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Abstract

Semiparametric analysis of the effect of binary endogenous regressors is extremely

important for applied research, specifically in application to the studies of responses to

discrete controls. In this paper I analyze a model with a discrete endogenous variable

which may be dependent on the potential outcome. I provide an identification strategy

for this model. Then, I derive the semiparametric efficiency bound for the case where

the relation between the outcome and the discrete covariate can be summarized by

a parametric conditional moment equation. I apply my methodology to estimate the

price elasticity of demand for online banner advertisements using the data from an

online display advertising platform. I find that failure to control for the existence of

implicit capacity constraints can lead to an over-estimate of the demand elasticity.
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1 Introduction

Modern analysis of treatment evaluation studies shows the importance of identification as-

sumptions for recovering distributions of treatment outcomes from the data. A common

approach to such evaluation studies is to assume that the treatment variable is conditionally

independent from the treatment outcomes (Rubin (1974)). A large literature on treatment

effects under this assumption studies outcomes of binary treatments. The problem of re-

covering the distributions of potential outcomes under the independence assumption can be

extended to the case of multiple-valued treatments.

Statistical literature builds a unified analytical framework for the analysis of efficient es-

timation of semiparametric models with discrete outcomes. Robins, Rotnitzky, and Zhao

(1995) and Robins and Rotnitzky (1995) analyze semiparametric efficiency bounds in the

models with discrete covariance in the context of the missing data problems. That approach

is directly extendable to the cases where the discrete exogenous covariate takes multiple

values. A recent paper Cattaneo (2007) discusses semiparametric efficiency for a class of

non-linear models with multiple treatments under independence. Finally, in Heckman and

Vytlacil (2005) the authors consider evaluation of heterogeneous endogenous multi-valued

treatments for particular linear classes of treatment effects. In this paper I develop a model

where discrete multi-valued variable can be endogenous and analyze semiparametric efficient

estimation of finite-dimensional parameters in a nonlinear moment-based framework.

Endogeneity of treatment status is an essential problem in many treatment evaluation stud-

ies. Such endogeneity can occur when selection into treatments is correlated with the unob-

served components of treatment outcomes. Nonlinearity in estimated models with endoge-

nous variables can create additional complexity. The structure of identification conditions
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for particular classes of statistical problems with continuous endogenous regressors has been

studied in recent literature. Relevant examples include non-separable systems of moment

equations in Imbens and Newey (2002) and Chesher (2003), and Chesher (2005). In the

treatment effect literature, an attractive approach for studying the features of endogenous

treatments is to use the notion of local average treatment effects (LATE). The structure of

the LATE model relies on the presence of an auxiliary binary instrument, which indicates

randomized selection between two endogenous treatment options. The model focuses identi-

fication on a particular subset of the population called compliers. Compliers receive a strictly

higher treatment in one program than in the other. In this model the assumption that the

treatment status in one treatment program is weakly higher than in the other allows one

to recover distributions of latent outcomes for compliers. The structure of the model and

possible estimation procedures are considered in Imbens and Angrist (1994), Angrist, Im-

bens, and Rubin (1996), Imbens and Rubin (1997). Non-parametric identification strategy

for specific models with endogenous treatments are also developed in Heckman and Vytlacil

(2002), Heckman, Urzua, and Vytlacil (2006), Heckman, Stixrud, and Urzua (2006) where

identification arises due to the presence of excluded covariates.

In this paper I propose a generalized model where the distribution of a continuous outcome

depends on the value of a discrete endogenous variable. It turns out that the conditional

outcome distribution can be identified if there exists a discrete variable which is conditionally

independent from the outcome. In this context provide sufficient conditions conditions for

identification of the model from the observed distributions. I also provide semiparametric

efficiency results for moment-based models in the presence of discrete endogenous covariates

and describe the properties of the efficient estimation procedure.
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My efficiency calculations use rely on the existing approach in Robins, Rotnitzky, and Zhao

(1995) and Robins and Rotnitzky (1995), and the corresponding estimation approach is based

on the work in Zhao and Tsiatis (1999) and Tan (2006). Related efficiency calculations in

discrete treatment problems has been provided in in Hahn (1998), and in the context of the

dataset combination in Chen, Hong, and Tarozzi (2007). Hong and Nekipelov (2007) develop

a a class of efficient estimation procedures for the binary LATE framework extending the

approach in Tan (2006).

I demonstrate the application of my efficient estimation methodology by analyzing the de-

mand of advertisers for online banner advertisements. The data comes from the Microsoft

corporation consisting of approximately 412,000 orders from advertisers with detailed de-

scription of the structure of the order, consumer targeting and features of the banner. I

am specifically interested in the problem of estimating the price elasticity of demand for

“urgent” orders: the orders that require immediate display of banners to consumers. It will

be possible to place these banners only to the remaining advertising space of the webpage,

and therefore their placement is closely related to the available capacity of such space. Es-

timation of demand is an important applied problem which faces substantial difficulties in

this case because no reliable data can be collected on the cost of displaying the banner for

the website owner. On the other hand, ignoring the influence of supply leads to a biased

demand estimate.

