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Abstract

In this paper I study the role of local regularity conditions on the efficiency bounds of

semiparametric models. As examples I consider the models of the average treatment effect

(ATE) and the average treatment effect on the treated (ATT). Considered regularity con-

ditions either bound the propensity score away from zero or restrict the rate at which the

propensity score approaches one and zero. The general result obtained in this paper is that

under some commonly used regularity conditions imposed on the propensity score function

semiparametric efficiency bounds for both the ATE and the ATT are infinite. I provide

sufficient conditions for the existence of the finite efficiency bound and find that considered

types of regularity conditions affect the efficiency bound for the ATT but do not influence the

efficiency bound for the ATE. Finally, I analyze the case of misspecified regularity conditions,

when either the type of regularity conditions or the “tightness” of regularity conditions are

inconsistent with the data generating process. I provide the expressions for the misspecifi-

cation bias and describe the models which are likely to have a stronger bias.
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Introduction

In semiparametric econometric models the objects of interest are both the finite-dimensional

parameters and the functions which are not parametrically specified (i.e. are non-parametric).

In this paper I discuss an important role that regularity conditions play in the structure of the

score of the model, its semiparametric efficiency bound, and in determining the existence of the

score. I find that local regularity restrictions on the model can have global effects on its efficient

score and the semiparametric efficiency bound. In the context of treatment effect models local

restrictions on the propensity score function can change the semiparametric efficiency bound

or lead to a loss of the parametric convergence rate. I also find that misspecification of the

“tightness” and the type of regularity conditions can lead to a substantial bias in the estimation

of treatment effects. The obtained results are qualitatively different for the models of average

treatment effects and the average treatment effect on the treated. In the model of the average

treatment effect the presence of the considered regularity conditions will either not affect the

value of the efficiency bound or make this bound infinite. On the contrary, in the model of

the average treatment effect on the treated, the bound will be different for each value of the

“regularizing” parameter.

The semiparametric efficiency bound is associated with the minimum variance that can

be achieved when estimating a particular semiparamatric model. The semiparametric efficiency

bound plays the role of the Fisher information bound in a semiparametric setting. Early work on

efficiency bounds has been conducted iby Koshevnik and Levit (1976), Pfanzagl and Wefelmeyer

(1982), Begun, Hall, Huang, and Wellner (1983), Chamberlain (1987). A summary of existing

statistical work on estimating of semiparametric models can be found in Bickel, Klaassen, Ritov,

and Wellner (1993) as well as Ibragimov and Has’minskii (1981). More recent work relating

semiparametric methods to moment models is carried out by Newey (1990), Powell (1994), and

Severini and Tripathi (2001).

The issue of the semiparametric efficiency is similar to the issue of the parametric efficiency.

While in the parametric settings the information of the model (and, subsequently, the efficiency

bound) is associated with the sensitivity of the likelihood with respect to parameters, in the

semiparametric settings it will also be affected by the sensitivity of the likelihood with respect

to the unknown functions of the model. In the semiparametric model both the estimate of
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the finite-dimensional parameter and the likelihood of the model are defined by the unknown

non-parametric functions. As a result, the issue of efficiency will be determined by the existence

of the functional Frechét derivatives of the likelihood of the model defining the semiparametric

score of the model. In practice, computing these derivatives is a complicated task. To avoid

this complication, we can use the fact that under certain conditions the Frechét derivative can

be computed by finding directional derivatives of the functional of interest. This is a much

simpler task because to compute this derivative we can consider a linear “perturbation” of the

unknown function f : f(·) + tδ(·) by an auxiliary function δ(·) determining the “direction” of

differentiation. The directional derivative can be computed by differentiating with respect to a

scalar parameter t.

This method is relatively easy to follow and it produces a result in several algorithmic steps.

However, in some cases this simplicity can be misleading and “certain conditions” which assure

that this method works are very important. Although verifying these conditions is important in

a wide variety of models, I chose to use the model of the average treatment effect and the average

treatment effect on the treated as examples. Treatment effects in the context of semiparametric

efficient estimation have been extensively studied by Rubin (1974), Imbens and Angrist (1994),

Imbens and Rubin (1997), Hahn (1998), Imbens (2000), Abadie, Angrist, and Imbens (2002),

Hirano, Imbens, and Ridder (2003), Imbens, Newey, and Ridder (2003).

The results in this paper relate to the existing results on the interplay between the structure

of model and its information leading to the loss of parametric convergence of estimates. Latest

examples in the literature include Hahn (1994), Ridder and Woutersen (2003) and Khan and

Tamer (2008). These results suggest that insufficiently tight regularity conditions can lead

to zero information of the model and the parameters cannot be estimated at a parametric

rate. Khan and Tamer (2008) established some impossibility results for a group of identification

strategies based on inverse weighting for binary choice, censored regression model and the average

treatment effects. The focus of that paper was to establish upper bounds on rates of convergence

that were slower than parametric and depended on relative tail conditions. The paper did not

consider the effect of regularization of the weights to attain parametric convergence rates on

the efficiency bounds. Even though in this paper I demonstrate that the presence of regularity

conditions can move the efficiency bound of the model, it might be a rather uncommon situation.
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In fact, regularity conditions, for instance, can rely on a particular degree of smoothness, the

local behavior of derivatives or the local bound for the estimated function. Efficiency results are

based on the assumption that these characteristics can be estimated at fast rates. Often such

an estimation is not possible because the identification of these parameters is very fragile. If

these parameters are estimated at a slower than parametric rate, then this will translate to the

convergence rate of the estimator of interest. As a result, this estimator will have an infinite

efficiency bound. On the other hand, if these parameters allow an estimation procedure with

a very fast convergence rate or are known from some a priori information, then they will not

influence the value of the efficiency bound in the model.

Our results are substantially different from the existing work on the effect of the global

structure of the propensity score function on the semiparametric efficiency bound of treatment

effect estimation. For instance, Hahn (1998) notices that parametrization of the propensity score

function reduces the efficiency bound for the treatment effect model. Similar effects under more

general restrictions on the propensity score are recorded in Hahn (2004), while such observations

of matching estimators are made in Heckman, Ichimura, and Todd (1998). In this paper I

emphasize that the structure of the efficiency bound can change even though we do not impose

restrictions on the functional form of the propensity score and restrict only its local behavior

such as the rates of convergence to the points where the propensity score is equal to 0 or 1.

In this paper I demonstrate how commonly used combinations of regularity conditions affect

the structure of the semiparametric score using as examples the models of the average treatment

effect and the average treatment effect on the treated. The results are qualitatively different

for the average treatment effect (ATE) and the average treatment effect on the treated (ATT).

First, I present a general result that both for the ATE and the ATT without specific regularity

conditions regarding the behavior of the propensity score we cannot assure that the model has

non-zero information. Second, I find that imposing some commonly used regularity conditions

on the propensity score may not lead to the finite efficiency bound both for the ATE and the

ATT model. However, when the bound is finite the value of the “regularizing” parameter will not

affect the value of bound for the ATE but will affect the bound for the ATT. More importantly,

I note that the case where we assume that there exists some regularizing parameter and the

case where we fix the regularization parameter are very different. While the first case might
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lead to the infinite efficiency bound for the treatment effect, the second case might lead to the

asymptotic bias in the estimate of the treatment effect.

