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Consistency of kernel estimators of the long-run covariance matrix of a linear
process is established under weak moment and memory conditions+ In addition, it
is pointed out that some existing consistency proofs are in error as they stand+

1. INTRODUCTION

Suppose$Vt : t $ 1% is a sequence of randomn-vectors generated by the linear
process

Vt 5 (
l50

`

Cl et2l +

This paper considers estimation ofV 5 limTr` T21 (t51
T (s51

T E~Vt Vs
'!, the

long-run covariance matrix ofVt + Consistency of kernel estimators ofV is es-
tablished under weak conditions on$Cl : l $ 0% and $et : t [ Z%+ In addition, it
is pointed out that some existing consistency proofs are in error as they stand+

2. RESULTS

Let 7{7 denote the Euclidean norm, let 5
a+s+

signify almost sure equality, and let
Et21~{! denote conditional expectation with respect to thes-algebra generated
by $es: s # t 2 1%+ The development of formal results proceeds under the fol-
lowing assumptions+

A1+ (l50
` 7Cl 7 , `+

A2+ Et21~et ! 5
a+s+

0, Et21~et et
'! 5

a+s+
In, and$7et72% is uniformly integrable+

The assumptionEt21~et et
'! 5

a+s+
In implies the conditional homoskedasticity re-

striction Et21~Vt Vt
' 2 Et21~Vt Vt

'!! 5
a+s+

C0C0
' but does not impose restrictions on

the form of the conditional covariance matrix becauseC0 5 In is not assumed+
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The uniform integrability condition is satisfied wheneveret ; i+i+d+~0, In! or
supt[Z E7et7r , ` for somer . 2+ The best currently available consistency
results for linear processes would appear to be those of Robinson~1991! and
de Jong and Davidson~2000!+ The moment and memory assumptions of these
papers are stronger than A1 and A2 in the leading special case where$et % is
independent and identically distributed~i+i+d+!+ When the bandwidth expansion
rates recommended by Andrews~1991! are employed, Robinson~1991! re-
quires A1 and supt[Z E7et7r , ` for somer . 5

2
_ + On the other hand, de Jong

and Davidson~2000! only require two finite moments but do requireL2-near
epoch dependence of size2 1

2
_ + In the linear process case, this condition implies

(l51
` l w 7Cl 72 , ` for somew . 1, a stronger requirement than A1+
Defining G 5 limTr` T21 (t52

T (s51
t21 E~Vt Vs

'! and S 5 limTr` T21 3

(t51
T E~Vt Vt

'!, the matrixV can be decomposed asV 5 G 1 G ' 1 S+ In some
applications in nonstationary time series analysis, the matrixG is of interest in
its own right+ Obvious examples include the cointegration procedures of Phil-
lips and Hansen~1990! and Park~1992!+ In recognition of this fact, the present
paper focuses explicitly on consistent estimation ofG+ It is assumed thatG is
estimated by a kernel estimator of the form

ZGT 5 T21 (
t52

T

(
s51

t21

kS 6 t 2 s6

bT
DVt Vs

' ,

wherek~{! is a ~measurable! kernel function and$bT : T $ 1% is a sequence of
bandwidth parameters+ The corresponding estimator ofV is

ZVT 5 T21 (
t51

T

(
s51

T

kS 6 t 2 s6

bT
DVt Vs

' ,

which can be written asZGT 1 ZGT
' 1 ZST , where ZST 5 T21 (t51

T Vt Vt
' + Because

ZST rp S under A1 and A2, ZVT is a consistent estimator ofV whenever ZGT is a
consistent estimator ofG+ Consider the following assumptions onk~{! and$bT%+

A3+

~i! k~0! 5 1, k~{! is continuous at zero and supx$06k~x!6 , `+
~ii ! *@0,`! Ok~x! dx , `, where Ok~x! 5 supy$x6k~ y!6+

A4+ $bT% # ~0,`! and limTr`~bT
21 1 T2102bT! 5 0+

Assumption A3 generalizes Robinson’s~1991! assumption A2~0! and would
appear to be satisfied by any kernel in actual use+1 For instance, it holds for the
15 kernels studied by Ng and Perron~1996!+ Moreover, it holds for all kernels
in the classK3 of Andrews~1991! and Andrews and Monahan~1992! and for
all kernels satisfying Assumptions 1 and 3 of Newey and West~1994!+ Assump-
tion A4 is standard and holds whenever the bandwidth expansion rate coincides
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with the optimal~under a mean squared error criterion! rate reported in An-
drews~1991, p+ 830!+

An important implication of A3~ii ! is the following lemma+

LEMMA 1 + Suppose k~{! satisfies A3(ii) and suppose$bT% # ~0,`!. Then

limTr` sup0,a#au
bT

21 (
i51

T21

*kS i

abT
D* , `

for any 0 , au , `.

