

and hzm (-, €) denotes the r-th element of h;.
Evaluating each term of (14) at e = 0, and noting that E [U"] = 0, we obtain

0 = —ZE{
A el o[
e

92U ’ -
a Z * B |5 ]

2 oU; . 2 oU;
+E;< WdAiT)a +529 ’9)/ i+ = Z /

o

15



where
. n 52U .

6 (0)’ (% Y B {W]) 0°(0)

g= :

n 2 FR) €
0° (0)/ <% i B |:88_(‘§]6€;’:|) 6 (0)

from which we obtain

2

1 — ce 1 " e 0°U;
(rEm)ro =SS s [T i
1 . 9%U;
2 (E;O‘iﬂ[ae/ai

1~ [0 L§~ [ U
+2( = —g i | 6°(0) + | ~ B, 0 (o )9 0
(n;/ae T) ( ;/3%‘ e
2 — € / 02U, 1 0°U,
#9230 0ol B |00+ S 00 o) B | G

(e[ oo - o ()0 (2) o2
(5 [29] ) e - () on() -0 ()
(25 [%n) o = o (Z)on(2)-0n(2)
(15 Boasaa )00 = o ()0 () 0. (1)




we may write

o = (35e) sEeer(Fa)
R 1SSt v (1 & N
- <_ZI> w2 VR (72@ - B[U; ]))

|
[N}
A/
SHIES
[
i
~—
|
S
[

Therefore, we have

() o F (i) 15

i=

+oy, (1)

T .
| W B
«/_T,Zz;(Ui Al

The terms in square parentheses have joint limiting normal distributions by CLT. Their product is a

1 &V
2
VT;E[W

quadratic form with mean
EWVaUM]  EUMY]  EVRUS]  EViUM]  EViU™]  E VUi

EV?] B[V E[V]] 2BV 20V 2BV

Therefore, we have

11N o 1 1 L& EVanl)
\/ﬁ§ <\/—T> 0% (0) = 5\/; (EZI’) <_E 3 W) +0,(1)
D Remainder in (10)

D.1 %, of, and of°

9027 90de’ Be?

o [y o SOE) (IO )[R0, ) il )

Second order differentiation ( A L ) of (18) yields

0606’ 00 0a; 00 da;00 00’
AV (-, 0,¢) ‘ 0a; (0, F; (€)) 0?V; (+,0,¢) ‘ Oa; (0, F; (€)) Oc; (0, F; (€))
+ ( / 9oy L (€)> 2600 / ez () 20 o0

82‘/;(‘,9,6) 80@(9,FZ(6))
0 = ( 9000, dFi(G)) de

N (/ ‘9”("9’6)(15 (E)) i (0, F; (€)) " </ 82%("9’6)dFi (6)> dai (0, Fi (€)) 0a; (0, F; (€))

dar D60e do7 2 oc
Vi (-,0.¢) Vi (0.¢) 904 (0, Fi (¢))
_|_/ 50 dA;T + (/ e, dA;T 20 )
and
([0 e\ PO F@) ([ PVi00) ) (01 (6. (0)?
0= (/ da; dF; <€)) De2 + / 80[% dF; (6) Oe
([P0 1, ) 20s01 1)
aai 86
These three equalities characterizes 82“3%5}(6)), 82"”52}3?(6)), and 82%(992? =
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D.2 Some Lemmas

Lemma 4 Suppose that, for eachi, {&,;,t = 1,2,...} is a sequence of zero mean i.i.d. random variables.
We assume that {&,,,t = 1,2,3} are independent across i. We also assume that max; E [|£it|16} < o0.
Finally, assume that n = O (T). We then have

T
% Zgzt =0 (%)
t=1

for every n > 0.
Proof. The conclusion follows from combining Lemma 2 with the observation that

1 T n 1 T 1 T
;t_zl@t ST;Pr ;t_zléit ft_Zléit

Pr [max >

T Pr |max >

> 77] < max T2 Pr

>n].

Lemma 5 Suppose that, for each i, {&;, (¢),t=1,2,...} is a sequence of zero mean i.i.d. random

variables indexed by some parameter ¢ € ®. We assume that {£;, (¢),t = 1,2,3} are independent across
i. We also assume that sup,eq | (¢)] < Bir for some sequence of random variables By that is i.i.d.

across t and independent across i. Finally, we assume that max; E [|Bit|64} < o0, andn =0 (T). We
then have

[max Z £ (0 =0 (%)

for every v such that 0 < v < 160 Here, {¢;} is an arbitrary sequence in ®.

> T~

Proof. This proof is a modification of Hall and Horowitz (1996, Lemma 1). Note that

T
T2 Pr LQELXT By| > Tl/lﬁ} < T2 ;Pr [|Bit| > Tl/lﬁ] — T3Pr [|Bz-t| > Tl/lﬁ}

E [|Bit|64} max; E [|B“|64}
<
(T1/16)64 - T

=o0(1).

Condition on maxi<¢<7 |Bit| < T1/18, By Markov’s inequality,

1
Pr |sup |— ; > T | =Pr sup v
ped T ;fn (¢z) [¢€¢ ;fzt ¢z
7 64
E |:Sup¢€¢’ Zt:l it (05) ] sup¢eq>E { Zt 1§n ] E [ ]
= T%><64—64v7764 - T&—64vne4 - T%—G‘*“ 64 '

where the last equality is based on dominated convergence. By Lahiri (1992, Lemma 5.1), we have
64

it S CT367

18



where C' > 0 is a constant. Therefore, we have

T? Pr Zg S| <2 T 0) (T%*G‘w)
it =7 iz 64064 ’
and
1 T . n T CT36
=—v v | — —
TPr max ﬁ;gn (¢;)| > TTo < T;Pr [ Z; > T =nT T o(1)
]

Lemma 6 Under Conditions 1, 2, and 3,

TPr| max

1
|0Ses 77

8(e) 0| 277] =o(1)

and

TP (6) —al >n|l =01
e “0'—"] o

for every n > 0.
Proof. Only the first assertion is proved. The second assertion can be proved similarly. Let n be

given, and let € = inf; [G(i) (00, @i0) = SUD{(9,0):)(0,0)— (00,as0)| >0} G (i) (05 @)| > 0. Recall that

F(e) EF+5\/T(1?’—F), ce {0,%]
We have
/ 950,00 0)) dF: () = (1= VT Gy (6,00) + eV/T Gy (6, 00)

and

/g (40, (6)) dF (6) — Gy (6, o)

< (1-eVT) |Gy (0.0) = Geoy (6,0)| < |Gy (0,0) = Giy (6,0)|.