I consider two types of regularity conditions. The conditions of the first type bound the

value of the propensity score away from zero and one by some constant. The conditions of the

second type restrict the local behavior of the propensity score in the neighborhood of points

where the propensity score reaches zero or one. I demonstrate that the set of propensity scores

satisfying the regularity conditions can be represented as a projection of the set of unrestricted

propensity scores. Consequently, the properties of the model will be determined by the prop-

erties of the projection operator. I find that without specific integral conditions regarding the

projection operator, the model with regularity conditions can still have zero information. Us-

ing the projection representation for the regularity conditions I find the bias associated with

estimation of treatment effect parameters when regularity conditions are misspecified. I show

that in models where propensity scores tend to take extreme value misspecification bias can be

the largest across the models with the same degree of misspecification. Given that regularity

conditions play the most important role in such models, analysis of misspecification becomes an

important issue.

The projection approach to the analysis of regularity conditions extends to much broader

classes of regularity conditions than considered in this paper, which might imply that similar

conclusions will be valid and provide a set of sufficient integral conditions, assuring that existing

semiparametric methods for the analyzed model can be used for meaningful inference.

The model with propensity score weighting

The model of treatment effects under the unconfoundedness assumption is widely used in em-

pirical research. The structure of this model is the following. There are two partially observable

variables y1 and y0 with absolutely continuous Lebesgue densities. The observable variables are:

a binary indicator of treatment d ∈ {0, 1}, a vector of regressors x ∈ X (where X is a subset of

Rk), and an outcome variable y = dy1 + (1− d) y0. It is assumed that d ⊥ y1, y0

∣∣x, while the

object of interest is parameter βATE ∈ B (B is a compact set) defined by the moment equation

ϕ1 (βATE) = E [βATE − (y1 − y0)] = 0.
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Parameter βATE is called the “average treatment effect” defining the effect of treatment (i.e.

the effect of d = 1) by averaging over the entire population. Alternatively, we may be interested

in

ϕ2 (βATT) = E

[
βATT − (y1 − y0)

∣∣∣∣ d = 1
]

= 0,

where we also assume that βATT ∈ B. Parameter βATT is referred to as the “average treatment

effect on the treated” (ATT). This model can be considered in semi-parametric setting where

distributions of variables remain non-parametric, while the object of interest is a single treatment

effect parameter. This model has proven to be a powerful tool for evaluation of treatment effects

in randomized experiments under parametric and fully non-parametric model specification in

Heckman (1992), Heckman and Smith (1995), Heckman (1996) as well as environments where

treatments can be endogenous in Heckman, Urzua, and Vytlacil (2006).

An important practical question in this context is the semiparametric efficiency bound for

estimation of βATE and βATT and existence of an efficient semi-parametric procedure. In the

example of treatment effects it is convenient to consider the model in the simplest case where

the support of continuous variables is finite. I consider variables with bounded support in this

paper to emphasize that the structure of the efficient score of the model will be affected by

many commonly used regularity conditions regardless of the support restrictions. However, as

the proofs in this paper are constructive, they can be modified to the case with infinite support

by appropriately modifying the functional form of the propensity score.

To proceed with analysis of the model we need to re-define moment conditions for the ATE

and the ATT which were expressed in terms of unobservable variables y1 and y0 using only

observable distribution. Identification of the model comes from the expression

E [y |x, d] = dE [y1 |x] + (1− d)E [y0 |x] ,

which is then used to find parameters of interest. In the case of the average treatment effect

βATE = E [E [y|d = 1, x]− E [y|d = 0, x]] = E

[
d− P(x)

P(x) (1− P(x))
y

]
,

and in the case of the average treatment effect on the treated

βATT = E

[
P(x)

E{P(x)}
(E [y|d = 1, x]− E [y|d = 0, x])

]
= E

[
d− P(x)

E{P(x)} (1− P(x))
y

]
.
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To simplify the algebra, further I will use the notation E [P(x)] = P.

The expressions for both types of treatment effects are semi-parametric moment equations

depending on the unknown propensity score function P(·). Therefore, generally speaking, both

estimators can be expressed as functionals βATE (P) and βATT (P). In the discussion below I

demonstrate three facts regarding the properties of these estimators. The first fact is that the

specified structure of the set of propensity scores is too rich to guarantee that the score of

the model exists and thus that β is
√
n estimable. Informally this means that there can exist

random treatment selection procedures that are very poorly identified from the data and, thus,

the estimate of the propensity score will have an extremely large variance. In this case the noise

in the propensity score can make a much larger contribution to the variance of the estimator

than the sampling error in the moment equation for the treatment effect. As a result, the

convergence rate of the treatment effect parameter will be determined by the non-parametric

convergence rate of the estimator of the propensity score P(·). The second fact regarding this

model concerns the structure of regularity conditions that one may impose on the propensity

score function. It turns out that some commonly used regularity conditions interfere with the

structure of the efficient score of the model and move the efficiency bound. This means that

across the models which differ only in the tightness of regularity conditions, the value of the

semiparametric efficiency bound can be different. The third fact regarding considered models of

treatment effects is about the case of misspecified regularity conditions. For instance, imposing

a restriction on the rate at which the propensity score approaches zero or one, while the true

propensity score is bounded away from zero and one by some small constant, leads to a bias in

estimating of both the average treatment effect and the average treatment effect for the treated.

In case of misspecified regularity condition it would not make sense to discuss efficiency unless

the bias due to misspecification can be computed analytically.

Infinite efficiency bound in the general model

The original structure of the models of average treatment effects and average treatment effects for

the treated imposes no assumptions on the propensity score function P(·) other than restricting

it between 0 and 1. However, the need to impose additional conditions on the propensity score

has been long understood in the literature. Hahn (1998) uses a set of regularity conditions
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restricting local behavior of the propensity score to derive the asymptotic distribution of the

treatment effect estimator. Similarly, Hirano, Imbens, and Ridder (2003) use the restrictions

on the values of the propensity score. In this section I extend the existing results to produce a

much stronger statement: in general we cannot estimate the ATE or the ATT at a parametric

rate unless additional assumptions are imposed on the propensity score. This result is valid even

for the case of bounded support of the covariates and the treatment outcomes. This negative

result regarding the general ATE and ATT models is presented formally in Proposition 1.

Proposition 1 Suppose that support of the joint density of the data is a compact set G ⊂ Y×X
and δ1, δ2 > 0 such that δ1 < f (y|x, d) < δ2 and δ1 < f(x) < δ2 for d = 1, 0 and (y, x) ∈ G,

where the dimension of x is k. Then there exist elements in the set of propensity scores P ∈
C2 (G) and 0 < P(x) < 1 for which the analyzed estimators βATE and βATT are not Frechét

differentiable with respect to P(·), and thus treatment effect parameters cannot be estimated at

a parametric rate.

The proof of Proposition 1 (as well as proofs for all subsequent propositions) is provided in

Appendix.

Proposition 1 demonstrates that under fairly conservative restrictions on distributions of

outcome variables, we can find a propensity score function and structure the non-parametric

components of the model such that the semiparametric score of the model does not exist. This

result in suggests that smoothness of the propensity score alone is not sufficient for Frechét

differentiability of the treatment effect parameter with respect to the propensity score. There-

fore, parametric convergence rate cannot be guaranteed in this case. This definitely does not

imply that semiparametrically efficient estimator does not exist in general. It will still exist for

a narrower class of models.

