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CONSISTENT COVARIANCE
MATRIX ESTIMATION FOR
LINEAR PROCESSES

MICHAEL JANSSON
University of California, Berkeley

Consistency of kernel estimators of the long-run covariance matrix of a linear
process is established under weak moment and memory conditioaddition it
is pointed out that some existing consistency proofs are in error as they stand

1. INTRODUCTION

SupposdV;:t = 1} is a sequence of randomvectors generated by the linear
process

Vi = zaclet—l-

This paper considers estimation 6f = lim,__, T 13, 31 E(V,V), the
long-run covariance matrix of;. Consistency of kernel estimators @Qfis es-
tablished under weak conditions ¢@,:1 = 0} and{e.:t € Z}. In addition it
is pointed out that some existing consistency proofs are in error as they stand

2. RESULTS

Let |-| denote the Euclidean notrtet = signify almost sure equalitynd let
E;_1(-) denote conditional expectation with respect to #halgebra generated
by {es:s =t — 1}. The development of formal results proceeds under the fol-
lowing assumptions

AL Z5)C I < co.
A2. E_.(e) £ 0, E_,(e€) = I, and{|&]?} is uniformly integrable

The assumptio,_;(e ) = |, implies the conditional homoskedasticity re-
striction E._;(\, V' — E_1(\{)) £C,C{ but does not impose restrictions on
the form of the conditional covariance matrix beca@ze= |, is not assumed
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The uniform integrability condition is satisfied whenewgr~ i.i.d.(0,1,) or
supezEl&|" < oo for somer > 2. The best currently available consistency
results for linear processes would appear to be those of Robid€®1) and
de Jong and Davidsof2000. The moment and memory assumptions of these
papers are stronger than A1 and A2 in the leading special case \\erns
independent and identically distributéd.d.). When the bandwidth expansion
rates recommended by Andrew%991) are employedRobinson(199)) re-
quires Al and sup, E|&|" < oo for somer > 3. On the other handde Jong
and Davidson2000 only require two finite moments but do requitg-near
epoch dependence of size;. In the linear process cagiis condition implies
>S2.1¢]C |2 < oo for someg > 1, a stronger requirement than Al

Defining I' = lim,, T *SL,31EVV) and = = lim,, T X
SLLE(VVY), the matrixQ can be decomposed &= T + I’ + 3. In some
applications in nonstationary time series analyie matrixI" is of interest in
its own right Obvious examples include the cointegration procedures of Phil-
lips and Hanse(1990 and Park(1992. In recognition of this factthe present
paper focuses explicitly on consistent estimatiorloft is assumed thar is
estimated by a kernel estimator of the form

. B T t—1 |t_S|
1_‘T:T lEEK \/tvs’a
t=2s=1 bT

wherek(-) is a (measurablekernel function andb;: T = 1} is a sequence of
bandwidth parameter3he corresponding estimator 6f is

. e [t
Or=T1Y >k Vi Vs,

t=1s=1 bT
which can be written a$r + I} + 31, whereS; = T3, V,V,. Because
31 —p 2 under Al and A2Q+ is a consistent estimator 6f whenevery is a
consistent estimator df. Consider the following assumptions &ft) and{by}.

A3.

(i) k(0) = 1,k(-) is continuous at zero and sup|k(x)| < co.
(i) Jjo.00 K(X) dx < oo, wherek(x) = sup=x/k(y)|.

A4. {br} C (0,00) and limr_,(by* + T~*?br) = 0.

Assumption A3 generalizes Robinso(k991) assumption A20) and would
appear to be satisfied by any kernel in actual.uBer instanceit holds for the
15 kernels studied by Ng and Perr®96. Moreover it holds for all kernels
in the classiC; of Andrews(1991) and Andrews and Monahai992 and for
all kernels satisfying Assumptions 1 and 3 of Newey and VW&E394). Assump-
tion A4 is standard and holds whenever the bandwidth expansion rate coincides
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with the optimal(under a mean squared error critepigate reported in An-
drews(1991 p. 830.
An important implication of A3ii) is the following lemma

LEMMA 1. Suppose k) satisfies A3(ii) and supposé;} C (0,00). Then
k | <
ab; ”

Results similar to Lemma 1 have been stateithout proof) by Andrews
(1991 p. 852, Hansen(1992 p. 970), and Hall(200Q Lemma 2. As demon-
strated by the examples that follpthe assumptions made in the cited papers
do not implylim+_,. by 23 |k(i/by)| < co. Therefore the proofs of Theo-
rem 1 of Andrews1991) and Theorems 1-3 of Hans€h992 are in error as
they standas are the proofs of Theorems 2 and 3 of HaD0O.