By Lemma 3, we have

Pr max —max sup
0<5<\/_ 1<i<n (6,a)

/g(~;9,ai (0)) dF; (€) — Gy (0, ) 277] =o(T7Y)

Therefore, for every 0 < e < % with probability equal to 1 — o (%), we have

n! 0,04 () dF; < -1 / =0, q; (0)) dF;
Z/ . TR - T Zl 938,04 (0)) dFs ()
n~t Gy (0, ;)
[(0,0)— (Oo,azo \>77 Z
< 7’7,71 ZG(Z) (6’0,0@-0) — gf

- 1
nt ;/g (+; 00, o) dF; (€) — 56.

|60 90|>777a17 Ctn,

A
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We also have

g nax nIZ/ (0, ;) dF; (e) > Z/g(,

.....

by definition. It follows that

60— 90|>7] al ..... a"

for every 0 < e < \/_ We therefore obtain that Pr [max0<€<

Lemma 7 Assume that Condition 4 holds. Suppose that

Hmatma log f (l'it; 0 (6) , O (9 (6) )6))

111111

0 (c) _90\>n}_0(%) -

K;(;0(e),a; (0(e),€)) is equal to

00 oo™
for some my +mg < 1,...,5. Then, for any n > 0, we have
P K;( i (0 — =Y E[K;(x4;00,a:0)]| >n| =
e B2 [ K@ a0, 2 Bl ) ”] o

and

Pr |max max
i 0<e<

Also,

Pr |max max
i 0<e<

/ K ( ((0(6), ) dAr

for some constant C > 0 and v such that 0 < v < 160

Proof. Note that we may write

/Ki (40(e), s (0(c) ) dF, () —/Ki(-;a ]
/Kz- (10(6), 01 (0(6) , €)) dF <e>—/m<-;e<0> o

+/Ki('§9(0)’0473(9( /K
_ w €) — €
- [ LD (o - pyari o

# [ D (000 ) — ) s 0

+eVT [ K (30(0),0:(0(0).,0)d (F - 7))

20

/ K $(0(€),€)) dF; (€) — B [K: (w3 0, ovio)]

> CT6v




where (0%, af) are between (6, «;) and (0 (¢) ,a; (6 (€) ,€)). Therefore, we have

eSO RS RAGCIOIELICEED DAL ACHN)

< 10(e) -0 %Z (E [M ()] + % ZM(xi»)
i=1

n 1/2 n T 2
+ (% > (@i (0(e),€) — ai)2> (% , (E [M (z3)] + %ZM(@Q) )

i=1

n

15 (B st

1=

+

where M (-) is defined in Condition 4. Using Lemmas 4 and 6, we can bound

max
1
0<e< i

% Z/Kl (10 (€) i (0(c),€)) dF; (¢) — % ZE (K (@it; 00, vio)]

in absolute value by some 1 > 0 with probability 1 — o (%) Because

‘ / Ki (50(6), 01 (0(), ) dF, (6) — B [Ki (a3 00, cio)]

we can bound

max max
K2

/Ki (:0(e),a; (0 (€) ,€)) dF; (€) — E [K; (xit; 0o, cvio)]

1
Oses 77

in absolute value by some 1 > 0 with probability 1 — o (%)

Using Condition 4 and Lemmas 5, we can also show that

/Kz (‘; 9 (6) , O (9 (6) s 6)) dAlT

max
%

can be bounded by in absolute value by CT10~" for some constant C' > 0 and v such that 0 < v < 1—(150

with probability 1 — o (%) ]

D.3 Bounds

Lemma 8 Suppose that Condition 4 holds. Then, we have

Pr lmax max {af (€)|>C] = O(T_l)

to0sesgp

Pr [max max |af (e)] > CT® V| = o (77

Foses oy
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for some constant C' > 0 and v such that 0 < v < 160

Proof. From Appendix C.2, we obtain

80"'7(08’05 (@) _ _ </ 7816;;?’6) dF; (6))1 (/ %dﬂ (6)) :
da; (Ga,eFi () _ </ %Of:ﬁ)dpi (6))1 (/V2 (-,0,¢) dAiT) .

Using Lemma 7 and Condition 4, we can see that

(f #5ettam o)

is uniformly bounded away from zero. We can also see that

AV (-, 0,¢)
/Tdﬂ ()

is uniformly bounded by some constant C', and

/m(.,e,e) NS
is uniformly bounded by C'T'1o 16— for some constant C' and v such that 0 < v < 160 ]
Lemma 9 Suppose that Condition 4 holds. Then, we have

Pr [ max |6 (¢)| > CT™ Y| = o(T™)
0<e<—=

\/_

for some constant C' > 0 and v such that 0 < v < 160

Proof. From (16), we have

o - -l%i/<@h;;f>+%zﬁ zz“fw«ef
R ([ Betan ) 33 [0

Using Lemmas 7, 8, and Condition 4, we can bound the denominator of 8¢ (¢) by some C' > 0, and the

numerator by some CT' 0V with probability 1 — o (T*I). [

Lemma 10 Suppose that Condition 4 holds. Then, we have

Pr |max max a?re” (e)‘ >C| = o(T™)
o 0<es—= ]
1
Pr max max ()| >CT™ | = o (T71)
1 0<e<—L
r |
1 2 1
Pr lmax max |a5(¢)| > C (Tlo “) = o(T™)
i 0<e<-L
VT J
/ 2 : . .
for some constant C > 0 and v such that 0 < v < 160 Here, of) e %gér—/, We similarly define a?re
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Proof. From Appendix D.1, we have

0 = /Mdﬂ (e) + da; (0, F; (€)) < 82V¢(~,9,6)dﬂ (e)) +< Mdﬂ (6)> 90 (0, i (¢))

o0’