The structure of the paper is the following. In Section 2, I describe the primitive assump-

tions of the generalized monoyone model and prove identification of distributions of latent

treatment outcomes. In Section 3 I focus on the point-identified case and analyze the situa-

tion where the object of interest is a finite-dimensional parameter defined by the conditional
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distribution of the continuous outcome and the discrete regressor. I derive a semiparametric

efficiency bound for that parameter. In Section 4, I illustrate how my approach can be used

to recover the price elasticity of demand for online banner advertisements using the size of

the banner as a valid instrument. Section 5 concludes. Additional results related to the

main discussion in the paper are demonstrated in the Supplementary Online Appendix. I

provide the estimation procedures that can attain the semiparametric efficiency bound in

Appendix D. Also in Appendix C I provide the results regarding the identifiability of the

model when my sufficient identifying assumptions may not hold. I show that my assumptions

are “tight”, i.e. the omission of one of the assumption leads to the loss of point identification

of the parameters of interest.

2 Model and Identification

2.1 Structure of the Model

In this paper I define a model of continuous treatment responses to potentially endogenous

multiple tretments. The setup of the model is in line with the setup in Tan (2006) Angrist,

Imbens, and Rubin (1996) and Imbens and Rubin (1997). I consider a model with a vector

of random potential outcomes Y = (Y1, . . . , YM) and a vector of discrete random treatment

variables S = (S1, . . . , SK)′ such that Sk takes positive integer values and 1 ≤ Sk ≤M . I will

use the term ”treatment selection rule” interchangeably with the term ”treatment variable”

throughout the paper. In addition, I consider an exogenous variable Z which takes positive

integer values such that 1 ≤ Z ≤ K. Throughout the paper I assume that the number of

values of Z is smaller or equal to the number of potential treatments. The joint distribution

of (Y,S,Z) depends on a set of covariates X ∈ X ⊂ Rq. I would be interested in studying the
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effect of treatments for a sub-population for which the potential treatments are monotone.

I will further call this subpopulation “generalized compliers”.

Definition 1 Generalized compliers are the sub-population for which the alignment of po-

tential treatment outcomes is strictly monotonic: S1 < S2 < . . . < SK.

Definition 1 implies that the generalized compliers receive strictly different treatments for

each two arbitrary selected treatment rules. The object of interest is the collection of condi-

tional distributions of potential treatments for groups of generalized compliers:

Ym | p = S1 < . . . < SK .

Note that if the support of the treatment rules Sk is sufficiently rich, there will be multiple

sets of generalized compliers for 1 ≤ S1 ≤ M − K. In this framework there can also be

multiple groups of generalized compliers corresponding to the same value of S1. For instance,

if M > K, then for S1 = 1 both sequences of observations S1 = 1, S2 = 2, . . . , SK = K and

S1 = 1, S2 = 3, . . . , SK = K + 1 satisfy the definition of generalized compliers. Below I list

assumptions necessary to identify the model under consideration. In further sections I show

how these assumptions can be relaxed to build a set-identified model.

Assumption 1 1. (Validity of instrument) ({Y1, . . . , YM} , {S1, . . . , SK}) ⊥ Z

∣∣∣∣X = x.

2. (Non-degenerate treatment selection) Pr {Z = k |X} ∈ (0, 1) for k = 1, . . . , K.

3. (Non-degenerate treatment choice) Pr {Sk = m |X} ∈ (0, 1) for m = 1, . . . ,M and

k = 1, . . . , K.
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4. (Convexity) Consecutive treatmens Sk for k = 1, . . . , K and 1 < Sk < M are ordered

in the convex sequence:

Pr {0 ≤ Sk − Sk−1 ≤ Sk+1 − Sk ≤ 1|X = x} = 1.

Moreover, if Sk = 1, then Sk−j = 1 for j = 1, . . . , k − 1 and if Sk = M then Sk+j = M

for j = 1, . . . , K − k + 1.

5. (Normalization) For k = 2, . . . , K − 1 and 1 < Sk < M

f

(
yp

∣∣∣∣Sk+1 − Sk 6= Sk − Sk−1, x

)
= ϕ(yp|x).

Moreover, for 1 < p < M f (yp, SK−1 < SK = p, x) = γ(yp|x), where densities ϕ(·)

and γ(·) are known.

Assumptions 1.1 - 1.5 restrict the structure of potential values of endogenous regressor and

outcomes. Assumption 1.1 is equivalent to the standard assumption on instruments in the

regular IV model. It requires conditional independence of the joint distribution of potential

outcomes and treatment choices from the instrument. Assumptions 1.2 and 1.3 assert that

all treatment selection rules and all treatment choices for each treatment selection rule are

chosen with non-zero probability. Therefore, the data contain enough information to recover

marginal distributions of treatment choices as well as proportions of population assigned to

different treatment rules.