The idea of the proof is based on the definition of a functional derivative, which must be a

bounded linear operator Ψ for which

‖β (P + δ)− β (P)− 〈Ψ, δ〉‖ → 0,

when the norm of function δ approaches to zero. I use the fact that the representation of

operators in terms of the inner product is unique in Hilbert spaces, and then find that for
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parameters corresponding to the ATE and the ATT operators Ψ are unbounded for some values

of propensity scores. This implies that β(P) does not have a finite semiparametric score and,

thus, cannot be estimated at a parametric rate for those values of P(·). In the next section I

consider some types of regularity conditions which are designed to solve the problem of non-

existing derivative.

Efficiency bound with restrictions on the propensity score

Recent developments in the literature have demonstrated that the set of distributions forming

the semiparametric models has to be selected very carefully. Otherwise, such selection itself

can affect the score of the model. Such effect, for instance, is mentioned in Newey (1990).

The constructive proof of Proposition 1 demonstrates that infinity of the efficiency bound in

the treatment effect model is caused by the proximity of the propensity score to either 0 or

1, and by “too fast” approach of the propensity score to these bounds. One way of avoiding

these situations is to restrict the class of propensity scores in the model. I offer two alternative

assumptions regarding the propensity score that are commonly used in the literature. Let G

be the support of propensity score. The first assumption restricts the values of the propensity

score on its support.

Assumption 1 Suppose that P(·) ∈ C2 (G) and there exists ε > 0 such that for all x ∈ G

ε < P(x) < 1− ε.

The second assumption restricts the rate at which the propensity score approaches to the points

of irregularity (where it takes values 0 or 1).

Assumption 2 Suppose that P(·) ∈ C2 (G). Let a ∈ G ⊂ Rk be the point where lim
x→a
P(x) = 1

then there exists a ball of radius r and ε > 0 and a constant C such that

P(x) < 1− Cρ (x, a)
k
2
−ε ,

for ‖x− a‖ < r. In case where lim
x→a
P(x) = 0 I require that

P(x) > Cρ (x, a)
k
2
−ε ,
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for ‖x− a‖ < r. Finally, when lim
|x|→∞

P(x) = 1, then

P(x) < 1− C‖x‖
k
2
−ε,

for ‖x‖ > r.

These assumptions seem sufficiently weak and capable of distilling a subset of propensity

scores that will generate a semiparametric model with a finite efficient score function with little

or no dependence on the the functional form of P(·). Unfortunately, this is not always the

case under assumptions (1) and (2). The intuition for this result comes from the fact that

both assumptions impose pointwise restrictions on the propensity score. The propensity score

function can be estimated without these restrictions. As a result, assumptions (1) and (2) can

be tested by empirically verifying that either the propensity score is bounded, or it approaches

to its points of irregularity (where all observations are selected or not selected into treatment)

at a slow polynomial rate. Moreover, in practice the boundary value of the propensity score (or

local behavior around the points of irregularity) is not known a priori. Therefore, this bound

needs to be inferred from the data. The process of this inference will influence the efficiency

bound of the model and, in some cases, the rate of convergence of the resulting estimator.

The first result is obtained for the efficiency bound in the model with bounded propensity

score under assumption 1.

Proposition 2 Consider the model for the ATE and the ATT under assumption (1), where ε

is not known and ε ∈ Ξ (Ξ is a compact set). The support of observable variables is a compact

set G. Also assume that the data generating process is consistent with assumption (1) then:

(i) Without further restrictions on the probability distribution of the data, both the ATE and

the ATT models have infinite efficiency bounds.

(ii) If a finite efficient score of the ATE model exists, then its value does not depend on the

value of ε .

(ii) If a finite efficient score of the ATT model exists, then its value depends on the value of ε.

Proposition 2 demonstrates a critical result that regularity conditions imposed on the propen-

sity score alone do not assure the existence of a finite semiparametric efficiency bound for the
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ATE and the ATT models. There is a clear intuition behind this result. Regularity condition

(1) depends on the value of ε. When ε is not known, it becomes an additional parameter of the

model and, thus, will enter into the likelihood function. However, the model does not specify

sufficiently rigid restrictions on how the likelihood can depend on ε and the estimation procedure

for this parameter can be extremely fragile. In particular, the convergence rate for the estimator

of ε can be so slow that it will affect the convergence rate of estimation of propensity score. As

a result, this will lead to a dominance of non-parametrically converging terms in the asymptotic

representation for the treatment effect parameter β. An important takeaway from this result is

that to form a set of sufficiently rigid regularity conditions we have to simultaneously restrict

the propensity score and the distribution of covariates.

The second statement in Proposition 2 has a similar flavor to the existing results for the

ATE model showing that parametrization of the propensity score in the ATE model does not

improve the efficiency bound. Here I demonstrate that imposing the regularity conditions on

the propensity score does not move the efficiency bound for estimation of the ATE (given that

imposed conditions are consistent with the data generating process).

The third statement in Proposition 2 implies that even if the efficiency bound of the ATT

model is finite, we cannot guarantee that the efficiency bound for βATT will be the same across

the models with different bounds ε. This result is consistent with the insight that additional

information regarding the propensity score improves the efficiency bound in the ATT model. I

demonstrate that in a very general setting local regularity conditions can improve the information

of the model. Statements (ii) and (iii) in Proposition 2 should be treated with extreme caution

as they are formulated under assumption that the treatment effect model as a whole has a finite

efficiency bound. This assumption is, generally speaking, testable and needs to be verified in

each particular case.

To prove this theorem I find it very convenient to introduce the notion of a projection of the

propensity score function on the set of regularity conditions. For each 0 < P (x) < 1 I define a

projection operator Pε. In the simplest case it can be defined as

Pε ◦ P(x) = P(x) + (1− ε− P(x)) 1 {P(x) > 1− ε}+ (ε− P(x)) 1 {P(x) < ε} .

Note that this is a valid projection operator: Pε◦(Pε ◦ P(x)) = Pε◦P(x). One problem with this

operator is that, in general, Pε : C2(G) 7→ C1(G). We can construct a smooth operator that
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will maintain the degree of smoothness of P(·). Let δ = min
{

inf
x∈G
P(x), 1− sup

x∈G
P(x)

}
then

Pε ◦ P(x) =

 P(x), if ε ≤ δ ≤ 1
2 ,

ε−δ
1−2δ + 1−2ε

1−2δP(x), if 0 ≤ δ < ε.

One can see that this operator is a projection operator as well. Formal analysis will then

substitute a case-by-case analysis of propensity score function by the analysis of functional

derivatives of the projection operator. This is a task which is more analytically tractable.

Proposition 2 shows that if the propensity scores approach the boundary very slowly or if the

probability mass of the region where the propensity score achieves the boundary value is small,

then the value of the boundary for the propensity score cannot be estimated at a parametric

rate. As a result, we cannot estimate the treatment effect at a parametric rate as well. In the

example provided in the proof, small movements of the binding parameter ε lead to substantial

changes in the propensity scores. On the other hand, under stronger regularity conditions the

ATE, unlike the ATT, remains the same across models with different values of the “tightness”

parameter ε.

So far I discussed the efficiency results for the case where we bounded the propensity score

to attain finite bound. Now we can proceed with the discussion of the case where we impose

restrictions on the local behavior of the propensity score in the vicinity of points of irregular-

ity. The following proposition is identical to Proposition 2 with the only difference that it is

formulated under assumption (2).