Results similar to Lemma 1 have been stated~without proof! by Andrews
~1991, p+ 852!, Hansen~1992, p+ 970!, and Hall~2000, Lemma 2!+ As demon-
strated by the examples that follow, the assumptions made in the cited papers
do not imply limTr` bT

21 (i51
T216k~i0bT !6 , `+ Therefore, the proofs of Theo-

rem 1 of Andrews~1991! and Theorems 1–3 of Hansen~1992! are in error as
they stand, as are the proofs of Theorems 2 and 3 of Hall~2000!+

The sequence$bT
21 (i51

T216k~i0bT !6% depends onk~{! through$k~x! : x [ D%,
whereD 5 øT$1 ø1#i#T21 $i0bT%+ The setD is countable, so it is possible to
havek~x! 5 1 ∀x [ D under Hansen’s~1992! Condition~K ! and Hall’s~2000!
Assumption 5+ In particular, if lim Tr`T21bT 5 0 it is possible to have

limTr` bT
21 (

i51

T21

*kS i

bT
D* 5 limTr`

T 2 1

bT

5`+

Moreover, a kernel can havek~x! 5 1 ∀x [ N and belong to the classK1 of
Andrews~1991! and Andrews and Monahan~1992!+ For any such kernel and
any $bT% # N with limTr`T2102bT 5 0,

limTr` bT
21 (

i51

T21

*kS i

bT
D* $ limTr` bT

21 (
x51

{~T21!0bT }

6k~x!6

5 limTr`

{~T 2 1!0bT }

bT

5`,

where{{} denotes the integer part of the argument+2 Assumption A3~ii ! rules
out pathological cases such as these+

The main result of the paper is the following theorem+

THEOREM 2+ Suppose A1–A4 hold. ThenZGT rp G and ZVT rp V.

In applications, the vectors$Vt % are often functions of an unknown param-
eter vectoru ~say!, Vt 5 Vt~u0!, whereu0 denotes the true value ofu+ Consider
the estimators
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ZGT~ ZuT ! 5 T21 (
t52

T

(
s51

t21

kS 6 t 2 s6

bT
DVt ~ ZuT !Vs~ ZuT !',

ZVT~ ZuT ! 5 T21 (
t51

T

(
s51

T

kS 6 t 2 s6

bT
DVt ~ ZuT !Vs~ ZuT !',

where ZuT is an estimator ofu0 satisfying the following assumption+

A5+ Either

~i! Vt~u! 5 Vt~u0! 2 ~u 2 u0!Xt , whereT 102~ ZuT 2 u0!dT
21 5 Op~1! and max1#t#T

7dT Xt7 5 Op~1! for some sequence$dT% of nonsingular matrices or
~ii ! T 102~ ZuT 2 u0! 5 Op~1! and supt$1E~supu[N7~]0]u '!Vt~u!72! ,` for some neigh-

borhoodN of u0+

Assumption A5~i! is Condition ~V3! of Hansen~1992! whereas A5~ii ! is
equivalent to Assumption B of Andrews~1991! under A1 and A2+ As in Hansen
~1992!, the following corollary is an immediate consequence of Theorem 2+

COROLLARY 3+ Suppose A1–A5 hold. ThenZGT~ ZuT ! rp G and
ZVT~ ZuT! rp V.

Sample-dependent bandwidth parameters can also be accommodated+ Let

ZGT~ ZuT , ZbT ! 5 T21 (
t52

T

(
s51

t21

kS 6 t 2 s6

ZbT
DVt ~ ZuT !Vs~ ZuT !',

ZVT~ ZuT , ZbT ! 5 T21 (
t51

T

(
s51

T

kS 6 t 2 s6

ZbT
DVt ~ ZuT !Vs~ ZuT !',

where$ ZbT : T $ 1% is a sequence of~possibly! stochastic bandwidth parameters
satisfying the following assumption+

A4'+ ZbT 5 [aT bT , where [aT . 0, [aT 1 [aT
21 5 Op~1!, and$bT% satisfies A4+

COROLLARY 4+ Suppose A1–A3, A4', and A5 hold. ThenZGT~ ZuT , ZbT! rp G
and ZVT~ ZuT , ZbT! rp V.