Assumption 1.4 plays a similar role to the monotonicity assumption in the binary endoge-

nous treatment model (where both the instrument and the treatment have binary support:

M = K = 2). However, as the number of potential choices grows from 2 to K, it becomes

necessary to impose higher-order assumptions on admissible choice combinations to achieve

6



identification. The assumption implies that the potential treatments increase in an accel-

erated manner. The consequtive treatments S1, . . . , SK , which satisfy this condition, will

be represented by convex line graphs on the plane (k, Sk). This means the treatments are

ordered in such a way that the subjects in the data respond much stronger to the treatments

with a higher index number. This restriction effectively reduces the dimensionality of the

choice set (containing all possible combinations of choices across values of the instrument).

There will be a well-defined set of generalized compliers in the model. In fact for all admis-

sible choice combinations with Sk < Sk+1 we have Sk+1 = Sk + 1. Therefore, the choices of

generalized compliers will be described by 45-degree lines on the plane (Z, S).

Convexity of collections of potential choices can be violated once the maximum treatment

is selected. For these sequences of choices I allow them to continue with the maximum

treatment value. This part of Assumption 1.4 will not be necessary if treatment is allowed

to take all positive integer values. The richness of the set of possible choices appears to be

excessive to be able to meaningfully describe the outcome distributions. This is a consequence

of multiplicity of choice combinations in the multi-valued case as compared to the binary

case and it requires me to impose restrictions on feasible joint observations of treatment

choices and outcomes.

Assumption 1.5 plays the role of density normalization for the for the outcomes corresponding

to non-monotone treatments. It turns out that this assumption is essential for identification

of the model. This assumption will hold, for instance, when the outcomes corresponding

to non-monotone treatments are pre-determined or dropped from the treatment study. In

other words, if the conditions of the randomized experiment are violated, the corresponding

treatment outcomes are not recorded. Alternatively, this assumption can describe the case

7



where the violation of the randomized experiment (i.e. monotonicity of treatments) leads to

the outcome from a generic “untreated” outcome distribution.

Example 1

Consider an example where K = M > 2. In this case there is only one group of compliers

with 1 = S1 < . . . < SM = M . All monotone sequences of treatment selection choices with

S1 > 1 achieve the maximum treatment for treatment selection rule k < M . Therefore,

all such sequences are non-convex. To disentangle distributions of unobservable outcomes

for compliers treated with maximum and minimum treatments one needs to apply only

Assumptions 1.1 -1.4 and the second part of Assumption 1.5. The separability assumption

is not required for these points because there is only one strictly monotone sequence of

treatment outcomes, which corresponds to the set of compliers. To extract the treatment

outcome distributions for compliers not treated with maximum and minimum treatments

requires the full set of Assumptions 1.1-1.5.

2.2 Observable variables and data structure

The potential treatment, and potential treatment outcomes are not always observed. Ob-

servable characteristics include the actually applied treatment which are selected according

to the value of the variable Z. The potential outcomes corresponding to treatments that

were not chosen are also not observed. I denote the observed treatment D and observed

treatment outcome Y . They can be expressed through unobservable variables as

Y =
M∑
m=1

1 (D = m)Ym, D =
K∑
k=1

1 (Z = k)Sk.

Observable variables, therefore, include Y , D, exogenous treatment selector (instrument)
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Z, and a vector of covariates X. In the further discussion I use the notation W to denote

the pair of variables (Y, D). The values of instrument Z and covariates X are assumed to

be always observed. The data consist of a cross-section of i.i.d. realizations (yi, di, zi, xi)

for i = 1, . . . , N corresponding to realizations of a vector of random variables (Y, D, Z, X).

The problem of identification is to recover the conditional distribution of latent treatment

outcomes from the observable distribution of realized outcomes (W,Z,X). To simplify fur-

ther manipulations, I introduce additional notation corresponding to observable distribu-

tions: fk (y,m) = f (y|d = m, z = k, x), Pk(m) = P (d = m|z = k, x), Qk = P (z = k |x),

Pm = Pr
{
d = m

∣∣x}.I also denote P (j1, . . . , jK) = Pr (S1 = j1, . . . , SK = jK |X). Finally,

I introduce the notation for the population subpopulation with monotone treatment response

(compliers): P> (p) = Pr (p = S1 < . . . < SK |x), and the density of the treatment outcome

for compliers as

f> (y,m, p) = f (ym | p = S1 < . . . < SM , x) .

I omit indexation by covariates X, while it is understood throughout this paper that all

relevant distributions depend on covariates.