0000’ 06 da; 00’ Oa;00
avvl (7936) 620‘2’ (ean (6)) 82‘/1 (7976) 30[1‘ (avFl (6)) 3041 (avFl (6))
+ ( / Doy L (6)> o600 T ( / oaz  F (E)) 20 o0
0?V; (-,0,¢€) Oa; (0, F; (¢€))
0 = —— " 2dF;(¢) | —F——*
000 Oe
( oV (-,0,¢) JF. > 02a; (0, F; (e)) 02V, (-,0,¢) IF Oa; (0, F; (e)) O (0, F; (€))
* ( / Doy (6)) o00c ( / oaz (6)> 20 De
8VVL ('7976) aVz ('7976) aai (97Fi (6))
Jr/ a0 dA;r + (/ Da; dAz'T> 20 ,

and

day De? da? De
49 / Vi (-, 0,¢) A, Oa; (0, F; (e))
80[z' Oe

The result then follows by applying the same argument as in the proof of Lemma 8. m

Lemma 11 Suppose that Condition 4 holds. Then, we have

2
€€ 1—1071) _ -1
Pr LgrilgxlT |6°€ (¢)] > C <T ) ] o(T71)

for some constant C > 0 and v such that 0 < v < 1—é0.

Proof. The conclusion follows by using the characterization of 6 (¢) in Appendix C.3, and Lemmas
7,8,9,and 10. m

Lemma 12 Suppose that Condition 4 holds. Then, we have

Pr [max max afre""g’"” (6)‘ >C| = o(T™)
¢ 0§e§ﬁ |

Pr |max max af"‘er'e(e) > T v = o(T7)
2 Ogsﬁﬁ |
)

Pr {max max |af (6)‘ >C(T1_10_U) = o(I')
{ ogegﬁ |
E

Pr {max max |a§* (e)|>C’(T1_ltf“> = o(T™)

i Ogsﬁﬁ

for some constant C > 0 and v such that 0 < v < 1—(150.

Proof. It was seen in Appendix D.1 that
2
i\ Y,y i 7Fi
0 — ( *V; ( 06)dF,»(e)> da; (0, F; (e))

00,.0a; Oe
ovVi(0,e) .. 0?a; (0, F; (€)) 0?V; (+,0,¢) _ Oa; (0, F; (€)) 0a; (0, F; (€))
* ( / o, L (6)) 90,0 / oz i) 26, De
8‘/; (',076) ) aVz ('7976) ) aai (97Fi (6))
+ / oo, (At ( / oy AT 2,

23



and

0 o (L) SR ([ PR, ) (2l

+2 (/ %@z)(mﬁ) w.

We therefore obtain

83% ('7 97 6) 83‘/ ( ) aai (97 Fi (€)>
0 = | 6,00,.90,, T+ < 906,00, 1 (¢ )) a6,
620[2' (93 Fi (6)) 621/; ('7 ) ) aai (97 Fi (6)) 83‘/ ( )
06,00, ( D00, (6)> %, < Da:00,06,, 1 (€ )>
00 (0, Fi (€)) 90 (0, Fi (¢)) PVi(,0¢)
0, 90, da 239 dFi(e)
3V (- Oa; (0, F; (¢)) + B3V; (+,0,¢€) dF; () Oa; (0, F; (€)) Oc; (0, F; (€))
8a 39 aer” 00, 90200, ‘ 90, 00,
n 82042 0, F; (
30(239 89 89 "
oy (0, F; ( Vi (-,0,¢) dai (0, F; () 9°i (8, Fi (¢))
+ aazaer” (€ ) 00 aer, Ly ( / el (E)) 090, 90,0,
Pa; (0, Fi (€))
* ”) a6 39r,aar//

BV (-
Ba a@rw

Oa; ( t9F )) Ocv; (0, F; (€))
00,
8&2 8041 (9 F ( )) 80@- (Q,Fi (6))

in0) =
) a0, 90,1
10)
i)

+

€

_l_

82041 0, F ) Ocv; (0, F; (€))

69 89T~ 00,
oy 0?a; (0, F; (¢))
90,00, '

+

i
(/%5
(/%
(/=5
(
(/=5
(/=5
(=5

+
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&ai(0.Fi(e))
which characterizes 90,0000 >

*Vi (-,0,¢) Oa; (0, Fj (¢€)) *Vi (-,0,€) Oa; (0, F; (€)) Oc (0, Fi (¢))
0 < 80,00, 9a; 1 (E)) oc ( 90,002 L (E)) 96, de
82‘/;' (', 82Oéi (9, F’Z (6))

i

%9 ar, (e))

89 aaL 00,1 0¢

0?a; (0, F; (€)) 0?V; (+,0,¢) da; (0, F; (€)) 0%a; (0, F; (¢))
* ( ae aaz Lar, (6)) 20,0c ( / ez IF (6)) a6, 96,
Pai (0, Fi(e))
+ ( (9041 (6)> a0 39,«/36
da; ) 9c; (0, F; (€))
+ ( 39T/3a (€ ) De
. 33V 80@ )) Oa; (0, F; (€)) Ocv; (0, F; (€))
aew 26, de
N a; ) O0cii (6, Fi ()
ae ae De
. Oa; ( 0%a; (0, F; (¢))
897486
8ai (97 Fi (6))
+ / aa ae Danir + ( 20 8042 dA”) 96,
80&2 (G,FZ( )) 82‘/; (',9,6) ) 8ai (Q,Fl (6)) aai (Q,Fl (6))
+ ( ae 3@2 dAZT) 06, / a2 48T 26, 96,
82042‘ (0, Fi (6))
* ( 8041 dA”) 06,00,

. . 920 (0,Fi(e))
which characterizes D0-00 0 >

0 < 826‘/2(—5226)(1}% (6)) - (S;QFZ . i </ 82%82;2976) dF; (6)> da (gbf:z (6)) O%a; (g;ZFz (€)
# ([ P i 0) TR )
o (/%dﬂ (6)) da wéeFi (c) 32%8(96;5’2 ()
+2 < 80 8% A¢T> %ﬁﬂ(e)) +2 </ 82%@2;2976) dAiT) oy (gb]? (€)) day (géeFi )
+2 ( aaz dAZT) %’
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9%y 0,F; (e

which characterizes 50,9 and
. 02V; (+,0,¢€) da; (0, F; (€)) 0%a; (0, F; (¢)) aV; (+,0,¢) 0%a; (0, F; (e))
0 = (/ da? aF; (6)) Oe 0€? * (/ Oa; dAZT) Oe?
6V ( ) 630[2‘ (9, Fz (6))
+ (/ Oa; dF (e )> oe?