3. PROOFS

Using change of variables, ZGT can be written as

ZGT 5 (
i51

T21

kS i

bT
DST21 (

j51

T2i

Vj1i Vj
'D+

The proofs of Theorem 2 and its corollaries are based on this representation,
Lemma 1, and the following lemmas+
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LEMMA 5 + Suppose A1 and A2 hold. Then

E**T21 (
j51

T2i

@Vj1i Vj
'2 E~Vj1i Vj

'!#** # bi cT 1 T2102hT , 0 # i # T 2 1,

where $ bi : i $ 0% and $cT ,hT : T $ 1% are nonnegative sequences with

(i51
` bi , `, limTr`cT 5 0, and limTr` hT , `.

LEMMA 6 + Suppose A1 and A2 hold. Moreover, suppose k~{! satisfies A3(i)
and suppose$bT% # ~0,`! with limTr` bT

21 5 0. Then

limTr` supa$al
7E @ ZGT~u0,abT !# 2 G7 5 0

for any 0 , al , `.

Proof of Lemma 1+ Let Ok be defined as in A3~ii !+ By monotonicity of Ok,

*kS i

abT
D* # OkS i

abT
D # OkS i

aubT
D # aubTE

@~i21!0aubT , i0aubT !

Ok~x! dx

for any 1# i # T 2 1 and any 0, a # au+ As a consequence,

sup0,a#au
bT

21 (
i51

T21

*kS i

abT
D* # auE

@0, ~T21!0aubT !

Ok~x! dx

# auE
@0,`!

Ok~x! dx , `+ n

Proof of Lemma 5+ Because

Vj1i Vj
' 5 S(

l50

`

Cl ej1i2lDS(
m50

`

Cmej2mD'
5 (

m50

`

Cm1i ej2mej2m
' Cm

' 1 (
l50

`

(
m50

`

1$l Þ m1 i %Cl ej1i2l ej2m
' Cm

' ,

where 1${% is the indicator function, it follows that

T21 (
j51

T2i

~Vj1i Vj
'2 E~Vj1i Vj

'!!

5 (
m50

`

Cm1iST21 (
j51

T2i

~ej2mej2m
' 2 In!DCm

'

1 (
l50

`

(
m50

`

ClS1$l Þ m1 i %T21 (
j51

T2i

ej1i2l ej2m
' DCm

'
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under A1 and A2+ Using subadditivity of7{7 and the fact that7AB7 # 7A7{7B7
for conformableA andB, this expression can be bounded as follows:

**T21 (
j51

T2i

~Vj1i Vj
'2 E~Vj1i Vj

'!!**
# (

m50

`

**T21 (
j51

T2i

~ej2mej2m
' 2 In!**7Cm77Cm1i 7

1 (
l50

`

(
m50

`

**1$l Þ m1 i %T21 (
j51

T2i

ej1i2l ej2m
' **7Cl 77Cm7+

Therefore, E7T21 (j51
T2i @Vj1i Vj

' 2 E~Vj1i Vj
'!#7 # bi cT 1 T2102hT , where

bi 5 (
m50

`

7Cm77Cm1i 7,

cT 5 sup
m$0

max
0#i#T21

E**T21 (
j51

T2i

~ej2mej2m
' 2 In!**,

hT 5 S max
0#i#T21

sup
l,m$0

E**1$l Þ m1 i %T2102 (
j51

T2i

ej1i2l ej2m
' **DS(

l50

`

7Cl 7D2

+

By A1,

(
i51

`

bi 5 (
i51

`

(
m50

`

7Cm77Cm1i 7# S(
m50

`

7Cm7D2

, `+

Each element of$ej2mej2m
' 2 In : j $ 1% is a uniformly integrable martingale

difference sequence under A2+ As a consequence, for any« . 0 there is a finite
constantl« ~independent ofi andm! such that

E**T21 (
j51

T2i

~ej2mej2m
' 2 In!** # ~T 2 i !102T21l« 1 ~T 2 i !T21«

# T2102l« 1 «,

where the first inequality is obtained by proceeding as in the proof of Hall and
Heyde ~1980, Theorem 2+22!+ Therefore, limTr` cT # « for any « . 0, so
cT r 0+ Finally,