2.3 Identifying treatment choice probabilities for generalized compliers

Probabilities of observing groups of generalized compliers are identified by Assumptions 1.1

- 1.4 and 1.5. Given non-degenerate distribution of treatment choices over the support for

all treatment selection rules, Assumptions 1.4 and 1.5 determine plausible configurations of

treatment choices in the model. The identification conditions can be visualized on the (Z, S)

plane. Sequences of treatment selection choices satisfying these assumptions take the form

S1 = . . . = Sk = m, Sk+1 = m+ 1, . . . , SK = K − k +m.
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This structure of sequences of treatment selection choices allows me to recover probabilities

of interest P>(p). To recover these probabilities note that

P1 (p) = P> (p) +
K∑
k=2

Px (p = s1 = . . . = sk < sk+1 < . . . < sK) .

On the other hand, considering the probability in the ”adjacent node” we obtain that

P2 (p) = P> (p− 1) +
K∑
k=2

Px (p = s1 = . . . = sk < sk+1 < . . . < sK) .

As a result, we obtain a simple relation between proportions of two consecutive groups of

compliers in the population:

P> (p) = P> (p− 1) + P1 (p)− P2 (p) .

For the first group of compliers such expression gives an explicit representation, due to the

presence of boundary conditions

P> (1) = P1 (1)− P2 (1) .

Then all subsequent complier proportions are determined recursively as

P> (p) =

p∑
m=1

(P1 (m)− P2 (m)) . (1)

This expression uniquely determines the probability of treatment choices for compliers. The

general result is summarized in the following theorem.

Theorem 1 Suppose that Assumptions 1.1-1.4 and 1.5 are satisfied. Then complier prob-

abilities P>(p) are exactly identified from the data, i.e. the proposed assumptions provide a

minimum set of conditions for identification.
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Identification conditions impose rigid restrictions on the probabilities in the analyzed model.

It is necessary to develop a constructive proof of identification first in order to understand

how the identifying assumptions limit the considered types of distributions. Second, a con-

structive proof will make it possible to consider the robustness of the model with respect to

relaxing these assumptions by allowing set identification. Additional discussion of identifi-

cation is provided in Appendix C.1.

In the proof I consider model behavior under a significantly milder assumption: weak mono-

tonicity allowing sequences of treatment choices with S1 ≤ . . . ≤ SK . I describe the structure

of the matrix A which transforms the unobserved joint probabilities of treatment choices into

observed outcome probabilities. I show that, except for the binary case, this matrix will be

rectangular and joint choice probabilities are not identified. Then I demonstrate that this

matrix has rank (K − 1)M by showing how to construct a non-singular transformation of

A to a sparse matrix containing a (K − 1)M × (K − 1)M identity submatrix. The matrix

of identifying equations under Assumptions 1 has a 2-diagonal structure and can be trans-

formed to a matrix with (K − 1)M × (K − 1)M identity submatrix as well (the rest of the

elements are equal to zero). As a result, the set of linearly independent columns of A can be

transformed to the matrix of coefficients for identifying equations under Assumptions 1.1 -

1.5 by a non-singular transformation.

This theorem demonstrates that the set of identifying conditions imposed by Assumptions

1.1 - 1.5 allows one to recover the maximal possible set of joint probabilities of treatment

selection choices from the data. Next I will consider the problem of identifying conditional

distributions of potential treatment outcomes from the data.
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2.4 Identifying distributions of treatment outcomes

Identification of the distributions of the treatment outcomes is achieved due to Assump-

tions 1.1 - 1.5. The intuitive identification argument is provided from the normalization

Assumption 1.5. In my model each possible treatment outcome Ym with the instrument

equal to k < K belongs to only one group of generalized compliers (those for whom

m − k = S1 < . . . < SK) and only one group of non-compliers (m = S1 = . . . = SK).

Without loss of generality, I set ϕ(y) ≡ 0 and γ(y) ≡ 0. Considering the maximum possi-

ble treatment, we find that the boundary values of the instrument (Z = K) generate the

treatment outcome only for non-compliers. Therefore, we can identify the corresponding

density of the treatment outcome for compliers by subtracting the component corresponding

to non-compliers for Z = K from each distribution component for Ym given that Z = k < K.

As a result, for each distribution of Ym | p = S1 < . . . < SK there will be exactly one element

of the observable distribution corresponding to d = m and z = m − p + 1 which identifies

the latent distribution of interest.

Formally, the identifying equation will take the form

f> (y,m, p)P> (p) + fx (ym = y |m = S1 = . . . = SK)Px (m, . . . ,m) = fm−p+1 (y,m)Pm−p+1 (m) ,

fx (ym = y |m = S1 = . . . = SK)Px (m, . . . ,m) = fK (y,m)PK (m) ,

for p = 1, . . . ,M − K and m = p, . . . , p + K − 1. Note that the treatment outcome Yp

cannot be identified for a group of compliers for which p 6∈ [S1, SM ]. The reason for this

result is that this treatment outcome is never observed for this group of compliers, while

the structure of the assumptions does not provide the possibility to recover this distribution

from observations for different treatment outcomes. The final expression for the density of
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the outcome distribution for a group of compliers (given m < M) can be written as:

f> (y,m, p) =
fm−p+1 (y,m)Pm−p+1 (m)− fK (y,m)PK (m)

p∑
j=1

(P1 (j)− P2 (j))

.