([ ) (Y () (i)

32‘/;‘ (', 9, 6) 8ai (9, Fi (6)) 82ai (9, Fi (6))
+2 </ 80[? dF; (6)) Oe O€?

2
L
which characterizes %—D. Inspecting these derivatives and applying Lemmas 7, 8, and 10, we
]

obtain the desired result.

Theorem 6 Suppose that Condition 4 holds. Then, we have

0<€<T

3
Pr [ max |6 (e)] > C <T1_107“> 1 =o(T™")
for some constant C' > 0 and v such that 0 < v < l—éo.

Proof. From (15), we have
Z / Thilo ) g (o) + 3% Z / Thils9) gy

3
Combining Lemmas 7, 8, 9, 10, and 11, we can bound 137", dQ};;(Q"E) dA;r by C (Tl_lo*“> with
25 () e
d?n" (. )of d2l;,€(2,)

probability 1 — o (T _1). It was seen in Appendix C.3 that the r-th component L is
equal to
Eh (o) 90, €) 0%h (,€) 06 (-, €) N 020" (- €) (Do 00 96 N 9°h" (-, ) Do 99
de? N Oe 0608’ Oe 00’ day; 90" d¢ ) Oe 00'0a;  Oe Oe
+_ah§r> () 9°0
00" Oe?
9*h"” (-,€) 90 0a; 90 | OV () (Dai 90\® | 9*h (€) (Da; D0 Do
00'0c;  Oe 00’ e da? 00" de da? 00" 9e ) Be

LD (0 (00 Pai \ 99 9L (e) 0Pa; B Ol () O 0°0
O Oe 9000’ ) Oe Oa; 00 e Oe Oa; 00 Oe?
9*h" (-, €) 90 day N PR (e) (0a; 00 Do W (e) (Dai\’
00'0c;; e Oe Oa 00" de ) O¢ da? Oe
Oh" (- €) 0%a; 00 On") (- €) 0%y

Y 00, 900 9c T oo 0

Ly 1] GO GF () is equal to3
(n " 1f%ldF )) 20 plus terms that can all be bounded by £ 3" 1]%(1A¢T by C (T%O_”>

Using Lemmas 7, 8, 9, 10, and 11 again, we can conclude that 1
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-1
with probability 1 —o (T~!). Because <% > Ohs ( il G, (e )) is bounded away from 0 by Lemma 7

and Condition 4, we obtain the desired conclusion. m

E Proof of Theorem 2

Note that
1< ~ ~
T ZVZit (wit; 0, ai) So (wit; 0, ai) — E[Vait (231500, io) s (wit; 0o, aio)]
t=1
1 & . . 1 &
< |7 ZVZit <Sﬂit;9,ai> S0 <$it597ai> -7 ZVQit (it; 00, vio) s (wit; 0o, o)
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Combined with Lemmas 4 and 5, we obtain
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It follows that

n T n
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from which we obtain
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F V-Statistics

F.1 Properties of Normalized V-Statistics

Consider a statistic of the form

L I.T T
Wir = Tm/z Z Z Z kv (i) k2 (Tiy) - b (Tig,,)

ti=1ts=1 tm=1
_ m/27. 1. 7.
= T /k'i,lki,2"'ki,m
_ m/2

where E [k (x;:)] = 0. We will call the average

1
- ; Wi

of such W; 1 the normalized V-statistic of order m. We will focus on normalized V-statistic up to order
4.

Condition 5 (i)n = O(T); (i) E [kj (z:)] = 0; (i11) |k; (xi4)] < CM (24+) such that sup; E [M (xl',t)s} <

oo, where C' denotes a generic constant.
Lemma 13 Suppose that Condition 5 holds. When m = 1,2,3,4, then £ 3"\ W; 7 = O, (1).

Proof. Suppose that m = 1. By Chebyshev’s inequality, we have
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It therefore follows that \/iﬁ Sy Wir = O, (1), from which we obtain the desired conclusion.
Now suppose that m = 2. By Markov’s inequality, we have

\ 2 ElLy, (250 k)
Pr [%Z (%Zkl (%,t)) ZM] [ 1 (ﬁM 1 ) ]

IN

i=1

i T DL E [k ()]
M
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<

2
It therefore follows that = ™7 (\/— Zt 1 (a:“g)) = O, (1). Likewise, we have 2 >~ (ﬁ 23:1 ko (ac”)>
O, (1). Because

1 & 1 L L

we obtain the desired conclusion.

Now, suppose that m = 3. By Markov’s inequality, we have
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4
we have £ 377", <# Sk (at”)) = Op(1). Likewise, we have + 37", (ﬁ S ko (:r“g))
4
0, (1), and L 37 (ﬁ ST ks (:cm)) = 0, (1). This implies that
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by repeated application of Holder’s inequality, we obtain the desired conclusion for m = 3. We obtain
the same conclusion for m = 4 by the same method. =

F.2 “Jackknifing” Normalized V-Statistics

We consider the average of delete-t estimators

T
1 m/2
72 Wir(n = Z Kir (-
t=1

T T )
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Lemma 14 Suppose that Condition 5 holds. Whenm =1, then + Z? 1 (I3, w; T( t)) %JLZ LS Wi,
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Proof. Lemma 14 would follow if (i) when m =1,
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(iv) when m = 4, we have
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In order to prove the preceding assertions, we note the following.For m = 1, it suffices to note that
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For m = 3, it suffices to note that

T
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F.3 “Jackknifing” Functions of Normalized V-Statistic

Now, consider a statistic of the form
Wr =W oWy - Wi r
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Therefore, Wy is the product of my,--- ,mz normalized V-statistics. We will also call them normalized
V-statistic of order Z(ZL:1 my.

We consider the average of delete-t estimators
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Below, we characterize properties of “jackknifed” normalized V-statistic of order up to 4.