Proposition 3 Consider the model for the ATE and the ATT under assumption (2), where ε

is not known and ε ∈ Ξ (Ξ is a compact set). The support of observable variables is a compact

set G. Also assume that the data generating process is consistent with assumption (1) then:

(i) Without further restrictions on the probability distribution of the data, both the ATE and

the ATT models have infinite efficiency bounds.

(ii) If a finite efficient score of the ATE model exists, then its value does not depend on the

value of ε .

(ii) If a finite efficient score of the ATT model exists, then its value depends on the value of ε.
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We can see from this proposition that if we restrict local behavior of the propensity score

instead of binding it, the effect on the efficient influence function will be similar. If we impose

a certain restriction on the local functional form of the propensity score, then we can in general

fit that functional form to the estimated propensity score. This provides additional information

regarding the propensity score. As a result the efficiency bound can move under this restriction.

Proof:

To prove Proposition 3 I follow the same steps as in the proof of Proposition 2. For simplicity

I assume that there is a single point a where lim
x→a
P(x) = 0. I introduce the semiparametric

likelihood function of the model

L = f (y | d, x)P (x; ε)d (1− P (x; ε))1−d ϕ (x) .

The tangent set of the model is

Tε =
{
s(y|x, d) +

d− P(x; ε)
P(x; ε) (1− P(x; ε))

Ṗ + s(x)
}
,

where E [s (y|s, d) |x, d] = 0 and E
[
|s (y|x, d)|2 |s, d

]
< ∞, P(x; ε) ∈ C2 (X ), E|Ṗ|2 < ∞,

E [s (x)] = 0 and E
[
|s (x)|2

]
<∞. Finally, P(x) > Cρ (x, a)

k
2
−ε for ρ (x, a)→ 0.

Similarly to the proof of Proposition 2, I proceed by using projection. The projection oper-

ator maps the propensity score 0 < P(x) < 1 on a set of functions with bounded local behavior

at points of irregularity. The simplest projection operator can be defined as

Prε ◦ P(x) = P(x)1 {ρ(x, a) ≥ r}+
ρ (x, a)1+ k

2
−ε

r
P
(
a+

r

ρ (x, a)
(x− a)

)
1 {ρ (x, a) < r} .

This operator Prε ◦ P(x) substitutes all values of the propensity score in the ball ρ (x, a) < r by

the values of the function f (x) = ρ (x, a)
k
2
−ε stretched to fit the cone with the apex at point a

(irregularity point of the propensity score) and the base at the values of the propensity score on

the circle P (x, a) = r. This is a valid projection operator: Prε ◦ (Prε ◦ P(x)) = Prε ◦ P(x). The

rest of the proof will be identical to the proof of Proposition 2.

Q.E.D.

An interesting conclusion from the proof of Proposition 3 is that any restriction on the

pointwise behavior of the propensity score that can be defined in terms of projection will have
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same effect on the efficient score (given that operators have the same mean-square derivatives).

In particular if we construct an equivalence class of projection operators based on their mean-

square derivatives, for all such operators in the class semiparametric efficiency bound in the

ATT model will be the same (given that the efficient score exists).

All projection operators in the class can constructed such that

E
[
|Pε ◦ P(x) (1− Pε ◦ P(x))|−1

]
<∞.

In general this conditions is strong, but as we are free to choose the structure of the projection,

it is relatively straightforward to construct the projection operators satisfying this condition for

each propensity score function. The proof of Proposition 2 allows us to provide a sufficient con-

dition for existence of the efficient score for a class of models where restrictions on the propensity

score are defined by projection operators. I require that for all functions ζ ∈ L2 (G, F, µ), where

F is a Borel σ-algebra on G and µ is the probability measure, we can find constants c1 and c2

(which might depend on the choice of ζ(·)) such that

0 < c1 < E

[
ζ(x) ∂Pε

∂ε ◦ P(x)
Pε ◦ P(x) (1− Pε ◦ P(x))

]
< c2 <∞. (1)

Provided conditions justify the choice of a particular projection structure. In the proofs for

Propositions 2 and 3 I have demonstrated how these projections can be constructed in practice

under assumptions (1) and (2).

Assuming that condition (1) is satisfied we can find the efficiency bound for the ATT param-

eter. Derivation of the bound is provided in the proof of Proposition 2. First, we find that the

“tightness” parameter ε in the regularity conditions can be estimated from the moment equation

E [ζ∗(x) (d− Pε ◦ P(x))] = 0,

where the optimal instrument ζ∗(·) is determined by the mean-square derivative of the projection

operator:

ζ∗(x) = E

[(
d− Pε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))
y − β

)
∂

∂ε
Pε ◦ P(x)

]−1

×Pε ◦ P(x) (1− Pε ◦ P(x))
(

d− Pε ◦ P(x)
Pε ◦ P(x) (1− Pε ◦ P(x))

y − β
)
.
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Denote by σ2
1 the efficiency bound for the ATE model for the regularity condition that does

not shift the efficiency bound (the expression for σ2
1 is given in Appendix). Then the efficiency

bound for the ATE parameter can be computed as

Var (βATT,ε) = σ2
1 − E

[
Pε ◦ P(x) (1− Pε ◦ P(x))

E {Pε ◦ P(x)}2

(
d− Pε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))
y − β

)2
]
.

This means that the addition of local regularity conditions decreases the efficiency bound.

An important role of the projection operator for regularity conditions is that it summarizes

the complete set of assumptions regarding the structure of the propensity score. In particular,

if the imposed assumption are wrong, the behavior of the estimator will be determined by how

far is the projection operator for the true regularity conditions from the projection operator for

the misspecified regularity conditions. I conduct such an analysis in the subsequent section.

Treatment effect models with misspecified regularity conditions

In this paper I consider a class of regularity conditions which restrict the propensity score

function pointwise. In the previous section I considered assumptions (1) and (2) which bound

the value of the propensity score away from zero and one or impose restrictions on local behavior

around the points where the propensity score is equal to zero or one. I obtained an important

result that the set of pointwise restrictions can be expressed as as projection operator Pε which

maps the set of unrestricted propensity scores on the set of propensity scores satisfying the

regularity conditions with the “tightness” parameter ε. One practical implication of this result

is that it substantially facilitates the analysis of misspecified regularity conditions. Below I

consider two possible cases of misspecification.

