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PROBLEM SET I
(Suggested Solutions)

1.
. . Xl
a) Consider the following: x=

X,

1 0
A=
-2 1
The quadratic form x” Ax is the required one in matrix form.

Similarly, for the following parts:

o)l )
b) x= A=
X, -10 -1

X, 1 0 -6
C) x=|x, A=14 2 0
X, 0 8 3
2.
Recall that, for any square matrix A4 = [alj}n L if 4, the sub-matrix that is left
nxn =1,]=

(n—1)x(n-1)
after we delete the ith row and jth column of 4, the scalar M = det (Al.j) is defined as the

(i,/)th minor of 4.
The kxk sub-matrix of A4 that is obtained when the first £ rows and columns of 4 are
retained is called the kth-order leading principal minor of 4:

Ay G - 4y
Let 7 =(7,,7,,..,7,) a permutation of the integers {1,2,...,n} and IT the set of all

permutations of the integers {1,2,...,n}. Denote by 4" the symmetric nxn matrix

obtained by applying the permutation 7 to both the rows and the columns of 4:
a

a”l”l a”l”z . I,

A" =
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For ke {1,2,..,11} ,let A7 denote the kxk submatrix of 4" obtained by retaining only the

first £ rows and columns:

a

a . a
I 7y Ty

A7 =

a a .a
| mem Ty Ty |

For ke {1,2,..,n} and weII, A4 is a kth-order principal minor of 4.

A real, symmetric matrix 4 = [ay.] 1

nxn i=l,j=

1 is positive definite if and only if all of its

leading principal minors are positive:
al 1 al 2 : alk

>0:k=12,..,n

Ay Gy - Ay

n

On the other hand, a real symmetric matrix 4 = [aij] 1 is positive semi-definite if

nxn i=l,j=
and only if |47|=0 forall £ =1,2,...,n and forall 7€ II.
A real symmetric matrix 4 = [a[j ]n L is negative definite if and only if the sequence
nxn =1,7=

of its n leading principal minors alternate in sign starting with the first one being negative
(or, equivalently, -4 is positive definite):
Ay Gy - Gy

(- 1>0:k=1,2,...n
Ay Q- Ay
On the other hand, a real symmetric matrix 4 = [aij]'f . is negative semi-definite if
i=1,j=

nxn

and only if (—l)k

A

>0 forall k=1,2,...,n and forall zeII.

a) Consider the leading principal minors of the given matrix:
M, =-3<0

M2=4

4
=18-16=2>0
6

The given matrix is negative definite.
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b) M =2>0

2 -l
M, = =2-1=1>0
-1 1

The given matrix is positive definite.

C) M, =1>0

1
M,=| |=4-4=0
2
120
4 5 25
M,=2 4 5|=1x[ "|-2x[ T|+0=(24-25)-2x(12-0)=-25<0
0 s g 156 oo

The given matrix is neither positive nor negative (semi-)definite. Its definiteness cannot
be determined (indefinite).

1
M, = ‘=2>0
0
1 0 3
2 0 2
M,=10 2 0=Ix +0+3x3 O‘:(8—0)+3x(0—6):8—18:—10<0
304

Note that we need not proceed to calculate the fourth principal minor. Since one of the
principal minors came out negative, the matrix cannot be positive definite. Hence, the
given matrix is indefinite.

3.
An nxn matrix 4 = [%T L will have as many kth-order principal minors as there are
nxn S L=l =
. . o n!
permutations 7 of k integers out of the total of n. Hence, it will have ———— kth-

k!(n—k)!

order principal minors for k£ =1,2,...,n.



Econ103-Fall03 Prepared by: Theo Diasakos

4.
xl
x2
Consider some vector xe R": x=|. | and some NxN square matrix 4 =|[a,,]
nxn
Xy

The quadratic form Q = x” Ax can be written analytically as follows:

n

m=1,I=1"

all a12 aIN xl
X,
T 2
O=x"Ax=(x, x, . . xy)
aNl aNZ aNN xN
=(ayX +ayX, +oF Xy X+ apX, ot QX o X Gy X, F ot Ay Xy)

_ 2 2
= (a7 + ay XX, + o ayXxy )+ (@,X%, + 4% + 4 ay,x,xy )

oot (@ XXy + @y XXy F ot X )

Let us evaluate now this quadratic form along the coordinates of R" .

Consider the vector corresponding to the dimension along the first coordinate x'

We get
a, a, . aylfl 1
7o . . 0 0
O=x"4x'=(1 0 . . 0) =(ay, a,, . . ay) |=a,
Ay, Ay, - Ay |\O 0

Similarly for the vector corresponding to the dimension along the mth coordinate

0
0

x" =| | (this vector has an entry of 1 at the mth row and zeros everywhere else)
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We get

Q=x""A4x"=(0 0 . 1 . 0)

= (aml > amZ > * ° amN) = amm

We are given that the quadratic form Q is positive definite. Hence, we ought to have

0 >0 for any xe R" . Thus, it ought to be O >0 also forany x" € R" :m=1,2,..,N
This gives a,, >0:m=1,2,..,N . Hence, we establish that
0>0=a,,>0:Vm=12,..,N i.e.anecessary condition for the generic square matrix

A to be positive definite is that all its diagonal entries a,,, to be positive.

In the case where the quadratic form Q is positive semi-definite, we have Q >0 for any
xe RY . Thus, it ought to be Q>0 also for any x" € R :m=1,2,.,N

This gives a,, =20:m=1,2,..,N . Hence, we establish that
020=a,,20:Vm=1,2,..,N i.e. anecessary condition for the generic square matrix

A to be positive semi-definite is that all its diagonal entries a,, to be non-negative.

One can follow the above proof for the case where the matrix A is negative (semi-)
definite. It is easy to establish that: 0<0=a_  <0:Vm=1,2,..,N and

0<0=a, <0:Vm=1,2,...,N . Hence, a necessary condition is that all the diagonal
entries are negative (non-positive) respectively.

mm

mm

To show that the above conditions are not sufficient, consider the matrix in part (c) of
problem 1 above. For this matrix, all of its diagonal entries are positive, yet it is not
positive definite.
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5.
Let x', x> R" and A€ R.

From the definition of 4: R” — R and f : R" — R being concave, we get:
h((Ax +(1-2)x7)) =

f(A(Ax +(1=2)x*)+b) =

f(A(Ax' +b)+(1-2)(4x> +)) 2

Af (Ax' +b)+(1-2) f(Ax* +b) =

Ah(x')+(1=2A)h(x*)

Hence, we establish that /((Ax' +(1-4)x*)) 2 Ah(x')+ (1~ A)h(x’), for any

x',x>*e R" and A€ R. Thus, h:R™ — R is also concave.