Lemma 15 Suppose that Condition 5 holds. When Y ,m¢ = 2,>",m¢ = 2,L = 2,m; = ma = 1, we
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and
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Lemma 16 Suppose that Condition 5 holds. When ), m¢ =3,L = 2,m; =1,ma = 2, we have
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For this purpose, we observe that
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Lemma 17 Suppose that Condition 5 holds. When )", m¢ =3,L = 3,m; =1,mo = 1,m3 = 1, we have
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We now get back to the proof of Lemma 17. Using equations (28) and (29), we conclude that
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‘We now show that
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The conclusion follows by Markov inequality.
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Note that
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For this purpose, it suffices to prove that
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from which the conclusion follows.
‘We now show that
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We now get back to the proof of Lemma 18. Using equations (30) and (31), (32), (33), (34), (35), we
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Only the first assertion will be proved. Other can be proved similarly. For this purpose, it suffices to
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‘We now show that
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Only the first assertion will be proved. Other can be proved similarly. For this purpose, it suffices to
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We now get back to the proof of Lemma 19. Using equations (36) and (37), (38), (39), we conclude
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‘We now show that
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Only the first assertion will be proved. Others can be established similarly. In order to prove the first

assertion, it suffices to note that
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Using equation (44) and lemmas in previous subsections, we can conclude that
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G Derivatives of § when dim (0) =1

Recall that
hi (-, €) = Ui (50 (F (), i (0 (F (€)), Fi (€)))

The first order condition may be written as

1 n
:_Z/h’( €)dF; (e
[t

Differentiating repeatedly with respect to €, we obtain

g dhi () ,
0 = EZ/ de ;/ €) dAir
0 = —Z/ dF €) +2- Z/dh dAzT
0 = —Z/ Ehil9 g o) + 31 Z/ de2 Ehili9) in gy
0 = —Z/ 4hil g (o) + 4t Z/ deg il gn,
=1 =1
0 = —Z;/ dF €) + 5= ;/ d€4 dAzT

G.1 6°(0)

Evaluating (45) at € = 0, and noting that E [U*] = 0, we obtain

Ly, JUidAir
Ly, EUA

We therefore have

6° (0) =

1 n T
VAT g () = ST 2z i Ui
VT T B

G.2 ! and «f

In the ith stratum, «; (6, F; (¢)) solves the estimating equation

/ Vi [0, e (6, F; (¢))] dF; (6) = 0
Differentiating the LHS with respect to 6 and ¢, we obtain

0 = / VI2dF; (e) + af / Vi idF; (e)

0 = af/Vza’dFl (€)+/‘/;dA¢T
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where A7 = %Fi (e) = VT (ﬁ’z - E) Equating these equations to zero and solving for derivatives of

«; evaluated at € = 0 gives

BV _E[V/]

0‘? = _E[%(“} = E[sz] :O(l) (52)
¢ _ Ve TP Ve
YT TVUTEWe] T EMV =0 ) %9)
G.3 0“(0)

Evaluating each term of (46) at € = 0, we obtain

%i/%dﬂ(@ = 0<(0 ZE ]
i=1
+295 ( ZE[UOa}aJr ZEU(X% ol )
2 (E ;E [Uzee] +2E ;E [Ufal:| af —+ E ;E[Uféla‘] (0410)2>

1 - O € 2
+5 B (a)
1=

e=0

and
2% Z; / dAzT = 20°(0 2 / U2dAir +26° (0 Z / U dAir

+2520&§/UflldAlT
=1

from which we obtain

n

0° (0 ZE [U?] = ZE[U{””](a§)2+2%ia§/Uf‘idAiT

+26°(0 ( ZE{UQQ ] as + = ZE Ui afal + — Z/UedAzT+ Z /Ua’dAzT>
: (g ILICURELS S LI PR S SR (aff) (54
i=1 i=1 =1

G.4 % o%, and o

Evaluating the second order derivatives ( 6922’ 6(2285’ a: ) of (51) at € = 0, we obtain

i

E V99 Qi
o = [[v2]] +2al gy + (o)’ _Eé‘?wfz] =0, (55)
E {V»eal} [e21eT] 0 . =] .
Oe € ! [N [ i f‘/z dAlT gf‘/; dAzT
] 1 I 1 7 R 2 7 R ol 7 I %)
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and
5 B Vi)
EV?]

SV

2 E
M7

aif = (o)

=0,(1). (57)

G.5  6°(0)

Evaluating each term of (47) at € = 0, it can be concluded that §°“ (0) 2 3" | E [U?] can be expressed
as a sum of normalized V-statistics of order 3.} Condition 4 along with Lemma 13 imply that |6 (0)| =

0, (1).

G.6 6 (0)

Evaluating each term of (48) at ¢ = 0, it can be concluded that §°°° (0) + 3= | F [U?] can be expressed
as a sum of normalized V-statistics of order 4.2 Condition 4 along with Lemma 13 imply that |0 (0)| =

0, (1).

H “Jackknifing” 0

H.1 T( \/sztl t) )and\/:thl (0)

Because
LS, [Uddi
% Z?:l E [U7,2] ’

we can use Lemma 14 and obtain

T
72000 0) =/ 0)

It therefore follows that

T(ﬂaf (@—V%%Z\/ﬁ% ) V7 1TZ\F 07 (0) = V" (0) (58)
H.2 T( 70 (0 T 1TZt 1 T 700 ) and \/ T— ITZt 1 66)(0)

Write

6 (0) =

6% (0 ZE U2 = ZW12T+W2Ta

i=1

where

Wiir = E[Uf"i“i](a§)2+2@5/Uf'idAiT

L Vo | [l §~ (o B,
VF 2 T ﬁZ(U 25 (V7] V”)

IFor exact expression of the terms in (47), see Supplementary Appendix, which is available upon request.

