Nearly Efficient Likelihood Ratio Tests of the Unit Root Hypothesis*

MICHAEL JANSSONT MORTEN DRREGAARD NIELSEN
UC BERKELEY AND CREATES QUEEN’S UNIVERSITY AND CREATES

January 7, 2011

ABSTRACT. Seemingly absent from the arsenal of currently available “nearly
efficient” testing procedures for the unit root hypothesis, i.e. tests whose asymptotic
local power functions are virtually indistinguishable from the Gaussian power envelope,
is a test admitting a (quasi-)likelihood ratio interpretation. We study the large sample
properties of a quasi-likelihood ratio unit root test based on a Gaussian likelihood and
show that this test is nearly efficient.
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1. INTRODUCTION

The unit root testing problem has been and continues to be a testing problem of great
theoretical interest in time series econometrics.! In a seminal paper, Elliott, Rothenberg,
and Stock (1996, henceforth ERS) derived Gaussian power envelopes for unit root tests and
demonstrated by example that these envelopes are sharp in the sense that “nearly efficient”
tests, i.e., tests whose asymptotic local power functions are virtually indistinguishable from
the Gaussian power envelope, can be constructed. Subsequent research (e.g., Ng and Perron
(2001)) has enlarged the class of tests whose asymptotic local power functions are indis-
tinguishable from the Gaussian power envelope, but seemingly absent from the arsenal of
currently available nearly efficient testing procedures is a test admitting a (quasi-)likelihood
ratio interpretation. The purpose of this note is to propose and analyze such a test.

In models with an unknown mean and/or a linear trend, the class of nearly efficient
unit root tests does not contain the Dickey and Fuller (1979, 1981, henceforth DF) tests.
Therefore, although the DF tests can be given a likelihood ratio interpretation it is perhaps
not ex ante obvious that nearly efficient likelihood ratio tests even exist. In other words, it
would appear to be an open question whether the unit root testing problem can be added to
list of testing problems for which likelihood ratio tests perform poorly (e.g., Lehmann (2006)
and the references therein).
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The DF tests can be derived from a conditional likelihood, conditioning being with re-
spect to the initial observation. In the model considered by ERS the initial observation is
very informative about the parameters governing the deterministic component, so it seems
plausible that a likelihood ratio test derived from the full likelihood implied by an ERS-type
model would have superior power properties to those of the DF tests in models with deter-
ministic components and this is exactly what we find. Indeed, we find that a likelihood ratio
test constructed in this way does belong to the class of nearly efficient tests. Moreover, we
show that the new tests are related to, but distinct from, the point optimal and DF-GLS
tests of ERS, even asymptotically.

Section 2 contains our results on the likelihood ratio test for a unit root, with additional
discussion in Section 3. The proof of our main result is provided in Section 4.

2. THE LIKELIHOOD RATIO TEST FOR A UNIT ROOT
We initially consider unit root testing in a model devoid of nuisance parameters, namely the
zero-mean Gaussian AR(1) model where {y; : 1 <t <T'} is generated as

Yt = PYi—1 + €, (1)

where yo = 0 and &, ~ i.i.d. N (0,1).

In this model, the likelihood ratio test associated with the unit root testing problem
Hy :p=1vs. Hy:p < 1 rejects for large values of LRy = max;<1 Ly (p) — Lr (1),
where Ly (p) = —3 ZtT:l (11 — pye—1)® is, up to a constant, the log likelihood function. In
terms of the sufficient statistics Sp = T7' S, 5 1Ay, and Hp = T-23." 42 |, the log
likelihood function can be expressed as Ly (p) = Ly (1) +T (p— 1) S — 3 [T'(p — 1)]? Hy. As
a consequence, defining ¢ = T'(p — 1) to obtain non-degenerate asymptotic behavior, LRy

admits the representation

1
LRT = ImaXeg<o [EST — §E2HT}. (2)

The large sample behavior of (St, Hr) is well understood (e.g., Chan and Wei (1987) and
Phillips (1987)): Under local-to-unity asymptotics, with ¢ = T (p — 1) held fixed as T' — oo,

(S, Hr) —a (S, He) (/ W, (r) dW, ( /W ) (3)

where W, (r) = [, exp (¢ (r —s)) dW (s) and W (-) is a standard Wiener process.