I set boundary conditions for the entire support of binary regressor except Sk = M . On

the upper boundary of the support of the treatment selection choices, there is only one

point belonging to the subset of compliers, where Z = K and SK = M . For this value of

the treatment choice, the expression for the density for compliers naturally comes from the

configuration of the support:

f> (y,M,M −K + 1) =
fK (y,M)PK (M)− fK−1 (y,M)PK−1 (M)

M−K+1∑
j=1

(P1 (j)− P2 (j))

.

Theorem 1 shows that the probability P> (·) is exactly identified from the data. Therefore,

there is a unique system of equations for f> (·). Given that this system has a unique solu-

tion for each P> (·), the entire set of identification conditions determines a unique density

f> (y,m, p) for each suitable m and p. Note that due to the convexity assumption, the joint

distribution of treatment choices on the upper boundary of the support of treatment selection

rules does not provide over-identification restrictions for the distributions of interest.

2.5 Semiparametric specification

In the previous discussion, I have shown that the observed distributions identify the relevant

marginal treatment outcome distribution for the set of generalized compliers. I assume that

the main object of interest in this model is the Euclidean parameter β ∈ B ⊂ Rk, defined by

a semiparametric condition

ϕp (w, x, β) = E {g (w, x, β) | p = s1 < . . . < sK , d, x} = 0. (2)
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My generalized monotone framework can incorporate some common models with binary

regressors. One special case where the instrument and potential treatment has the same

support size was considered in Example 1. Two other special cases are presented in examples

below.

Example 2

This special case of the model produces a multi-dimensional generalization of the model for

treatment effects under the unconfoundedness assumption. Consider the following additional

assumptions:

1. The treatment selection choices Sk and instrument Z have the same support: K = M

2. All observations in the sample are ”compliers”: Sk = k.

In this model there is going to be a unique sequence of treatment selection choices in this

model: 1 = S1 < . . . < SM = M . In this case, the model will be equivalent to the model

with a single treatment D = Z, such that

{Yd}Md=1 ⊥ D
∣∣X.

This is the treatment effect model under the unconfoundedness and multi-valued treat-

ments considered, for instance in Cattaneo (2007). In the equations that I used to iden-

tify the treatment effect for generalized compliers, fM (y, p) = 0 for p < M . Therefore,

f (Yp = y|D = p) = fp (y, p). This suggests that the multi-valued treatment effect model for

independent treatment is trivially identified under Assumptions 1.1 - 1.5 with the addition

of Assumptions 1 and 2 above.

Example 3

Consider a model where the supports of both the instrument and the treatment selection
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choice variable are binary. For binary support the model becomes the standard non-linear

local treatment effect model with the instrument taking values Z = 1, 2. The expression for

the density of the observed outcome for compliers specializes to this case as well. The ob-

tained expressions for conditional densities of outcomes for compliers coincide with standard

expressions in the literature.

The third special case of the model is the case of quantile regression with an endogenous

discrete regressor. Suppose that the quantile function is defined as

Qτ (w, x, β) = 1 {y ≤ β0d+ x′β1} − τ.

Defining the moment g (w, x, β) to be equal to the quantile function (or a vector of quantile

functions if several simultaneous quantile restrictions are considered), one can estimate pa-

rameters β0 and β1 corresponding to the moment equation for generalized compliers. For the

group of generalized compliers the problem of endogeneity of the discrete treatment variable

effectively disappears.

These motivating examples demonstrate that the model under consideration generalizes an

array of existing treatment effect models, therefore providing additional insight about these

models as well.

3 Semiparametric efficiency bound

In the previous section, I discussed identification of the non-parametric component of the

model from observable distributions in the data. In this section, I provide the semiparametric

efficiency bound for the estimation of a finite-dimensional parameter β, which is defined

through the set of moment equations for compliers.
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My efficiency results build on and extend the general efficiency framework of Koshevnik and

Levit (1976), Begun, Hall, Huang, and Wellner (1983), Chamberlain (1987), Newey (1990),

Bickel, Klaassen, Ritov, and Wellner (1993), and Severini and Tripathi (2001) for moment-

based models by considering these models in the generalized LATE framework. Efficient

estimation of the effects of binary treatments has been considered in Hahn (1998), Hirano,

Imbens, and Ridder (2003), Hong and Nekipelov (2007) among others. I generalize the

existing semiparametric efficiency results in the treatment effect literature to endogenous

multinomial choice models.

I begin by introducing the following notation. Define dummy variables indicating particular

choices of treatment rules and treatment choices

dzk = 1 (z = k) , and ddm = 1 (d = m) .