2For exact expression of the terms in (48), see Supplementary Appendix, which is available upon request.
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and

Wor = 26°(0) (% ZIE [Uf‘”} as + % Zl E[U* ] afa$ + % Zl / UldNir + % Zl o! / U{”dAiT>

w0 (ES ol e oot S pre o)
i=1 i=1 =1

- o}

By Lemma 14, we obtain

T n T v
1 1 T-21 11 Vit o E[US
T (nz_l Wl’“””) 710 2V T 10 2 2 2B (v + S )

By Lemma 15, we obtain

T
1 T-2 1
T ;WZT,H) =7 Ver+0p (ﬁ)

It therefore follows that

(%;E[UEDéT( 20 (0) — e D %?5(0))

1 ) 1 1 .
+<EZEW>'§ 717 2\ 7170 ©

i=1

_ (%ZE[UE])%T(M»—% Ei>(0>>
\/n_T 1 & T-2
= = (EZW“T> (1_ ﬁ)

i=1

VnT 1
_ i

1
2 T—1)n-

S &\
i

E[Ug]

> 251 (“‘“W”))

n T v
1 11 Vit . EUT
—=/nT _§ § 92 oy Uiy
2T 1nT & &RV (UZ T 3EVT VZ)

7
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€ece T cee
H.3 T<\/_10 \/TTlTthl T1¢—9 )and\/T ITZtl Tl\/—

By Lemmas 14, 16, and 17, we obtain

P Eren -

= (60)
and
(T o)
; ( T )9 o (G5)
= o,(1) (61)

n 1 peeee T eeee —n 1 €eee
H.4 T(\/;Te —\T 1th1 T1T1 )and\/T 1th1 T1T 710

(®)

By Lemmas 14, 18, 19, 20, and 21, we obtain

HTZ 0 = ﬁeﬁ“ JT o (=)

= (62)
and
N1l ceee T 1 n 1 cece
T(¢;T0 O -\zar 27T 1@>@0
= T TiT !
= T|/45 - 0 (0) + op | —=
( <T—1>4) (T—1)" <ﬁ)
— 0, (1) (63)

I Proof of Theorem 3

Using the same argument as in the proof of Theorem 6, it can be shown that

ool -+ (3)

Therefore,

1 n 1 €cece o
T'E()VTWTQ (€) =o0p(1)

1

ﬁeGGGES (E’)

e
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and

a 1 56665 ~ 1 n €€ €€ ([~
Z T 1w )| = T \/—maX‘ i o)
1 EEEEE "'
- ool
= Op(l)’

where 037 denotes the delete- version of 0{3)“, and the second equality is based on

R B S R O

We may therefore write

VAT (700 = T<m (- 00) - ,/%%im(@m —90)>
+\/%%i\/n(T— 1) (é(t) —90>

VT (6-00) = T(ﬁaf (@—V%%i\/ﬁ% (0>>

Pr {max EE)666 (E(t)) >

or

5

~J



Using equations (58), (59), (60), (61), (62), and (63) in Section H, we have

T T

e T 1 ¢ T 1 . .
T(x/ﬁH (0) — T*lT;\/ﬁe(t) (0)>+ TflT;‘/ﬁe(t) (0) = /nb* (0)

/ T T
1 n ce T 1 n ce 1 T l n 66
§T< Ta (©) T_th:Z1 T-1 (t)(0)>+2 T_th:Zl T_1 ) (0) =0, (1)

n 1 T 1 <& p 1 7T 17 — )
T( ?ﬁﬂ (0) - -T—IT;\/—T_I—/—T19(t)(0>>+\/—T_1T; —T_l—me(t)(o):op(l)

T T

n 1 ceee _ Ll n 1 cece T l n 1 cece -

T(\/;fe © T—th:Zl T—17-1"® (0)>+ T—1T;\/T_1T_1‘9<t) (0) =0, (1)
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A Derivatives of h

A.1 First order derivative of h

dhi('ve) € a; ;€
T =40 (UZH +UL4X Oé?) +UL4X'OéZ-

A.2 Second order derivative of h

d2hi (',6)

2L = e (uf )

+26° <Uf°”a§ + Uf‘iaiafag + Uf"’a,(ik)
+(69)? (Uf”’ + 200! + U (af)” + Ufiaﬁ”’)

U () + U o

K2

A.3 Third order derivative of h
A.3.1 Coefficient of 0°¢

Uiad + U7

A.3.2 Coefficient of ¢

3Uz-9aia§ + 3Ui‘“a"afa§ + 3Ui‘“ozf6

A.3.3 Coefficient of 9°°§°

BUL + 30U (af)” +3U2al? + 6U

A.3.4 Coefficient of 9¢

UL af° 4 U7 (af)? + BUS M 0 + 6U ™ af as + U asal + 3U M af (af)?

A.3.5 Coefficient of (6°)

3U % + 33U af + 6U7* ol + 6U ¥ afaf + 3UM % (af)” af + 38U a0l + 6UM * ol ale

A.3.6 Coefficient of (6°)

U2 af? + Ufi () 4 3020 af + 307 (af)” + 3UP % 43U afaf + UL

(3 (3

A.3.7 “Constant” term

a; oy Qoo 3
UMag® + 301" a5 af + UMY (o)



A.4 Fourth order derivative of h
A.4.1 Coefficient of 9

Utiad +U?

A.4.2 Coefficient of ¢

AUl ol + AU af + 4UM o

A.4.3 Coefficient of 9€9°¢

AU 44U (af)” + 8UP o + AU ol

K2

A.4.4 Coefficient of 9

GUieaial( ) +6U00410é66+6U041 0€E+12UCK a,aee eJFGUozoncZ ( ) +6Ua a7 9 ke

A.4.5 Coefficient of 9°°4°

120 a’aggof + 2407 alae 95 + 24U9a a’aecf + 12U (af)2 of + QZLUf(“cvfE + 12Ui990”af
+1207 o

A.4.6 Coefficient of 6 (6°)*

6UL% + 18U a0l 46U % (af)® + 18U af? + 18U a? 4 18U7% (af)”
+6U %
A.4.7 Coefficient of (4°)?
Ul 46U af + 83U (f) + 302"
A.4.8 Coefficient of 6°

AU e 4 AUI*@i ()% 4 AU a5 4 1202 af ot as + 1202 af%qs + AUX %% o (af
HAUP M oo + 12077 afe (af)” + 1207 affaf + 12U af o