Case 1: Misspecified “tightness” parameter ε

In this case I impose a restriction on the values of the propensity score and bound it away from

zero. However, we can set a overly tight restriction and set the “tightness” parameter to ε′ > ε

(where ε is the true value). We obtain an estimate of the average treatment effect

β′ATE = E

[
d− Pε′ ◦ P(x)

E{Pε′ ◦ P(x)} (1− Pε′ ◦ P(x))
y

]
,

which is an inconsistent estimate of the ATE parameter. In this case the analysis of efficiency

of this estimator will not be sensible. However, we can find the value of the bias associated with

14



this procedure. I assume that one can misspecify only the value of the “tightness” parameter

but not the type of the regularity condition used (i.e. we do not substitute the restriction on the

values of the propensity score by the restriction on the local behavior of the propensity score

in the neighborhood of the points of irregularity). Assuming that the mean-square derivative of

the projection operator is continuous in ε we can write the local representation for the bias

β′ATE − βATE = −E
[(

E [y | d = 1, x]
Pε ◦ P(x)

+
E [y | d = 0, x]
1− Pε ◦ P(x)

)
∂

∂ε
Pε ◦ P(x)

] (
ε′ − ε

)
+ o

(∥∥ε′ − ε∥∥) .
This expression illustrates the role of regularity conditions in the bias in case where we are

setting an overly tight restriction. First, if the true propensity score can take values close to 0

and 1, then we should expect that the bias from restricting the propensity score is bigger than

if the propensity score mainly takes intermediate values. An important note here is that given

the same amount of misspecification (in terms of the distance of the misspecified “tightness”

parameter from the true one), the bias is still bigger in cases with the propensity score close to

the boundary. Second, the bias will be determined by the smoothness of the projection operator

and its sensitivity to the “tightness” parameter. In particular, if we require that the projection

operator maintains the degree of smoothness of the propensity score then we should expect

a smaller bias due to misspecification. On the other hand, if the power of the range of the

projection operator is comparable to the power of the set of propensity score (so that very few

propensity score functions are transformed by the projection) or the density of the covariates is

small in the regions where the values of the propensity score are transformed, we also should

expect a smaller misspecification bias. The results for the model of average treatment effects

for the treated are similar to the ATE case.

Case 2: Misspecified type of regularity conditions

Another important case of misspecification is using a wrong type of regularity condition. For

instance, we can impose the restriction on the values of the propensity score while in reality

the propensity score can achieve 0 or 1 but has particular local behavior around these points.

In our notation this will imply substituting the true set of regularity conditions expressed by

the operator Pε ◦ P by the misspecified set of conditions expressed by the operator P′ε ◦ P.

This case is harder to analyze than the case of misspecifying the “tightness” parameter because

misspecification with respect to parameter can be defined in terms of ordinary partial derivatives,

while misspecification of the type of regularity conditions requires the existence of functional
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derivatives of the treatment effect parameter. Define the norm ‖Pε‖ = sup
f∈C2(G)

E [Pε ◦ f ] and

define the difference between operators as the difference between their values for each f . Then

β′ATE − βATE = −E
[(

E [y | d = 1, x]
Pε ◦ P(x)

+
E [y | d = 0, x]
1− Pε ◦ P(x)

)(
P′ε − Pε

)
◦ P(x)

]
+ o

(∥∥P′ε − Pε
∥∥) .

This formula will provide an acceptable description of the bias due to misspecification only if the

misspecified regularity condition is relatively “close” to the true regularity condition. In practice

this distance can be measured by computing the modulus of continuity for differences between

functions satisfying two sets of regularity conditions. This will, however, not be possible if the

true regularity conditions are unknown. One interesting observation that can be made from the

bias representation is that the bias will be smaller if the propensity score is sufficiently far from

the boundary values 0 and 1. This is the same conclusion as for the analysis of the bias due to

misspecified “tightness” parameter.

The bias for the situation where both the “tightness” parameter and the type of regularity

conditions is misspecified can be analyzed by combining the two cases. It will require the

strongest set of assumptions regarding the treatment effect parameter: both differentiability with

respect to parameter ε and functional differentiability with respect to the projection operator.

In addition we will need to require differentiability of functional derivatives of the treatment

effect parameter with respect to ε.

One sufficient condition for existence of the finite efficient score

The analysis in the previous subsections demonstrates that restrictions imposed on the propen-

sity score function itself are insufficient to guarantee Frechét differentiability of the estimated

semiparametric function. One way of defining the set of restrictions on the propensity score

function is to bind its restrict it integral behavior rather than restricting it pointwise. The

following Proposition sets the sufficient condition for existence of the finite score of the model.

Proposition 4 Suppose that there exists a open convex set G ⊂ Y × X and δ1, δ2 > 0 such

that δ1 < f (y|x, d) < δ2 and δ1 < f(x) < δ2 for d = 1, 0 and (y, x) ∈ G, where the dimension

of x is k > 1. The ATE effect β is
√
n estimable if the propensity score function satisfies the
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restrictions P ∈ C2 (G) and 0 < P(x) < 1 and∫
x∈G

ln
(
P2(x) (1− P(x))2

)
dx <∞.

The proof of this statement follows directly from Cauchy-Schwartz inequality.

Conclusion

In this paper I analyzed the interaction between the regularity conditions and the structure of

the score in the semiparametric models of treatment effects. I have demonstrated the intro-

duction of relatively mild conditions such as binding the propensity score away from zero and

restrictions on the local behavior of the propensity score in the vicinity of points of irregularity

can change the score of the model and, thus, the efficiency bound. Moreover, these regularity

conditions do not assure the finiteness of the semiparametric bound of the model. One inter-

esting observation that was made in the paper is that some of regularity conditions for the

propensity score can be represented by projection of the set of unrestricted propensity scores

on the set of propensity scores satisfying regularity conditions. The analysis of mean-square

derivatives of the projection operator for the regularity conditions allowed us to characterize

the semiparametric efficiency bound for the average treatment effect and the average treatment

effect on the treated. I found that considered types of regularity conditions move the efficiency

bound for the average treatment effect on the treated but do not affect the bound for the average

treatment effect. I described the cases of misspecified regularity conditions and described the

bias due to misspecification. Finally, I provided a sample sufficient condition which assures the

existence of semiparametric score of the model.

Proofs

Proof of Proposition 1

The likelihood function of the model can be written as

L = f (y |x, d) P(x)d (1− P(x))1−d ϕ (x) ,
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where ϕ (·) is the density of covariates. The tangent set of the model is a convex closure of the set

T =
{
s(y|x, d) +

d− P(x)
P(x) (1− P(x))

Ṗ + s(x)
}
,

where E [s (y|s, d) |x, d] = 0 and E
[
|s (y|x, d)|2 |s, d

]
< ∞, 0 < P(x) < 1, P(x) ∈ C2 (X ), E|Ṗ|2 < ∞,

E [s (x)] = 0 and E
[
|s (x)|2

]
< ∞. Note that for both treatment effect models β = β (P), and to prove

that the model is not Frechét differentiable it is sufficient to demonstrate that there is a direction in T
along which the derivative of β with respect to P is infinite.

The case of the ATE

For a given parametrization path θ, we can compute the directional derivative of the average treatment

effect parameter along the direction in the tangent set

β̇ATE, θ = E

[
d− P(x)

P(x) (1− P(x))
ysθ(y|d, x)

]
+ E

[(
d− P(x)

P(x) (1− P(x))
y − β

)
sθ(x)

]
= 〈ΨATE (y, d, x) , Sθ〉,

where Sθ ∈ T while

ΨATE (x, d, x) = d
P(x) [y − E [y|d = 1, x]]− 1−d

1−P(x) [y − E [y|d = 0, x]] + E

[
d−P(x)

P(x)(1−P(x))y − β
∣∣∣∣x] .

Note that in this way, we represented the directional derivative as β̇ATE, θ as a linear operator in the convex

closure of T . We can pick a ball Br(a) of a small radius r around point a ∈ G such that conditional

variance Var (y | d = 1, x) > C in Br(a). We also pick a number ε > 0 and define the propensity score in

Br(a) as

P(x) =
ϕ(x)

sup
ρ(z,a)<r

ϕ(z)

(
ρ (x, a)
r

)k+ε
,

where ρ(·) is a Euclidean distance. Next we evaluate the norm of the linear operator ΨATE (y, d, x). As

ΨATE (y, d, x) is formed by three orthogonal components, we can consider the norm of each component

separately. For the first element:∥∥∥∥ d

P(x)
[y − E [y|d = 1, x]]

∥∥∥∥ = E

[
Var (y|d = 1, x)

P(x)

]
.