The sequencéb; 1S k(i/br)|} depends ork(-) through{k(x):x € D},
whereD = Ur=; Ui—i=71_1 {i/br}. The setD is countableso it is possible to
havek(x) = 1 Ox € D under Hansen’$1992 Condition(K) and Hall's(2000
Assumption 5In particular if lim +_,., T by = 0 it is possible to have

K i i T-1
J— = |lim - = .
bT My, I 0

Moreover a kernel can havi&(x) = 1 [Ox € N and belong to the class; of
Andrews(1991) and Andrews and Monahail992. For any such kernel and
any{br} C N with lim_. T *?br = 0,

T-1
Tim -1
IImT—)oo Sup)<a£au bT 2

i=1

for any0 < o, < oo.

T-1
“ﬁTﬁoo b‘Ifl 2
i=1

T-1 i [(T—1)/br]
limy ., by > k(b—>‘zn_mmb;l S k)]
i=1 T x=1
SR (L VVL:29
T bT )

where| - | denotes the integer part of the argumeéAssumption A3ii) rules
out pathological cases such as these
The main result of the paper is the following theorem

THEOREM 2 Suppose A1-A4 hold. Théh —, T and O —, Q.

In applications the vectors{V;} are often functions of an unknown param-
eter vectom (say), V; = V;(6,), wheref, denotes the true value é6f Consider
the estimators
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t—1

T _
B =TS S k(' )vt(éﬂvS(éT)',
t=2s=1 bT

T T _
i) =T Y K (' S ')\4(6T>v<eT>'

wheref; is an estimator o, satisfying the following assumption
A5. Either

(i) Ve(8) = Vi(6o) — (0 — 60) X, whereT¥2(6r — 0,)87* = Op(1) and max— =t
|61 X:|| = Op(1) for some sequenci+} of nonsingular matrices or
(i) TY2(6r — 6o) = Op(1) and sup-1 E(supe ] (8/d6")V;(6)]2) < oo for some neigh-
borhood\ of 6,.

Assumption ARi) is Condition (V3) of Hansen(1992 whereas Afii) is
equivalent to Assumption B of Andrew$991) under A1 and A2As in Hansen
(1992, the following corollary is an immediate consequence of Theorem 2

COROLLARY 3. Suppose Al1-A5 hold. Theny(6r) —p I' and
Qr(6r) —p

ample-dependent bandwidth parameters can also be accommaddasted
t—1

P T [t—s N «
1_‘T(eT’bT) 1;22k< bT |>Vt(0T)Vs(0T),,

s=1

T 7T _
Qr(br,bp) =T 13> (' . ')\4(0T>V(9T)'
t=1s=1

where{b;: T = 1} is a sequence dfpossibly stochastic bandwidth parameters
satisfying the following assumption

A4'. by = arbyr, wherear > 0,47 + a1t = O,(1), and{b;} satisfies A4
COROLLARY 4. Suppose A1-A3, Adand A5 hold. Thery(dr,br) —, T
and Q+(ér,br) —p Q

3. PROOFS

Using change of variable$; can be written as
R T-1 i T—i
=S (S

i=1 br j=1

The proofs of Theorem 2 and its corollaries are based on this representation
Lemma 1 and the following lemmas
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LEMMA 5. Suppose Al and A2 hold. Then

T-i
EHTS[\@\/,—'—E(\/,-H\/,-')] =Bgr+T Vo, 0=i=T-1
j=1

where {B;:i = 0} and {¢r,n: T = 1} are nonnegative sequences with
3218 < oo, limp, . pr = 0, andlim+_, , 7y < .

LEMMA 6. Suppose Al and A2 hold. Moreover, suppose $atisfies A3(i)
and supposéb;} C (0,00) with limy_,, byt = 0. Then

iM-1_, 0 SUP= | ELT (6, @by)] — T = 0
for any0 < o < oo.