A.4.9 Coefficient of (6°)°

6U a0 4 GU (af)? 46U a5 + 12079 0 4+ 12025 (f)” 4 24U %% ool
+12U0¢7047 996 6 + 12U04 Chaaeeaa 4 6Ua FYe7xe 7} (alg)2 a§€ + 6U0¢7Oélocla7 (a?)z (a€)2

(2

+6Ua eTre T} 6'6'( ) + 12U9a e oela ( ) + 12U€a o<7a6 ce | 24U9a a7a06a6 + 6Ua e 09 ace



A.4.10 Coefficient of (6°)

1207°% af° + 4U7" o + 1207 0% + AU 0% + 1207 % ol af + 4U;Wi“iai (a?)” ag
+4U§xia¢ 006 af + 12U(x (x7a09 06 + 12U(x fYe?) Oea,a + 12Ua FYe7xe 1 ( )
+12U99a a‘()t + 24U9a alaee 0 + 12U0a ;o (ae) a + 12U0a abaeeae

(3

A.4.11 Coefficient of (6)*

O O 4 ) s 2 ) ) oo 3
Uia,a,a?,a?, (OZ?) + 6Ui00a,a?0 + 6Ui00a,al, (a?) + 4U690a,a9 + 4Ui0ala?00 +4U,€alo”o“ (ae)

(3

) o 2 ) 2 )
+UZ-D”OL?000 + 3Uiaza1 (afe) + 41729104z 000 0 + 6Ua XeTyet) 99 (040) + 12U29a1aLa90a9 + Ui0660

K3

A.4.12 “Constant” term

NS 2 s s O L Ol 4
GUZFM,DéI,DéI,age (Oéf) + 4U7:Dél,a1a§€€a§ _|_ SUZQLQZ ((IEE) UDLZ 6666 Ulflla,alal (ae)

K2

A.5 Fifth Order Derivative of h
A.5.1 Coefficient of 6

vriad +U?
A.5.2 Coefficient of ¢

5UR o af + 5UM o + 5U7 o
A.5.3 Coefficient of 6“9

SUR () 45U af? + 1007 af + 5UP?
A.5.4 Coefficient of ¢

10U afas 4 20U af°af + 10U af (af)” + 10U af* + 10U (o) + 10U a*

A.5.5 Coefficient of 9°°9°¢

20U 0% af +20U25 (af)” a§ +-40U 2 ol +40U7% afa§ 420U af +- 40U af+20U00 o
A.5.6 Coefficient of 65 (¢°)°
L0UL (af)* 4+ 30U afaf 4 10U2af® 1 3002% af + 30U0% af 4 30U (af)” + 10077
A.5.7 Coefficient of §“6

100 (o) 4 10U 4 2007 o 4 10U

K3



A.5.8

A.5.9

A.5.10

A.5.11

A.5.12

A.5.13

A.5.14

Coefficient of 0

30ch azaee ce 4 30Ua ety a@ Eeae + 30Ua a,a066 € <4 10U(x alasee 0 + 10Ua ety C”af (a§)3
+30Uz-aiaiai0t?6 ( e) + 10Ua1 0666 + 30U0(¥ alaee € + 10U0a1 eee + 10U0a ;o (Oéf)?)

Coefficient of 0°0°¢

30U a0t + 60U af? as + 60U af“af + 30U (af)? a5 + 120U afasal
+300—& P0G 00 ( ) + GOUa i ( ?e) + 120U0a aLaeeae + 60U€a o a‘a ( ) + 60U0a alaeaee
3002 (o) (a8)? + BOUR a9 + 60U afee 4 30U79% % (af)? + 30U e

(3

Coefficient of 0 (6°)°

30UQ1’O¢[ 900 af <+ 90Ua Fe7yet] 05 (O%Q)2 + 90UQ¢a¢a805a? + goni&i&ia?ea?ag
+90Ua &1a96 09 _|_ 90U9a &Laeeaé + 180U9a &Laeéav + QOUGQID[LD[L (a?)Q a;
+30Ula,a,ala, (ag) a + 90U00a a,a + SOUQZ 99\96 + 3OU099ala 4 QOUGGDLL 96

+90U7 0%
Coefficient of §° (¢)*

40U afa? 4 30U (af%)? + 120079 a0l + 60UL %% af? (f)®
F100 5% (of)! 4 1002 af?% 4 60U ol 4 60U0 (ag?)2
40U a0 4 40U (o) 4 100999 4 40U o

Coefficient of (6°)*

15U % 4+ 15U % af?af + 15025 (af)” af + 3002 % af*al + 30U af o
+15U7%% af + 3007 ¢

Coefficient of (6°)° ¢°

45U a0l + 1502 (o) + 1502l 4 4507 of? + 45002 ()

+45U77 af + 15U7%
Coefficient of 6°

30Uo< a7a6€e ee + 60Uo< e O¢7a9€ eeae + 20Uo< e Heee af + 20Ua e a7aeeeaea9 + 20Ua a,aeeeaee
30U 0 () af + BOUS 1 af (af)? + 15U (a59)? af + 20U %1% af

_’_5Uiaiozi acece 6’ _’_5Uozl 96666 _’_30U9a,ozlalaee( e) _|_20U9a,alaeee € + 5Ua¢a¢aiaiaial‘9
+5U;§'o¢iaio¢io¢i (ai) + 5Ui0ai Oé,fe“ + 15Ui9a,ioz¢ (0426-6)2

w

(@5)
(a7)

i

(%



A.5.15 Coefficient of (6°)

L0UR 96 1 60U afafas + 30U o + 20U afea + 60U (af)” a
H60U Y af a5 al + 30U afl aag 4+ 10U i (af’)2 (af)” + 60U af* 0l
30U a0 + 10U g al? + 60U ¥ as asal + 60U af<a? (af)?
+30Uf“”“””a1a“ae (af)? + 10U 0 () 4 60U afast + 60U ol af

(3

FBOUL 00 (a)? 4 20004 a5ecaf - 20005159 () af 4 10U % ag* (af)”

K2

+30U 21 a9 (0)” + 20U afec + 10077 (af)® + 10U a5 + 30U 1% oo
A.5.16 Coefficient of (6°)

60U % 0200508 4 20U a0 + 1002 (o) (af)? + 30U % af%af
+30quaiaia,a00a0( ) + 60Ua P0G 005 af 9 + 30U04 o alaee eeae + 60Ua P0G 096 ?e
+30Ua a,aeee 00 + 10Ua e 900 A + 120U0a o a,a&aea@ + 60Ua e TYe 7Y 7] 95 (ae) af

(3 K3

10U e (of)? 4 poUieies (afe) af 410U %% 1 30U90“i“i“ia§ (af)®

i i
+60U6’0a e a@eas + 30U90a @ aeeae + SOUBQ ;o 99 ( ) + 30U0a @ Qeage
HO0UL % af%af 4 30U (af)” (af)? + 30U g (o) + 60U af<as

7 7

+30U25 8 (af)? 4 10U a0 (af)? + 30U af* + 60U (af€)?