The correspondlng result about the local-to-unity asymptotic behavior of the likelihood
ratio statistic L Ry follows from (2), (3), and the continuous mapping theorem (CMT') applied
to the functional f(s,h) = min(0,s)?/h. Specifically, using simple facts about quadratic
functions and defining A, (¢) = &S, — 3¢*H..,

min (Sy,0)? min (8., 0)°
%
2Hy TN,

1
LRT = maXégo[és — Q_ZHT] = = IMaXeg<o AC (E) .
The implicit characterization of the weak limit of LRy as maxz<o A, (¢) is employed in antic-
ipation of Theorem 1(b) below, which covers a case where no closed form expression for the
limiting random variable seems to be available.



LIKELIHOOD RATIO UNIT ROOT TESTS 3

In addition to facilitating the verification of the continuity property required to invoke
the CMT, the closed form expression for maxz<g A. (¢) enables us to address the asymptotic
optimality properties of the likelihood ratio test. For any « less than Pr[Sy < 0] ~ 0.6827,
the (asymptotic) size « likelihood ratio test rejects when LRy exceeds ki (), where kpg (o)
satisfies Pr[maxz<q Ao (¢) > kg ()] = a. For any such « the asymptotic local power func-
tion associated with the size « likelihood ratio test coincides with that of the size « test
based on the DF t-statistic 727, the reason being that 777 —; S./v/H. under the above
assumptions. It therefore follows from ERS’s results about the DF t-test that the likelihood
ratio test is nearly efficient in the sense that its asymptotic local power function is virtually
indistinguishable from the Gaussian power envelope.

The near-efficiency result for the test based on the DF t-statistic does not extend to
models with a constant mean or a linear trend (e.g., ERS). Moreover, the assumptions that
the quasi-differences {y; — py;_1} are i.i.d. with a known distribution are implausible in many
applications. It is therefore of theoretical and practical interest to explore the asymptotic
local power properties of quasi-likelihood ratio tests in models with nuisance parameters
governing deterministics and/or serial correlation. To that end, suppose {y; : 1 <t < T} is
generated by the model

ye=PFde+u,  (1—pL)y(L)u =e, (4)
where d; = 1 or d; = (1,t)’, 8 is an unknown parameter, v (L) = 1 —y L — ... — ,LP is a
lag polynomial of (known, finite?) order p satisfying min,;<; |y (2)| > 0, the initial condition
is max (|ug|, ..., |u_p|) = 0,(v/T), and the ¢, form a conditionally homoskedastic martingale
difference sequence with (unknown) variance o2 and sup, F |¢;|" < oo for some r > 2.
The Gaussian quasi-log likelihood function corresponding to the model with ug = ... =
u_, = 0 can be expressed, up to a constant, as

T 1
L (9765 0277) D) log o® — 202 (Y — DP/YB)I (Yo = DpaB3)

where, setting yo = ... =y, =0and dp = ... =d_, =0,Y,, and D, are matrices with
row t =1,...,T given by (1 — pL)~ (L) y; and (1 — pL)~ (L) dj}, respectively.
Consider a quasi-likelihood ratio-type test statistic of the form

LR} = maxye, 5 L (5, B: 62, 47) — maxs LE (1, 3; 62, 4r)
= maxz<, L7 (p;67,97) — LF (1,67, 97) ,

where 62 and 47 are estimators of o and v = (v, ...,7,) , respectively, and
T 1 1 1
d (. 2 _ 2
Ly (p, g ”7) 9 log o™ — Tﬂyplnypﬁ + 202 (Yp/n/Dﬂﬁ) (D;L’YDPW) (D;)NY;)W)

is the profile log likelihood function obtained by maximizing L% (p, 5;02,7) with respect to
the nuisance parameter § governing the deterministic component. Being based on a plug-

—~d
in version of £% (p;0?,7), the statistic LR is straightforward to compute, requiring only

2If p is allowed to diverge slowly to infinity, it seems plausible that results analogous to Theorem 1 can
be obtained when (1 — pL) u; is generated by a linear process satisfying mild summability conditions (e.g.,
Chang and Park (2002)). Monte Carlo results reported in the supplementary material are consistent with
this conjecture, but for simplicity our theoretical developments proceed under the assumption that p is fixed.