**1$l Þ m1 i %T2102 (
j51

T2i

ej1i2l ej2m
' **

2

5 1$l Þ m1 i % trFST2102 (
j151

T2i

ej11i2l ej12m
' D'ST2102 (

j251

T2i

ej21i2l ej22m
' DG

5 T21 (
j151

T2i

(
j251

T2i

1$l Þ m1 i %ej12m
' ej22mej11i2l

' ej21i2l +

1454 MICHAEL JANSSON



By A2, E~1$l Þ m 1 i %ej22m
' ej12mej11i2l

' ej21i2l ! 5 n21$ j1 5 j 2%1$l Þ m 1 i % ,
because, e+g+,

E~ej22m
' ej12mej11i2l

' ej21i2l ! 5 E @Ej22m~ej12m
' !ej22mej11i2l

' ej21i2l # 5 0

when j1 . j 2 and l . m 1 i, whereas

E~ej22m
' ej12mej11i2l

' ej21i2l ! 5 E @Ej1i2l ~ej2m
' ej2m!ej1i2l

' ej1i2l # 5 n2

when j1 5 j 2 5 j and l . m 1 i+ Therefore,

E**1$l Þ m1 i %T2102 (
j51

T2i

ej1i2l ej2m
' **

# ES**1$l Þ m1 i %T2102 (
j51

T2i

ej1i2l ej2m
' **

2D102

5 ST21 (
j151

T2i

(
j251

T2i

n21$ j1 5 j2%1$l Þ m1 i %D102

5 @1$l Þ m1 i %n2T21~T 2 i !#102

# n,

where the first inequality uses the Cauchy–Schwarz inequality+ In particular,

limTr` hT # n{S(
l50

`

7Cl 7D2

, `,

as was to be shown+ n

Proof of Lemma 6+ Under A1 and A2,

E @ ZGT~u0,abT !# 5 (
i51

`

1$i # T 2 1%kS i

abT
D T 2 i

T
E~V11i V1

'!

for any a . 0, whereasG 5 (i51
` E~V11i V1

'!+ Therefore, by subadditivity
of 7{7,

7E @ ZGT~u0,abT !# 2 G7

# (
i51

I

*1$i # T 2 1%kS i

abT
D T 2 i

T
2 1*{7E~V11i V1

'!7

1 (
i5I11

`

*1$i # T 2 1%kS i

abT
D T 2 i

T
2 1*{7E~V11i V1

'!7

# max
1#i#I *1$i # T 2 1%kS i

abT
D T 2 i

T
2 1*{(

i51

I

7E~V11i V1
'!7

1 Ssup
x$0
6k~x!61 1D{ (

i5I11

`

7E~V11i V1
'!7
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for any I $ 1+ Because(i50
` 7E~V11i V1

'!7 , `,

Ssup
x$0
6k~x!61 1D{ (

i5I11

`

7E~V11i V1
'!7

can be made arbitrarily small~under A3~i!! by taking I large enough+ For any
given I,

sup
a$al

max
1#i#I *1$i # T 2 1%kS i

abT
D T 2 i

T
2 1*

5 sup
a$al

max
1#i#I *kS i

abT
D T 2 i

T
2 1*

# sup
a$al

max
1#i#I

S*kS i

abT
D2 1*1 T21i *kS i

abT
D*D

# sup
0#x#I0~al bT !

6k~x! 2 161 T21I sup
x$0
6k~x!6

whenever 0, al , ` and T $ I 1 1+ Lemma 6 now follows because the
expression on the last line tends to zero whenever A3~i! holds and
limTr` bT

21 5 0+ n

Proof of Theorem 2+ By subadditivity of7{7,

7 ZGT 2 G7 # 7 ZGT 2 E~ ZGT !71 7E~ ZGT ! 2 G7,

7 ZVT 2 V7 # 7 ZVT 2 E~ ZVT !71 7E~ ZVT ! 2 V7+

Now, E~ ZST ! 5 S, so 7E~ ZVT ! 2 V7 # 2{7E~ ZGT ! 2 G7 r 0 by Lemma 6+
Moreover,

7 ZVT 2 E~ ZVT !7 # 2{7 ZGT 2 E~ ZGT !71 7 ZST 2 E~ ZST !7+

By Lemma 5,

E7 ZST 2 E~ ZST !7 5 E**T21 (
j51

T

@Vj Vj
'2 E~Vj Vj

'!#**r 0+

In particular, ZST 2 E~ ZST! 5 op~1!+ The proof of Theorem 2 can be completed
by showing thatE7 ZGT 2 E~ ZGT!7 r 0+ By subadditivity of7{7,