K2

000c; o, €\2 000c;  ee Oc; €€
+10U70%% (a6)* + 10079 a5® + 30U7* o’
A.5.17 Coefficient of (6)*

5Ui(1i041 96’00 E _|_ 60Ua QG Oélaee 96a0 + 5Uo¢-a'a'o<-o<i (a9)4ae _|_ 15Ua1041041 (a90)2aze

7

+30U;1104104La1a200 (af’) ai _|_ 20U211104L 990 06 _|_ SOUQ i 906 90 + 60U0a Qg a1a09a6a9
120U 0% g 4 20U %%l (af)” + 30U a0 (af)? + 20U 0ol
FBU 000 4 3002009 80 as 4 30U 0% (af)” af + 60UL0 afeal

K3

+60U«9a alaea es _|_ 60U«90¢ alaé‘&eaé‘ + 60U€o¢ e 65 (a?)Q + QOUf%‘eaia’anf

+20U7° 0

A.5.18 Coefficient of (6°)°

U6’6'006’ + 5Ua a1a0«96’0 6’ + eria-a-oeioei (a?)5 + 10U_o<¢a, 099 06 + 10Ua P QOGO 00 ( 19)
+15quaial ( ) Of +30U09alala99a + QOUfariOér, 990 9 +30U90&,047,O£7, 00 ( 1‘9)

+10Ua [e 77 e 7} 9(99 ( ) UOZ7 0609009 _|_ 5U'0900a71 O{a + 5U0al 049009 _|_ 10U99041a999

taufesesena (o)t 4 1500 (80)? 4 10U (o) 4 10U ()7 4 100899 o0



A.5.19 “Constant” term

Ua,a,uquqa, (a6)5 + 10(];(”0”'0[“”0[?6 ( 5)3 + 15U;xiaiai (a,fﬁ) a _|_ 5Ua1(¥1 €€€Eaf
+10Ua,(x,aeee ce + 10U(¥ Fe7Xe 7] eee( ;) Ua, ceece

B “Derivatives” of q;

Recall that, in the ith stratum, «; (0, F; (€)) solves the estimating equation

[ vitb.au 6. R (@ aF (0 =0 B1)
B.1 %, o, and of
Second order differentiation ( 68022, 8226, 8: ) of (B1) yields
0 = [vrar@+2al [viar @ +al [vean o+ @) [vetar
0 = /vf’a dF; (e) + /va dF; (e )—i—afag/viaia"dﬂ (€) —|—/VfdAiT+af/VfidAiT
0 = / VEdF, (€) + (af)? / Vi dE, (€) + 208 / Ve dA
Evaluating at € = 0, we obtain
2
E VY] , E VY] .
_ 00 2 Oai | _ 00 2 J oo
0 = E[V ]—|—2E[V?]E[Vl } ot E[K]—i—(E[‘/?] E [V
T-1/2 ZT Vi E[V-e] T-1/2 ZT Vit
0 = — &«t=1""m ‘/ieaz‘ _O{?EE Vz‘2 + i t=1 Vit pryaia;
T T
E [V9
—1/2 (2 0 J g g
H Y (VW BV + T 2 0 - BV
2
T-1/2 ZT Vis T 1/22 t
_ €€ 2 t=1 "7 o t= 1 w—1/2 ozL_ Vi

from which we obtain

66 ‘/ieai [e7Xe 7}
06 E[V ]4—20/’ [ }_i_(ale)?E[Vi ]20(1)7

ai -
EV?] EV?] [Vl
fa a;a; a;

ade :of-iE [VZ ] —I—aeae-E[Vi ] fviedAiT ozefvi dRir =0, (1)

’ " EV? BV EV?] "BV P

and

€e €\2 E[‘/iaia7 er dAZT

i€ = (a) ijg]Jr? —:Op(l)-

EV?]



B.2 af%, ao‘%, 049“, and of*

Third order differentiation ( 88:3, 8002385’ 800562, 5633) of (B1) yields

0 = / VY AF (e) + 3af / V0% dF (€) + 3 (af)” / V% dF (e) + 3af’ / VdF (e)
+a)” [vememdr @+ safal” [veear @+l [vear o

0 = o / V% dF () + 200! / V¥ dF (€) 4 2af¢ / V*4dF (e)
+af (af) /Va 1R (e) + 2 ee/Via““dF (¢)
+agaf? / VX dE () + af’ / VdF (e) + / VPdAr

220! Vi + (@) [V ade sl [veas

0 = (af)’ / V% dF () + aff / VI dF (e)
+(Oé§)2 O{?/‘/iaiaiaidF( )_i_aeeae/viaiaidF (6)
+20707¢ / Vo dE (e) + af / VM dF () + 20 / V% d A

+2a50f / Vi dAr + 208 / V&idAr

0 = (QE)S/‘/;aiaiaidF (6)_’_3&;@;5/%%%(1}7 (6) eee/va,dF( )
+3 (a§)2/viaiaidAiT+3age/viaidAiT

Evaluating at e = 0, we obtain

00c; Oy Oa;
ot = T 4l EJLV[V}} *3(‘“?)2E1[2VE‘@21 | *3“?92[&21}
+(af)3 E[EVZF"/;}%} + 307019 [‘?;2?]
S| o I s I
WS TRV TRV RN
o (o) Er L 2atat il 1 aratt ELE

JV#dAir o J V% dAir o2 J VI dAir g [V dAr
B T EwE ) TEmE T B




E|:‘/L@a1()¢7:|
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