Then we note that by the choice of Br(a) and P(·):

E
[

Var(y|d=1,x)
P(x)

]
> C

∫
x∈Br(a)

ρ (x, a)−k−ε dx
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We can change the variables to spherical coordinates in k dimensions∫
x∈Br(a)

ρ (x, a)−k−ε dx =
∫
ρ<r

θ∈[0, 2π]

ρ−k−ε
(
k−1∏
i=1

∣∣sink−i−1 θi
∣∣) ρk−1 dρ dθ1 . . . dθk ≥ A

r∫
0

ρ−1−ε dρ→∞,

which means that the integral diverges at ρ = 0. The constant A can be evaluated as

A = 2π
(

2
∫ π

0

sink−2 θ dθ

)k−1

=
π (k!)k−1

22k2−3k
(
k
2

)
!2(k−1)

,

if k is odd (a similar expression can be provided for even k). This means that for the norm of ΨATE (y, d, x)

expressing the directional derivative of βATE:

‖ΨATE (y, d, x)‖ → ∞.

Therefore, the operator ΨATE (y, d, x) is unbounded for a given propensity score function P(·). Thus,

by definition of the Frechét derivative, parameter βATE is not Frechét differentiable with respect to the

propensity score function, and, thus, cannot be estimated at a parametric rate at that point.

The case of the ATT

In case of the average treatment effect for the treated we can pick the parametrization path θ for the

model and compute the directional derivative of the treatment effect along the path as

β̇ATT, θ = E

[
d− P(x)

P (1− P(x))
ysθ(y|d, x)

]
+ P−1E

[(
d− P(x)

P(x) (1− P(x))
y − β

)
Ṗθ
]

+P−1E

[
P(x)

(
d− P(x)

P(x) (1− P(x))
y − β

)
sθ(x)

]
= 〈ΨATT (y, d, x) , Sθ〉,

where Sθ ∈ T and

ΨATT (y, d, x) =
P(x)
P

(
d

P(x)
[y − E [y|d = 1, x]]− 1− d

1− P(x)
[y − E [y|d = 0, x]]

)
+E

[
d− P(x)

P(x) (1− P(x))
y − β

∣∣∣∣x] d− P(x)
P

+ E

[
P(x)
P

(
d− P(x)

P(x) (1− P(x))
y − β

) ∣∣∣∣x] .
Now we can pick a ball Br(a) of a small radius r around point a ∈ G such that conditional variance

Var (y | d = 0, x) > C in Br(a). We also pick a number ε > 0 and define the propensity score in Br(a) as

P(x) = 1− ϕ(x)
sup

ρ(z,a)<r

ϕ(z)

(
ρ (x, a)

2 r

)k+ε
.

The remainder of the proof will be similar to the ATE case. To evaluate the norm of the operator

ΨATT (y, d, x) we consider one component of it∥∥∥∥ (1− d)P(x)
(1− P(x)) P

[y − E [y|d = 0, x]]
∥∥∥∥ ≥ 1− 2−k−ε

P2
E

[
Var (y|d = 0, x)

1− P(x)

]
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Similarly to the ATE case, we prove that the operator ΨATT (y, d, x) is unbounded for the given choice of

the propensity score. As a result, the parameter βATT is not Frechét differentiable in P(·), and, therefore,

it cannot be estimated at
√
n rate.

Proof of Proposition 2

We start with the analysis of the tangent set of the general model with assumption (1) imposed on the

propensity score. Then we will conduct specific analysis for the ATE and the ATT models. To analyze

this formally, note that the likelihood function of the model takes the form

L = f (y | d, x)P (x; ε)d (1− P (x; ε))1−d ϕ (x) .

The tangent set of the model becomes

Tε =
{
s(y|x, d) +

d− P(x; ε)
P(x; ε) (1− P(x; ε))

Ṗ + s(x)
}
,

where E [s (y|s, d) |x, d] = 0 and E
[
|s (y|x, d)|2 |s, d

]
<∞, P(x; ε) ∈ C2 (X ), P(x; ε) ∈ [ε, 1− ε] E|Ṗ|2 <

∞, E [s (x)] = 0 and E
[
|s (x)|2

]
< ∞. It is convenient to treat P (x; ε) as a projection of the standard

propensity score 0 < P(x) < 1 on a set of functions with range [ε, 1− ε]. Using the notion of projection

on regularity conditions introduced in the discussion of Proposition 2 we can proceed with the analysis

of particular treatment effect models.

The case of the ATE

The model for the average treatment effect can be expressed by a system of two moments which need to

be solved for unknown parameters βATE and ε:

E
[
βATE − d−Pε◦P(x)

Pε◦P(x)(1−Pε◦P(x))y
]

= 0,

E

[
d− Pε ◦ P(x)

∣∣∣∣x] = 0.

The second equation estimates ε that provides a tight bound for the set of propensity score. It is a

conditional moment equation and for analysis we can transform it to the unconditional moment equation

by projecting it to the set of functions ζ(·), which has been suggested in Newey (1990) and Severini and

Tripathi (2001). Using such a projection, we substitute the second equation with

E

[
ζ(x)

d− Pε ◦ P(x)
Pε ◦ P(x) (1− Pε ◦ P(x))

]
= 0. (2)

Conditional moment equation (2) was pivotized to assure that that corresponding conditional moment

has a constant variance.
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Assuming that E
[
Pε ◦ P(x)

∣∣∣∣x] is an element of L2 (G, F, µ) for each ε ∈ Ξ, where F is a Borel σ

-algebra in G and µ is the corresponding probability measure. In this case the dual space to L2 (G, F, µ)

will also be L2 (G, F, µ) (see Dunford and Schwarz (1958)). As a result, considering weighting functions

ζ(·) in L2 (G, F, µ) allows one to find the optimal structure of the unconditional moment vector ζ(·)
corresponding to the conditional moment equation. In fact, as it is shown in Dunford and Schwarz

(1958) any continuous linear functional on Lp (T, F, µ) can be represented as (2) for ζ ∈ Lq (T, F, µ) for

p−1 + q−1 = 1 and 1 < p <∞.

Picking a particular parametrization path θ for the model we can find the directional derivative of

the full parameter vector of the model (βATE, ε)
′ along the parametrization path:

β̇ATE, θ = E

[
d− P(x)

P(x) (1− P(x))
ysθ(y|d, x)

]
+ E

[(
d− P(x)

P(x) (1− P(x))
y − β

)
sθ(x)

]
= 〈Ψ1

ATE,ε (y, d, x) , Sθ〉,

ε̇θ = −E

[
ζ(x) ∂∂εPε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))

]−1

E

[
ζ(x)Pε ◦ Ṗθ

Pε ◦ P(x) (1− Pε ◦ P(x))

]

= 〈Ψ2
ATE,ε (y, d, x) , Sθ〉,

where partial derivative with respect to ε stands for mean-square derivative of the projection operator

with respect to parameter ε. The elements of ΨATE,ε (y, d, x) can be expressed as

ΨATE, ε (y, d, x) =



d
Pε◦P(x) [y − E [y|d = 1, x]]− 1−d

1−Pε◦P(x) [y − E [y|d = 0, x]]

+E
[

d−Pε◦P(x)
Pε◦P(x)(1−Pε◦P(x))y − β

∣∣∣∣x]

−E
[

ζ(x) ∂∂εPε◦P(x)

Pε◦P(x)(1−Pε◦P(x))

]−1
ζ(x)(d−Pε◦P(x))

Pε◦P(x)(1−Pε◦P(x))


To prove the statement (i) of Proposition 2, we consider the second element of the operator ΨATE, ε (x, d, x).