7 ZGT 2 E~ ZGT !7 # (
i51

T21

*kS i

bT
D*{**T21 (

j51

T2i

@Vj1i Vj
'2 E~Vj1i Vi

'!#**+
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Using Lemmas 1 and 5 and the notation from Lemma 5,

E7 ZGT 2 E~ ZGT !7 # (
i51

T21

*kS i

bT
D*{E**T21 (

j51

T2i

@Vj1i Vj
'2 E~Vj1i Vi

'!#**
# Ok~0!S(

i51

T21

biDcT 1 T2102hT (
i51

T21

*kS i

bT
D*

# Ok~0!S(
i51

`

biDcT 1 ~T2102bT hT !SbT
21 (

i51

T21

*kS i

bT
D*D

r 0+
n

Proof of Corollaries 3 and 4+ Corollary 3 is a special case~with [aT 5 1! of
Corollary 4, so it suffices to prove the latter+ Under A4', inft$T Pr~al #
[at # au! can be made arbitrarily close to unity for sufficiently largeT

and some 0, al # au , `+ Consequently, it suffices to show that for any
0 , al # au , `,

sup
al#a#au

7 ZGT~ ZuT ,abT ! 2 G7 5 op* ~1!,

which is easily shown to imply supal#a#au
7 ZVT~ ZuT ,abT ! 2 V75 op* ~1!, where

op* ~1! denotes convergence to zero in outer probability+3 Now,

sup
al#a#au

7 ZGT~ ZuT ,abT ! 2 G7 # sup
al#a#au

7 ZGT~ ZuT ,abT ! 2 ZGT~u0,abT !7

1 sup
al#a#au

7 ZGT~u0,abT ! 2 E @ ZGT~u0,abT !#7

1 sup
al#a#au

7E @ ZGT~u0,abT !# 2 G7,

so the proof can be completed by showing that each term on the right-hand
side isop* ~1!+ As in the proofs of Theorems 2 and 3 in Hansen~1992!, Condi-
tion A5 implies that

7 ZGT~ ZuT ,abT ! 2 ZGT~u0,abT !7 # ~T2102bT !{SbT
21 (

i51

T21

*kS i

abT
D*D{QT ,

for any a . 0, where QT is Op~1! and does not depend ona or bT + Now,
T2102bT r 0 and limTr` supal#a#au

bT
21 (i51

T216k~i0~abT !!6 , ` for any
0 , al # au , ` ~Lemma 1!, so

sup
al#a#au

7 ZGT~ ZuT ,abT ! 2 ZGT~u0,abT !7 5 op* ~1!+
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Next, by the properties ofOk~{!,

7 ZGT~u0,abT ! 2 E @ ZGT~u0,abT !#7

# (
i51

T21

*kS i

abT
D***T21 (

j51

T2i

@Vj1i Vj
'2 E~Vj1i Vi

'!#**
# (

i51

T21

OkS i

aubT
D**T21 (

j51

T2i

@Vj1i Vj
'2 E~Vj1i Vi

'!#**
for any 0 , al # a # au , `+ By Theorem 2 and its proof, the last line is
op~1!, so

sup
al#a#au

7 ZGT~u0,abT ! 2 E~ ZGT~u0,abT !!7 5 op* ~1!+

Finally, supal#a#au
7E @ ZGT~u0,abT !# 2 G7 r 0 by Lemma 6+ n

NOTES

1+ A3 is weaker than Robinson’s~1991! A2~0! because it is not assumed that*R6K~l!6dl , `,
where K~l! 5 ~2p!21*R k~x!exp~ilx! dx+ A well-known example of a kernel satisfying A3 but
violating *R6K~l!6dl , ` is the uniform kernelk~x! 5 1$6x6 # 1%, where 1${% is the indicator
function+

2+ One kernelk [ K1 such thatk~x! 5 1 ∀x [ Z is k~{! 5 (l50
` kl ~{!, where, for eachl $ 0 and

any x [ R,

kl ~x! 5 5
12 ~l 1 1!2~6x62 l !, if l # 6x6# l 1 ~l 1 1!22,

12 ~l 1 1!2~l 1 1 2 6x6!, if l 1 1 2 ~l 1 1!22 # 6x6# l 1 1,

0, otherwise+

It is easily seen thatk [ K1+ In particular, k is continuous and

E
R
6k~x!6 dx 5 2 (

l50

` E
@0,`!

kl ~x! dx5 2 (
l50

`

~l 1 1!22 5
p2

3
, `+

3+ To avoid measurability complications, convergence in outer probability~rather than conver-
gence in probability! is considered+
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