LIKELIHOOD RATIO UNIT ROOT TESTS 4

maximization of L% (p; 6%, 4r) with respect to the scalar parameter p. Unlike Ly (p), however,
the profile log likelihood function £% (p;c?,v) depends on p in a complicated way and no

closed form expression for [/j%dT will be available in general; a feature which complicates, but
does not prohibit, the derivation of its local-to-unity asymptotic distribution.

The proof of the following result proceeds by showing that the likelihood ratio statistic
can be written as I/j%dT = maxz<o F(¢, X7) for some function F (-) and some random vector
Xr, where the latter enjoys a convergence property of the form X7 —4 X. and the functional
maxz<o F (¢, -) is continuous on a set X satisfying Pr [X. € X] =1 (for every ¢ < 0).?

Theorem 1. Suppose {y:} is generated by (4), ¢ = T (p — 1) is held fixed as T — oo, and
(67,97) —p (0%,7). Then:
~d
(a) If dt =1 then LRT —q MaXe<o A/\C (E)
—~d
(b) If d; = (1,t)" then LR} —4 max,<q A7 (¢), where

((1 — )W, (1) + & fol rWe (1) dr)z 1

TR A ()4 L _ = 2
AT (@) = Ac(0) + 5 -y SWe (1),

The consistency requirement on the estimators 62 and 47 in Theorem 1 is mild. For
instance, it is met by 62 = (T —p—1)"" ZtT:erg (Ay, — & 2Z,)% and 47 = (0, 1,) ip, where
Rp = (ZtT:p+2 ZtZg)_l(ZtT:pH ZAy,) and Z; = (Ad,, Ay;_1,...,Ay;,)'. In Monte Carlo
simulations reported in the supplementary material this choice of estimators was found to

—~d
deliver tests with good small sample properties. Critical values associated with LR, are
reported in Table 1.

Because the profile log likelihood function £4 (-; 02, ) is invariant under transformations

——d
of the form y, — vy, + b'd;, so is LR, (and any other test statistic that can expressed
as a functional of L% (-;62,47)) provided (62,47) is invariant.! It therefore makes sense

to compare the asymptotic local power properties of the tests based on I//R; with ERS’s
Gaussian power envelopes for invariant tests. In the constant mean case, the envelope for
invariant tests coincides with the envelope for the model (1) without deterministics. Similarly,
it follows from Theorem 1(a) that the asymptotic local power of the constant mean likelihood
ratio test coincides with the asymptotic local power of the no deterministics likelihood ratio
test. The constant mean likelihood ratio test therefore inherits the near optimality property
of its no deterministics counterpart. Figure 1 plots the asymptotic local power function (with
argument ¢ < 0) of the size v = 0.05 linear trend likelihood ratio test along with the Gaussian
power envelope. As in the no deterministics and constant mean cases, the asymptotic local
power function of the likelihood ratio test is indistinguishable from the Gaussian power
envelope, so near optimality claims can be made on the part of the likelihood ratio test also
in the linear trend case.

3 An alternative method of proof, more heavily reliant on empirical process methods, has been outlined
for a closely related test statistic by Boswijk (1998). We are grateful to Peter Boswijk for bringing that
manuscript to our attention.