Then assume that there is a ball Br(a) with a sufficiently small radius r centered at a, where ϕ(x) ≡ 0.

Also take the propensity score function P(x) = 1
2 + 1

2e
−( ρ(x,a)r )2n

, where n is a large natural number.

Note that then we can find n > 0 such that

E
[

ζ(x) ∂∂εPε◦P(x)

Pε◦P(x)(1−Pε◦P(x))

]
= ∂

∂ε

(
E

[
ζ(x)

1
2−( 1

2−ε)e
−( ρ(x,a)r )2n

∣∣∣∣ ρ(x, a) < r

]

+2E
[
ζ(x)

∣∣∣∣ ρ (x, a) ≥ r
]

+ o(r)
)

= ∆n (ε) .

21



By construction, ∆n (ε)→ 0 as n→∞. As a result,∥∥Ψ2
ATE, ε (y, d, x)

∥∥ n→∞−→ ∞.

This means that the set of parameters of the model, including the treatment effect parameter βATE, is

not Frechét differentiable for the suggested choice of the propensity score function and the density of

covariates. Therefore βATE cannot be estimated at a parametric rate.

Now we assume that the score of the model exists. The sufficient condition for this is that

0 < c1 <

∣∣∣∣∣E
[

ζ(x) ∂∂εPε ◦ P(x)
Pε ◦ P(x) (1− Pε ◦ P(x))

]∣∣∣∣∣ < c2 <∞, (3)

for some positive constants c1 and c2. Note that in this case

〈Ψ1
ATE, ε (y, d, x) , Ψ2

ATE, ε (y, d, x)〉 = 0.

This means that the efficient estimation procedure for ε will not affect the efficient score for the treatment

effect parameter βATE. Therefore, the semiparametric efficiency bound will have the same form across

different ε. This concludes the proof of statement (ii) in Proposition 2. The semiparametric efficiency

bound for the average treatment effect parameter can be found as

VATT =
∥∥Ψ1

ATE, ε (y, d, x)
∥∥ .

The case of the ATT

For the average treatment effect for the treated the model will take the form

E
[
β − d−Pε◦P(x)

E{Pε◦P(x)}(1−Pε◦P(x))y
]

= 0,

E

[
d− Pε ◦ P(x)

∣∣∣∣x] = 0.

We transform the conditional moment equation for the propensity score into the unconditional moment

equation in the same way as in the case of the ATE. In the next step we pick a parametrization path θ

for the model and take the directional derivative of parameters of the model along the parametrization
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path:

β̇ATT, θ = E

[
d− Pε ◦ P(x)

E {Pε ◦ P(x)} (1− Pε ◦ P(x))
ysθ(y|d, x)

]
+E {Pε ◦ P(x)}−1

E

[(
d− Pε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))
y − β

)
Pε ◦ Ṗθ

]
+E {Pε ◦ P(x)}−1

E

[(
d− Pε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))
y − β

)
∂

∂ε
Pε ◦ P(x)

]
ε̇θ

+E {Pε ◦ P(x)}−1
E

[
Pε ◦ P(x)

(
d− Pε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))
y − β

)
sθ(x)

]
= 〈Ψ1

ATT,ε (y, d, x) , Sθ〉,

ε̇θ = −E

[
ζ(x) ∂∂εPε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))

]−1

E

[
ζ(x)Pε ◦ Ṗθ

Pε ◦ P(x) (1− Pε ◦ P(x))

]

= 〈Ψ2
ATT,ε (y, d, x) , Sθ〉,

where the derivative with respect to ε denotes a mean-square derivative of the projection operator. We

can explicitly express ΨATT,ε (y, d, x) as

ΨATT,ε (y, d, x) =



Pε◦P(x)
E{Pε◦P(x)}

(
d

Pε◦P(x) [y − E [y|d = 1, x]]

− 1−d
1−Pε◦P(x) [y − E [y|d = 0, x]]

)
+E {Pε ◦ P(x)}−1

(
E

[
d−Pε◦P(x)

Pε◦P(x)(1−Pε◦P(x))y − β
∣∣∣∣x]

−E
[(

d−Pε◦P(x)
Pε◦P(x)(1−Pε◦P(x))y − β

)
∂
∂εPε ◦ P(x)

]
×
E

»
ζ(x) ∂

∂ε
Pε◦P(x)

Pε◦P(x)(1−Pε◦P(x))

–−1

ζ(x)

Pε◦P(x)(1−Pε◦P(x))

)
(d− Pε ◦ P(x))

+E
[

Pε◦P(x)
E{Pε◦P(x)}

(
d−Pε◦P(x)

Pε◦P(x)(1−Pε◦P(x))y − β
) ∣∣∣∣x] ,

−
E

»
ζ(x) ∂

∂ε
Pε◦P(x)

Pε◦P(x)(1−Pε◦P(x))

–−1

ζ(x)

Pε◦P(x)(1−Pε◦P(x)) (d− Pε ◦ P(x)) .


The proof of infinity of the efficiency bound for the ATT case repeats the proof for the ATE case.

Picking a ball Br(a) with a very small radius r centered at a, where ϕ(x) ≡ 0, and the propensity score
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function P(x) = 1
2 + 1

2e
−( ρ(x,a)r )2n

, we find that the operator ΨATT,ε (y, d, x) is not bounded. Therefore,

the vector of parameters in the model is not estimable at
√
n rate without additional restrictions.

As a sufficient condition for the boundedness of ΨATT,ε (y, d, x) we can use the restriction (3). In these

circumstances assuming that regularity condition (1) holds, we can compare expressions for Ψ1
ATT,ε (y, d, x)

with the expression for ΨATT (y, d, x) which we derived in the proof of Proposition 1. Ψ1
ATT,ε (y, d, x)

explicitly contains the expression for the directional derivative ε̇θ which is not in the expression for

ΨATT (y, d, x). This means that the presence of the regularity condition (1) affects the efficient score of

the model.

We can explicitly compute the new efficiency bound. To compute the bound we compute the variance

of the entire vector ΨATT,ε (y, d, x) and then minimize it with respect to the weighting function ζ(·). First,

we compute the component of the variance of the first component of ΨATT,ε (y, d, x) ignoring the presence

of terms from the pathwise derivative of the parameter ε:

σ2
1 = E

[
(Pε ◦ P(x))2

E {Pε ◦ P(x)}2

(
Var (y | d = 1, x)

Pε ◦ P(x)
− Var (y | d = 0, x)

1− Pε ◦ P(x)

)]

+E

[
1− Pε ◦ P(x)

Pε ◦ P(x)
E

[
Pε ◦ P(x)

E {Pε ◦ P(x)}

(
d− Pε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))
y − β

) ∣∣∣∣x]2
]

+E
[
Var

(
d− Pε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))
y

∣∣∣∣x)] .
Denote

Q = E {Pε ◦ P(x)}−1
E

[(
d− Pε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))
y − β

)
∂

∂ε
Pε ◦ P(x)

]
.