Also define the conditional probability of treatment choice as a function of the instrument

value

F (d, z) =
K∑
k=1

dzkPk (d) .

Finally, introduce

ζp (d, x) =

(
ddp
Pp

, . . . ,
ddp+K−1

Pp+M−1

)′
.

Theorem 2 Under Assumptions 1.1 - 1.5, the semiparametric efficiency bound for a k-

dimensional parameter β in moment equation (2) characterizing the subsample of generalized

compliers can be expressed as:

V (β̂)=E

„
P>(p)2E

h
∂ϕp(d,x,β)

∂β
ζp(x,d)′

˛̨̨
x
i
Ω−1E

»
ζp(x,d)

∂ϕp(d,x,β′)
∂β

˛̨̨̨
x

–«−1

.

16



The proof of this Theorem is provided in Appendix B.

In the ftheorem I use the notation γz,d = E [g|d, z, x] and ωz,d = V (g|d, z, x) to express the

components of V
(
β̂
)

. Elements of the Ω component in the semiparametric efficiency bound

can be written explicitly. Diagonal elements of the matrix Ω can be computed as

Ωii = ωi,p+i−1
Pi(p+i−1)
Qi + ωK,p+i−1

PK(p+i−1)
QK

+γ2
K,p+i−1P2

K(p+ i− 1)
[
QK−PK(p+i−1)

Q2
KPK(p+i−1)

+ Qi−Pi(p+i−1)

Q2
iPi(p+i−1)

]
.

Off-diagonal elements have a simple form Ωij = −PK(p+i−1)PK(p+j−1)γK,p+i−1γK,p+j−1

QK
. The op-

timal instrument matrix M(x) is generated by the structure of the moment conditions and

by the semiparametric efficient projection. This matrix takes the form

M∗(x) = E

[
∂ϕp(d, x, β)

∂β
ζp(x, d)′

∣∣∣∣x] Ω−1 diag

{
Q1

Pp

, . . . ,
QK−1

Pp+K−1

}
.

This weighting matrix transforms the original over-identified conditional moment equation

to the unconditional one.

Estimation procedures that attain the semiparametric efficiency bound can be build based on

the approach provided in Tan (2006). I demonstrate specific features of possible estimation

procedures in Appendix D.

4 Empirical Application: Demand for Online Banner Advertise-

ments

In this section I use the generalized monotone model to analyze the demand in the mar-

ket for Internet banner advertisements. For estimation I use the efficiency and asymptotic

distribution results provided in Appendix D. Banner ads are is a highly demanded form of
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advertising. Modern Internet technology allows the the firm supporting the website classify

consumers according to available information from the web sessions and thus target the pre-

sented advertisements. This makes the market for banner ads a well differentiated market

where each potential advertiser is interested in a particular niche with potential consumers

of the advertiser’s product.

Delivery of the advertisements to the website users depends on the traffic volume. The form

of the contract with the advertiser usually suggests smooth or proportional delivery of adver-

tisements. Smooth delivery implies that the number of impressions with the advertisement

per unit of time is held constant over time regardless of the traffic volume. Proportional

delivery suggests that the fraction of banner impressions of the advertiser is held constant,

meaning that the number of impressions depends on the traffic volume. The price of an

advertisement is negotiated between the advertiser and the website owner, but operational

pricing rule is usually expressed by in per-impression terms which means that the system

contains precise data on the number of impressions as well as per impression prices. In this

environment, however, it is very problematic to evaluate the supply, mainly because most of

the cost for the website owner are implicit. The main cost is the implicit time cost per pixel

of the webpage suitable for banner display.

In this application I am interested in estimating the demand for banners of “time-sensitive”

advertisers. I focus the analysis on the orders that have a short period of time between

order placement and banner display. For these orders the possibility of placing the banner

advertisements depends on the available capacity of the webpage which is determined by the

earlier placed orders of other advertisers. The size of the “urgent” banners will indicate the

remaining space on the webpage, and, as a result, the tightness of the capacity constraint
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of the website owner (Microsoft). Therefore, we can use the size of these banners as cost

shifter for the supply of space for banner advertisements.

4.1 Data

The data are coming from Microsoft’s ad platform for a period of two weeks in the year

2008. The data are collected by the Microsoft on the continuous bases and the dataset used

for estimation here is constructed directly from the original log files. The dataset consists

of 411,550 observations. Each observation corresponds to a order of a particular number of

impressions which must be delivered in a particular point of time. The longest period between

the time of the order and the delivery point is one year. For privacy reasons both quantity

and price data displayed in Table 1 were rescaled. Apart from basic price and quantity data,

the dataset contains information regarding the impression targeting by the advertisers as

well as the delivery status. The variables characterizing the order include the final approval

status of the order (approved=1), status of the order contract (final approval=1), delivery

type (smooth delivery=1). Additionally characteristics of the order include time (in fraction

of the year) between the time of the order and the delivery time as well as the indicator that

the order is a part of package of impression orders.