4The latter invariance property is enjoyed by the estimators of o and 7 described in the preceding
paragraph.
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—~d
Table 1: Quantiles of the distribution of LR

T 80% 85% 90% 95% 97.5% 99% 99.5% 99.9%
Panel A: constant mean case
100 0.81 1.07 1.45 2.14 2.84 3.74 4.42 5.93
250 0.78 1.02 1.36 1.99 2.65 3.56 4.25 5.86
500 0.77 1.00 1.33 1.93 2.56 3.44 4.11 5.70
1000 0.77 0.99 1.32 1.91 2.52 3.36 4.01 5.57
o0 0.76 0.98 1.31 1.88 2.48 3.29 3.92 5.40
Panel B: linear trend case
100 2.50 2.86 3.34 4.14 4.91 5.89 6.60 8.17
250 2.47 2.82 3.29 4.09 4.88 5.89 6.65 8.38
500 2.46 2.80 3.28 4.07 4.85 5.86 6.63 8.36
1000 2.46 2.80 3.27 4.05 4.83 5.84 6.59 8.31
0 2.45 2.79 3.26 4.05 4.82 5.82 6.57 8.29

—d
Note: Entries for finite 7' are simulated quantiles of LR} with (6%,97) = (02,7) and &, ~ i.i.d. N'(0,1).
Entries for T = oo are simulated quantiles of maxz< Ao(¢) and maxz<o AJ(¢), respectively, where Wiener
processes are approximated by 10* discrete steps with standard Gaussian innovations. All entries are based

on 107 Monte Carlo replications.

3. DISCUSSION
The near optimality properties of the likelihood ratio test are shared by two related, but
distinct, classes of tests proposed by ERS, namely the point optimal tests and DF-GLS tests.
To clarify the differences between the three classes of tests, consider the model (4) with p =0
(so that v(L) = 1) and ¢ = 1, in which case the log likelihood and profile log likelihood
functions are Lk (p, 3) = L% (p, 3;1,0) and L% (p) = L% (p;1,0), respectively, and a version
of the likelihood ratio test statistic is given by LR$ = max;<; L4 (p) — L5 (1) .

The point optimal test statistics are of the form Pr (¢prs) = L5 (1 4+ T 'crrs) — L4 (1),
where ¢pprs is a negative constant. By construction, these tests are tangent to the Gaussian
power envelope at ¢ = ¢grs. It was found by ERS that the choices cgrs = —7 and ¢grs =
—13.5 produce nearly efficient tests in the constant mean and linear trend cases, respectively.
Defining ¢;p = arg maxz<o L (1 + T7'¢), the likelihood ratio test statistic can be expressed
as LR% = Pr (¢1r). Because épr is random even in the limit, the likelihood ratio test cannot
be interpreted as an (asymptotically) point optimal test.

The DF-GLS test is asymptotically equivalent to the test based on the test statistic
%II?F_GLS (Cers) = max;<1 Lj(p, BT(EERS)) — LA(1, BT(EERS)), where ¢pprg is a negative con-
stant and S (Cers) is a plug-in estimator of § given by

Br (Cprs) = arg max, L% (1 + T egrs, b) = (DC Dﬁ,O)_l (Ds0Y50)

p,0

p=1+T-1¢gRs

As with the point optimal tests, ERS recommend setting ¢gprs equal to —7 and —13.5 in
the constant mean and linear trend cases, respectively. Under the assumptions of Theorem
1(a), the likelihood ratio test is asymptotically equivalent to the DF-GLS test since, for any
Cprs <0, 7RF ~COLS (Cprs) —a maxz<o A, (¢). In contrast, under the assumptions of Theorem

1(b), the asymptotic properties of #2749 (¢5rg) depend on ¢prs and the likelihood ratio
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Figure 1: Power envelope and asymptotic local power of LR test with a linear trend
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Note: Simulated power envelope and asymptotic local power function based on 10 Monte Carlo replications,

where Wiener processes were approximated by 10* discrete steps with standard Gaussian innovations.

test cannot be interpreted as being asymptotically equivalent to a DF-GLS test in the linear
trend case. oy