Then we can express the variance of the components of influence function ΨATT,ε (y, d, x) as∥∥Ψ1
ATT,ε (y, d, x)

∥∥ = σ2
1 +Q2E

[
ζ(x) ∂∂εPε◦P(x)

Pε◦P(x)(1−Pε◦P(x))

]−2

E
[

ζ2(x)
Pε◦P(x)(1−Pε◦P(x))

]
−2 Q

E{Pε◦P(x)}E
[

ζ(x) ∂∂εPε◦P(x)

Pε◦P(x)(1−Pε◦P(x))

]−1

E
[(

d−Pε◦P(x)
Pε◦P(x)(1−Pε◦P(x))y − β

)
ζ(x)

]
.

Then we find that

〈Ψ1
ATT,ε, Ψ2

ATT,ε〉 = QE
[

ζ(x) ∂∂εPε◦P(x)

Pε◦P(x)(1−Pε◦P(x))

]−2

E
[

ζ2(x)
Pε◦P(x)(1−Pε◦P(x))

]
−E {Pε ◦ P(x)}−1

E
[

ζ(x) ∂∂εPε◦P(x)

Pε◦P(x)(1−Pε◦P(x))

]−1

E
[(

d−Pε◦P(x)
Pε◦P(x)(1−Pε◦P(x))y − β

)
ζ(x)

]
.

Finally, ∥∥Ψ2
ATT,ε (y, d, x)

∥∥ = E
[

ζ(x) ∂∂εPε◦P(x)

Pε◦P(x)(1−Pε◦P(x))

]−2

E
[

ζ2(x)
Pε◦P(x)(1−Pε◦P(x))

]
.
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Standard arguments used to derive the optimal instrument in nonlinear GMM settings lead to the fol-

lowing expression for ζ(·):

ζ(x) = E

[(
d− Pε ◦ P(x)

Pε ◦ P(x) (1− Pε ◦ P(x))
y − β

)
∂

∂ε
Pε ◦ P(x)

]−1

×Pε ◦ P(x) (1− Pε ◦ P(x))
(

d− Pε ◦ P(x)
Pε ◦ P(x) (1− Pε ◦ P(x))

y − β
)
.

This is the optimal instrument in the moment equation for determining the “tightness” parameter ε. The

weight that the instrument puts on observations is inversely proportional to the mean-square derivative

of the projection operator with respect to ε. Therefore, in cases with weak identification of ε (those

with very small values of mean-square derivative) the variance of the moment condition will be higher.

Substituting this expression into the expression for the variance of the first component of the influence

function ∥∥Ψ1
ATT,ε

∥∥ = σ2
1 − E

[
Pε◦P(x)(1−Pε◦P(x))

E{Pε◦P(x)}2

(
d−Pε◦P(x)

Pε◦P(x)(1−Pε◦P(x))y − β
)2
]
.

This expression implies that regularity conditions imposing pointwise restrictions on the behavior of the

propensity score decrease the efficiency bound (i.e. increase the information of the model) for the ATT.

References

Abadie, A., J. Angrist, and G. Imbens (2002): “Instrumental Variables Estimates of the Effects of

Subsidized Training on the Quantiles of Trainee Earnings,” Econometrica, 70, 91–117.

Begun, J., W. Hall, W. Huang, and J. Wellner (1983): “Information and Asymptotic Efficiency

in Parametric-Nonparametric Models,” The Annals of Statistics, 11(2), 432–452.

Bickel, P. J., C. A. Klaassen, Y. Ritov, and J. A. Wellner (1993): Efficient and Adaptive

Estimation for Semiparametric Models. Springer-Verlag New York, Inc.

Chamberlain, G. (1987): “Asymptotic Efficiency in Estimation with Conditional Moment Restric-

tions,” Journal of Econometrics, 34, 305–334.

Dunford, N., and J. T. Schwarz (1958): Linear Operators. Part I: General Theory. Wiley.

Hahn, J. (1994): “The Efficiency Bound of the Mixed Proportional Hazard Model,” Review of Economic

Studies, 61(4), 607–629.

25



(1998): “On the Role of the Propensity Score in Efficient Semiparametric Estimation of Average

Treatment Effects,” Econometrica, 66(2), 315–331.

(2004): “Functional Restriction and Efficiency in Causal Inference,” Review of Economics and

Statistics, 86(1), 73–76.

Heckman, J. (1992): “Randomization and Social Policy Evaluation,” Evaluating Welfare and Training

Programs.

(1996): “Randomization as an Instrumental Variable,” Review of Economics and Statistics,

78(2), 336–341.

Heckman, J., H. Ichimura, and P. Todd (1998): “Matching As An Econometric Evaluation Esti-

mator,” The Review of Economic Studies, 65(2), 261–294.

Heckman, J., and J. Smith (1995): “Assessing the Case for Social Experiments,” Journal of Economic

Perspectives, 9(2), 85–110.

Heckman, J., S. Urzua, and E. Vytlacil (2006): “Understanding Instrumental Variables in Models

with Essential Heterogeneity,” The Review of Economics and Statistics, 88(3), 389–432.

Hirano, K., G. Imbens, and G. Ridder (2003): “Efficient Estimation of Average Treatment Effects

Using the Estimated Propensity Score,” Econometrica, 71(4), 1161–1189.

Ibragimov, I., and R. Has’minskii (1981): Statistical Estimation: Asymptotic Theory. Springer-Verlag

New York, Inc.

Imbens, G. (2000): “The Role of the Propensity Score in Estimating Dose-Response Functions,”

Biometrika, 87(3), 706–710.

Imbens, G., and J. Angrist (1994): “Identification and Estimation of Local Average Treatment Ef-

fects,” Econometrica, 62(2), 467–475.

Imbens, G., W. Newey, and G. Ridder (2003): “Mean-squared-error Calculations for Average Treat-

ment Effects,” Department of Economics, UC Berkeley, unpublished manuscript.

Imbens, G., and D. Rubin (1997): “Estimating Outcome Distributions for Compliers in Instrumental

Variables Models,” The Review of Economic Studies, 64(4), 555–574.

Khan, S., and E. Tamer (2008): “Irregular Identification, Support Conditions and Inverse Weight

Estimation,” Working Paper, Duke University.

26



Koshevnik, Y., and B. Levit (1976): “On a Non-Parametric Analogue of the Information Matrix,”

Theory of Probability and its Applications, 21, 738–753.

Newey, W. (1990): “Efficient Instrumental Variables Estimation of Nonlinear Models,” Econometrica,

58(4), 809–837.

Pfanzagl, J., and W. Wefelmeyer (1982): Contributions to a general asymptotic statistical theory.

Springer-Verlag New York.

Powell, J. (1994): “Estimation of Semiparametric Models,” in Handbook of Econometrics, Vol. IV.,

ed. by R. F. Engle, and D. McFadden, pp. 2444–2514. North-Holland.

Ridder, G., and T. Woutersen (2003): “The Singularity of the Information Matrix of the Mixed

Proportional Hazard Model,” Econometrica, 71(5), 1579–1589.

Rubin, D. (1974): “Estimating causal effects of treatments in randomized and nonrandomized studies,”

Journal of Educational Psychology, 66(5), 688–701.

Severini, T., and G. Tripathi (2001): “A simplied approach to computing efficiency bounds in

semiparametric models,” Journal of Econometrics, 102, 23–66.

27