The data also contain some information regarding impression targeting. All variables re-

garding the targeting are renamed in no particular order Variable 1 - Variable 5 to maintain

the privacy of the data. This variables include the following. First, the data contains gender

targeting. I generated a binary variable which is equal to 1 if the advertisement targets

females. Second, this is the targeted age. For those advertisers who requested to target their

advertisements, I used the variables indicating age groups: 20-25 years, 25-30 years, and
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30-25 years. Finally, the data contains indicators of regional targeting. I use the indicator

whether the advertiser uses the United States as a target for her advertisements.

4.2 Empirical model

Estimation of the relationship between the price and quantity of delivered ad impressions

without additional considerations will lead to a biased estimate of the price coefficient. A

major reason for this is that the observed prices are negotiated and the size of the order is

incorporated in those negotiations. Therefore, price will be correlated with all features of the

ads (observable and unobservable). Most of the cost associated with banner ads is implicit

and is strongly related with the “capacity” of the website both in terms of the user traffic

and the available space for placing banners.

These capacity constraints can be used to take into account the influence of changes in supply

on the equilibrium price and make it possible to estimate the demand curve. I collected a

variable which contains the pixel dimensions of the banner. There were total of 21 shapes of

banners recorded in the system and they were ordered according to their area in “squared”

pixels. The system returned “Unknown” value for 27,016 cases (which may have been a result

in an error in the SQL query) accounting for 6.5% of the sample. I created an instrument

Z equal to the number of the category for the area of the banner and assigned zero value

for the cases where the size of the banner is unknown. Variable Z plays the role of a valid

instrument for the price. Specifically, the capacity of the webpage is limited because the

area occupied by banners should not be overly large not make the webpage disfunctional.

It is definitely not related to the demand of advertisers, however it determines the capacity

constraint of advertiser indicating the cases where the supply becomes price-inelastic.
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I express the dependent variable in terms of rescaled log-price per impression Sk = log Pk,

where index k corresponds to the banner size category k. The price is recorded only in the

minimal allowed increments and is naturally discrete. I denote these increments ∆.

The structure of supply reflects the presence of capacity constraints for the website owner.

These constraints are reflected by assumption 1.4. Relationship between the price and the

instrument Z can be expresses as a marginal cost per area of the banner. This marginal cost

should be increasing if the size of the banner increases making the website less functional.

The convexity of the marginal cost implies that for some relatively small banners an increase

in the area does not necessarily result in overcrowding the webpage.

Denote the log-quantity by y and by d the log-price. I consider a simple log-linear model

of demand: y = α + βd + γX + ε. I am interested in estimation of the demand elasticity

for relatively large banners that can potentially overcrowd the page. For those banners an

increase in the area should result to an increase in the marginal cost of the owner of the

website. The model can be formulated as a conditional mean restriction on the error term,

given covariates (demand shifters):

E
[
y − α− βd− γX

∣∣S1 < . . . < SM , X
]

= 0.

To make the data interpretable within the generalized LATE model I use the natural price

discretization of the billing system and translate it to discretize the support of the price loga-

rithm. The dependent variable is organized such that Sk,i = (S + ∆ k) 1
{

0 ≤ log Pi−S+∆ k
∆

≤ 1
}
.

Using the previously derived results, note that the proportion of population without bind-

ing capacity constraints is P> (p) =
p∑

m=1

(P1(S + ∆m)− P2(S + ∆m)) . Therefore, the dis-
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cretized demand can be characterized by

E

[
M∑
p=1

p∑
m=1

(P1(S + ∆m)− P2(S + ∆m))

×
p+K−1∑
m=p

dw2
S+∆m

(
dzm−p+1 + Qm−p+1

QK
dzK

)
Qm−p+1

P2
m
Mmp(x) (W1 − α− βW2 − γX)

]
= 0.

An attractive feature of this equation is that the discretization only affects the structure of

weights without any effect on the moment function per se. We can construct weights as

ωp (x, z, w2) =
p+K−1∑
n=p

p∑
m=1

(P1(S + ∆m)− P2(S + ∆m))
(
dzn−p+1 + Qn−p+1

QK
dzK

) Qn−p+1d
w2
S+∆n

Pn
.

For estimation of the demand elasticity from the sample we organize a two-step procedure.

Step 1: Using a constant matrixM1 of rank equal to the dimension of the parameter vector,

obtain the parameter estimates
(
α̂1, β̂1, γ̂1

)
by solving equation

M1
1

T

T∑
t=1

M∑
p=1

ω̂p (xt, zt, dt) ζ̂p (dt) (yt − α− βdt − γxt) = 0.