Thus, although the tests based on LR, are virtually identical to the DF-GLS tests of
ERS in terms of asymptotic local power properties, the LR-type tests introduced herein are
conceptually distinct from the DF-GLS tests. Specifically, while both tests achieve nuisance
parameter elimination by first plugging in estimators of one subset of the nuisance parameters
and then profiling out the remaining nuisance parameters, the tests differ markedly with
respect to the choice of nuisance parameters that are being eliminated by plug-in and profiling,
respectively. In the case of the DF-GLS tests, the parameter S governing the deterministic
component is eliminated using a plug-in approach whereas the parameters (02,v) governing

the scale and serial correlation of the errors are eliminated by profiling. The statistic ﬁ%dT,
in contrast, is obtained by plugging in estimators of ¢? and ~ and then profiling out 3.
Removing (02, v) by plug-in is computationally convenient and can be motivated by statistical
considerations, as 02 and 7 are nuisance parameters that (unlike 3) can treated “as if” they

are known when deriving asymptotic local power envelopes. In other words, I//RdT is obtained
by plugging in those nuisance parameters which do not affect asymptotic local power, o2 and
v, and maximizing the likelihood fully over the parameter that does influence asymptotic
local power, namely [3.

In addition to characterizing the asymptotic behavior of the likelihood ratio statistics,
the functionals maxz<o A, (¢) and maxz<o Al (¢) can be interpreted as likelihood ratio test
statistics in the limiting experiments (in the sense of Le Cam; see e.g. van der Vaart (1998))
associated with maximal invariants for the model (4) when the errors are i.i.d. Gaussian.
As a consequence, our results shed light on the properties of these limiting experiments by
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demonstrating that likelihood ratio tests (of Hy : ¢ =0 vs. H; : ¢ < 0) are nearly efficient in
these experiments, a result which may seem surprising in view of Ploberger (2004, 2008).

In the constant mean case, our model admits locally asymptotically quadratic (LAQ) log
likelihood ratios, so the asymptotic optimality of the likelihood ratio tests can be viewed as
a testing analog of the efficiency results for maximum likelihood estimators established by
Gushchin (1995) and Ploberger and Phillips (2010). We are not aware of any optimality
results for estimators in non-LAQ models such as (4) in the linear trend case, but our results
suggest that also in some of these situations it may be possible to establish efficiency results
on the part of maximum likelihood estimators.

As is well understood from the work of Elliott (1999) and Miiller and Elliott (2003), the

validity of Theorem 1 (for ¢ < 0) and the near efficiency claims made about [/j%dT depend cru-
cially on the assumption that the initial conditions are asymptotically negligible in the sense
that max (Jug|, ..., |u_,|) = 0,(v/T). Employing a model similar to that of Elliott (1999),
Chen and Deo (2009) developed a likelihood ratio test statistic and derived its asymptotic
null distribution. It would be of interest to investigate whether that likelihood ratio test
enjoys near efficiency properties similar to those obtained herein. We are not aware of any
likelihood ratio statistics developed for the more general model of Miiller and Elliott (2003).
In that model, the unit root testing problem is further complicated by the presence of an
unidentified nuisance parameter under the null hypothesis and it would be of interest to
explore the possibility of constructing likelihood ratio tests with optimality properties such
as an “admissibility at co” property reminiscent of Andrews and Ploberger (1995).

A limitation of Theorem 1 is the fact that optimality claims cannot necessarily be made
without the assumption of normality, the reason being that relaxing the assumption of nor-
mality of the error distribution affects the shape of the power envelope when the errors &;
are i.i.d. (e.g., Rothenberg and Stock (1997) and Jansson (2008)).> By basing inference on
a Gaussian quasi-likelihood we have made no attempt to achieve full efficiency also under
departures from Gaussianity, but it seems plausible that likelihood ratio-type tests with more
global optimality properties can be constructed by proceeding as in Jansson (2008). On the
other hand, by enlarging the class of models under consideration to contain all error processes
for which the weak convergence result Xr —q X, exploited in the proof of Theorem 1 is valid,
it should be possible to use the methods of Miiller (2010) to establish a semiparametric near
efficiency result for the tests developed herein.

Left for future work is an extension of our theoretical results to tests of cointegration.®
Like the DF tests for unit roots, the cointegration tests due to Johansen (1991) are derived
from a conditional likelihood and it would be of interest to know if our qualitative finding
about the relative merits of likelihood ratio tests derived from conditional and full likelihoods
extends to tests of cointegration.