Proof of Lemma 1 Let k be defined as in AGi). By monotonicity ofk,

i (i _ i _
kf — )| =kl — | =k =« k(x)d
‘ (“bT>‘ (“bT> <“ubT> UbemwaubT,i/aubT) () dx

forany 1=i =T -1 and any 0< a = «,. AS a consequence

i _
k| — Saf k(x) dx
<“bT>‘ “Ji0,(- 1)y

Sauf k(x) dx < oo. u
[0,00)

T-1
SURy<q=a, b7 2
i=1

Proof of Lemma 5 Because

ViuV' = <E Clej+i|>( > Cmejm>
1=0 m=0

[ee]

= Z Cm-%—i %—mq—mcr,n_‘_ 2 Z 1{| #m+ i}C| g-*—i—l q,—mcr;v
m=0 =0 m=0

where X-} is the indicator functionit follows that

T—i

T ViV = EVa V)
ji=1

) T—i
= 2 Cm+i <T_l _El(quq,fm_ In)>Cr’n
i=

m=0

3

1=0

3
Lbs

T—i
C <1{I F#m+i}T?t _}:lq+i_, q’_m> CL
i<
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under A1 and A2Using subadditivity of| - | and the fact thatAB| < |A||-| B
for conformableA andB, this expression can be bounded as follows

|

T-i

Y VY = BV )
j=1

|ConlICumsil

oo T—i
= g TilZ(%—mq—m_ In)

1{I¢m+|}T 12%. 1&-m | ICHIC.-

HMS

Therefore EHT 12 ViV = EV VO = Bigpr + T Y201, where

Bi = 2 ICullCrsill,
m=0

Y =sup max E
m=0 0=i=T-1

T-i
’Tl 2 (Q—mq,—m - In) )
j=1

Hl#Em+i}T™ 1/22g+| 1€ m

‘ T—i

)(ﬁoncm)z.

N = < max supE

O=i=T-1 I,m=0

By AL,

6= 3 3 1CallCril = < nﬁommu)z <o

i=1m=0

Each element ofg_,&_, — I:j = 1} is a uniformly integrable martingale
difference sequence under A% a consequencér anye > 0 there is a finite
constantA, (independent of andm) such that

=(T-DY2T ), +(T-)T L

T—i

T 2 (ququ - In)
j=1

=T 2\, +e,

where the first inequality is obtained by proceeding as in the proof of Hall and
Heyde (1980 Theorem 222). Therefore lim{_,_ ¢ = & for any e > 0, so
Yt — 0. Finally,

2

T—i
1l #m+ i}T‘l/ZE 8118 m

=1 j2=1

=1l ¢m+i}trl<T 12 Z 8,16, ) (T vz 2 8,+i-16,- )]

= T*ll Wl #m+ite m€, - m€ +i-16,+i-1-
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By A2, E(L{l # m+ i}€], 18, m&,+i18,+i-1) = N°L{js = j} 1l # m+ i},
becausge.g.,

E(g, - m8, m€+i18,+i-1) = E[E, m(8,-m)€, m€,+i-16§,+i1]=0
whenj, > j, andl > m + i, whereas
E(8,-m&,~m€,+i—16,+i—1) = E[E+i(§_m§_m)€+i- 1§+ ] = n?

whenj, = j, =] andl > m+i. Therefore

E

T—i
1l #£m+i}T ¥2 ,—21 8+i-16-m

T—i
= E( H Hl#m+i}T Y2 zlem_, & m

2>l/2

T—i T-i 12
= <Tl > > =i {l#m+ |}>

j1=1j=1
= (11 # m+ 2T 4T = )] ¥2
=n,

where the first inequality uses the Cauchy—Schwarz inequétityarticular

[°S) 2
lIim_ mr= n<2 IC, |> < o,
=0

as was to be shown n
Proof of Lemma 6 Under A1 and A2

. = i \T—i
ELfr (6, abr)] = 3 1 =T - 1}k($) —E(V V)

for any @ > 0, whereaslI’ = X2, E(V,,;V{). Therefore by subadditivity
of |-,

|ELF(66,abr)] - T
, -
=3 |ui=T- 1}k<¢> — - 1‘ JEV V)]

o . T—i

o 3 = ) T e
= < k I b : ’
= max|1{i=T-1 <E) — -1 S eV v

+ (sup| K(x)| + 1)- S IENV W)

x=0 i=l+1
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for any| = 1. Because>,” o| E(V,.; V)| < oo,

<sup| k()| +1>~ > IE(Vi Vi)

x=0 i=1+1

can be made arbitrarily smalunder A3i)) by takingl large enoughFor any

givenl,
i \T—i
Ui=T- 1}k< >——1‘
YL L
(abT> T ‘
= supmas () =1 =74 ()]

=  sup |k(x) =1+ T U supk(x)|
0=x=I/(a by) x=0

sup max

a=a) 1=i=I

sup max

a=q 1=i=|

+T

whenever 0< o, < c0c and T = | + 1. Lemma 6 now follows because the
expression on the last line tends to zero wheneveri)Adolds and

limy_, byt =0. "
Proof of Theorem 2 By subadditivity of] - |,
| Ty = 1) = [ — E(f)] + |E(fy) - 1,
|97 — ] = [Qr — E(Qp)] + [E(Qr) — Q.