4. PROOF OF THEOREM 1

Because L% (-;02,7) is invariant under transformations of the form y; — y; + b'd;, we can
assume without loss of generality that 5 = 0. The proofs of parts (a) and (b) are very similar,

°In addition to investigating the effects of non-normality, Rothenberg and Stock (1997, Section 4) obtain
large-sample representations of (signed and unsigned) likelihood ratio test statistics in a model without
deterministics.

0 An extension to seasonal unit roots is considered in Jansson and Nielsen (2010).
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the latter being slightly more involved, so we omit the details for part (a).
Defining dry = 47 (1)~ dmg(l 1/\/_)7T( Yd; and 97, = 6747 (L) ys, the test sta-

tistic can be written as LRT = maxs<o F(c XT) where X = (ST,HT,AT,BT), Sy =
&52T_1 Zfzz Yri-1A9re, Hr = &T2T 2 Zt:Z yT,t—l?

Ap = (AT (0), Ar (1), Ay (2))  Bp— (BT (0), Br (1), Br (2)) ,

T T T
) S | )
Ar(0) = Z AdriAgry, Ar (1) = T Z(AthyTt L+ dri-1A3re), A TT Z T—1YT,t—1;
t=1 t=1
T 1 T 1 T
Br(0) =Y AdpAdy, Br(1) = T > (Adpydy, y + dry1Ady,), Br(2) = T2 > dryadyy
t=1 t=1 t=1

and, with x = (s, h,a,b),

1 1 1
F(¢,x) = s — 5‘% + 5N (@ a) D (¢b)"" N (¢ a) — SN, a) D (0,0)"" N (0,a),

N (¢,a) = a(0) —ca (1) +a(2), D(¢,b) =b(0)—cb(1)+c*b(2).

Under the assumptions of Theorem 1 it follows from standard results (e.g., Chan and Wei
(1987) and Phillips (1987)), that X; —4 X, = (S., H, A., B), where (S., H.) is given in (3),

(0] Gt ) (i)
s=((50)(00)(0 )

Y is a linear combination of ¢1,...,ep41 (With coefficients depending on ) independent of
W, (-),and K = (1432 ~2) /(1 + 32, 7)*. This convergence result implies in particular
that F(¢, X7) —q F (¢, X,) = A7 (¢) for every ¢ < 0 (under the assumptions of Theorem 1).
Moreover, Pr (&, € X) = 1 for every ¢ < 0, where X is the set of all quadruplets (s, h,a,b)
satisfying s > —1/2, h > 0, b = B, and

T (( r 2215+1>)’(T2 2(()s+1) >’<r3 Oh/?’))

for some (r1,79,73) € R x {—1,1} x (0,1). The result fji’dT —4 Maxz<o F' (¢, X,.) therefore
follows from the CMT if maxz<o F (¢, -) is continuous at every zo € X.

There exists an open set X O X and continuous functions {p; (-)} and {g; (-)} defined
on X such that if # € X, then F (¢, z) is a rational polynomial function of ¢ of the form
F(e,x) =30 pi(x)&) > (x) &, where pg (r) < 0 and Y5 ¢ (v) & = det [D (G, b)] is
positive for every ¢ < 0.

Using these facts it follows that for every zo € X there is a finite constant M and an open
set Xy C X containing x, such that F (¢, z) is negative whenever (¢,z) € (—oo, —M) x X,.
Because F (0, ) = 0, this fact implies that if 2 € X, then

maxz<o F' (€, ) = max_yr<e<o F' (€, 7) . (5)
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Because F (-) is continuous on [—M, 0] x Xy and [—M, 0] is compact, it follows from the theo-
rem of the maximum (e.g., Stokey and Lucas (1989, Theorem 3.6)) that max_jr<z<o F (¢, ) is
continuous on X,. The desired continuity property of maxz<o F' (¢, -) follows from this result
and the representation (5).
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