Now, E(27) = 3, so |[E(Q7) — Q| = 2-|E(fy) — | — 0 by Lemma 6
Moreover

”ﬁT - E(QT)” = 2'Hf‘T - E(fT)|| + HiT - E(iT)”

By Lemma 5
R R T
E[S: -EG,)| =E H T 1Y VW~ EVV)] H - 0.
=1

In particular St — E(ET) = 0p(1). The proof of Theorem 2 can be completed
by showing tha€|{; — E(I})| — 0. By subadditivity of|-|,

”FT E(FT)H =

S ()| S
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Using Lemmas 1 and 5 and the notation from Lemma 5

E||fT_ E(fT)‘

( >‘ H -1_21[\/,-“\4'—E<\/,-HV«>JH
2 2

i)

= k(O)(E )‘/’T + (T 1/2bT77T)<

\|M|

>¢ +T Yoy

8

()]

Proof of Corollaries 3 and.4Corollary 3 is a special cadavith a1 = 1) of
Corollary 4 so it suffices to prove the lattetnder A4, inf -1 Pr(ay =
&, = «a,) can be made arbitrarily close to unity for sufficiently large
and some < a; = a, < . Consequentlyit suffices to show that for any
0<a =a, < o,

sup [Ty (r,aby) — T = 0,(D),

=a=qy

which is easily shown to imply syp.,—,, |Q7(fr,abr) — Q[ = 0,-(1), where
0p+(1) denotes convergence to zero in outer probabiligow,

sup |‘fT(éTaabT)_F“ = sup HfT(éT’abT)_fT(eo’abT)”

=a=qy q=a=qy

+ Sup ||fT(00’ abT) - E[f‘T(OO’abT)]H

g =a=q

+ sup |E[I}(6y,abr)]— T,

q=a=q

so the proof can be completed by showing that each term on the right-hand
side iso,+(1). As in the proofs of Theorems 2 and 3 in Hang&892, Condi-
tion A5 implies that

T-1 i
()

|75 (By, aby) — Ty (6o, abr)| = (T~ ¥2by).- (le >

for any @ > 0, where Qr is Oy(1) and does not depend an or br. Now,

T Y2 — 0 and M., SUR, —a=a, 07 121 |K(i/(abr))| < oo for any
0< o =a, <o (Lemma 1, so

sup |‘fT(éT’abT) - 1/—\‘T(eo’a'bT)” = Op“(l)

=a=qy
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Next, by the properties ok(-),
||fT(00’abT) - E[fT(HO’abT)]H

()
=)l

forany 0< oy = a = a, < . By Theorem 2 and its propthe last line is
0p(1), so

sup [T (6o, abr) — E(I1 (85, aby))| = 0p+(2).

a=a=qy

T-1

IA

‘ T—i

Y VGV E(V )] H
j=1

T—i

2 IV - BV ] H
=

I/\

Finally, SUp, —a=q | E [T} (6o, @br)] — T|| — 0 by Lemma 6 [

NOTES

1. A3 is weaker than Robinson(4991) A2(0) because it is not assumed thfatK(A)|dA < co,
where K(A) = (27) Lfr k(x)exp(iAx) dx. A well-known example of a kernel satisfying A3 but
violating [z|K(A)|dA < oo is the uniform kernek(x) = 1{|x| = 1}, where X-} is the indicator
function

2. One kernek € K1 such thak(x) =1 0x € Z isk(-) = 22¢k (-), where for eachl = 0 and
anyx € R,

1—(+D2(|x| = 1), ifl<|x=I+(1+1)72
k(x)=191—(+D2(1+1—|x|), ifl+1—(1+1D)2=|x|=I+1
0, otherwise

It is easily seen that € K. In particular k is continuous and

2

f |k(x)\dx=2§ k|(x)dx=2§(l+1)’2=7r—<oo.
R 1=0 J[0,c0) =0 3

3. To avoid measurability complicationsonvergence in outer probabilityather than conver-
gence in probabilityis considered
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