Step 2: Using the first-step estimates, evaluate the Jacobi matrix

Ĵ(x) = Ê

[
1

T

T∑
t=1

M∑
p=1

ω̂p (xt, zt, dt) ζ̂p (dt) (1, dt, xt)

∣∣∣∣xt = X

]
,

using a local polynomial smoother. Similarly, using a local polynomial smoother we estimate

Ŵ (x) = Ê

[
1

T

T∑
t=1

M∑
p=1

ω̂p (xt, zt, dt) ζ̂p (dt)
(
yt − α̂1 − β̂1dt − γ̂1xt

)2
∣∣∣∣xt = X

]
.

To obtain the second-stage efficient estimates solve the non-linear equation:

1

T

T∑
t=1

M∑
p=1

ω̂p (xt, zt, dt) Ĵ(xt)
′ Ŵ (xt)

−1 ζ̂p (dt) (yt − α− βdt − γxt) = 0.
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The variance can be evaluated using the asuymptotic formula for the semiparametric effi-

ciency bound:

Var
(
α̂2, β̂2, γ̂2

)
=

[
1

T

T∑
t=1

Ĵ(xt)
′ Ŵ (xt)

−1 Ĵ(xt)

]−1

.

This procedure is smiparametrically efficient given that all non-parametric smoothers in it

converge at a relatively fast rate. This can be guaranteed by the appropriate smoothness of

the analyzed functions.

4.3 Empirical Results

Data analysis demonstrates that there several order sizes that form outliners in the distri-

bution of market sales quantities. Presumably, these quantities are representing “standard”

orders for the sales managers because they correspond to a wide variety of banners, and

therefore cannot be associated with the orders by a single advertiser. Given this assumption,

we should expect that there will be a range of prices corresponding to the particular piv-

otal quantities. This should make the market quantity-price relation “overly” price-elastic.

Therefore if we do not account for the structure of the market supply and analyze the data

for situations where capacity constraints are not relevant, we will over-estimate the elasticity

of the market demand. Simple analysis of the linear regression where we use log Qi as a

dependent variable and log Pi as an independent variable, including the advertiser-specific

and banner-specific variables produces the estimate of the demand elasticity of .613. In the

model where I use the category of the banner size as an instrument for the price we obtain a

smaller value of the elasticity .318. Even though the difference is small on the absolute scale,

it might leads to substantial over-estimation of the market demand sensitivity to prices, and,

subsequently, the price mark-up.
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I estimate the model using the proposed efficient two-stage method. The results presented in

the table demonstrate that the estimated demand elasticity is equal to .285. Comparing the

standard errors to the 2SLS estimates, we can see that the errors obtained using a proposed

method are smaller than the errors of the 2SLS estimates according to the a asymptotic

formula. The estimation results demonstrate that ignoring endogeneity of the regressor we

can substantially underestimate the markup of the website owner. Moreover, imposing the

shape restrictions on supply motivated by the capacity constraints in the system allows me

to effectively control the endogeneity of price.

5 Conclusion

In this paper I provide identification conditions for the model where a discrete multi-valued

covariate can be endogenous. I also derive semiparametric efficiency bound in the case

where the object of interest is a finite-dimensional parameter defined by a joint distribution

of the continuous outcome and a discrete covariate. I apply my methodology to estimate

the demand for online banner advertisements. I use implicit capacity constraints of the

website owner to identify the demand function and construct an instrument for the price

using the size of the banner. I find that failure to account for the endogeneity of price (due

to negotiation) leads to a substantial understatement of the markup of the website owner,

demonstrating that the proposed framework is a powerful tool for correcting endogeneity

bias in non-linear models.
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Appendix

A Tables and Graphs

Figure 1: Empirical distribution of log-quantity (bold line) and log-price (normal line)
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Table 1: Summary statistics for combined dataset†

Variable N.obs. Mean Std. dev. min max

log Qi* 411550 12.7846 1.7129 2.302585 20.39476

log Pi* 411550 -11.1857 2.4793 -23.33374 -0.0052136

Z 411550 13.225 6.5169 0 21

Order approval status 411550 0.9039 0.2946 0 1

Agreement with advertiser status 411550 0.3886 0.4874 0 1

Smooth delivery=1 411550 0.9979 0.04531 0 1

Variable 1 411550 0.09284 0.2902 0 1

Variable 2 411550 0.1153 0.3194 0 1

Variable 3 411550 0.09606 0.2946 0 1

Variable 4 411550 0.1225 0.3279 0 1

Variable 5 411550 0.01013 0.1001 0 1

Delivery time from agreement 411550 0.1992 0.1991 0 1

Order size* 411550 19.5372 2.0963 2.302585 24.83823
† Variables marked by “*” are rescaled and do not reflect the level of prices and quantities in the

original dataset

B Proof of Theorem 2

To derive the efficiency bound for the model of interest I first characterize the structure of the

tangent set. Consider a particular likelihood decomposition and a particular parametrization path

θ. Note that conditioning on compliers restricts relevant treatments to d ∈ [p, p+M − 1], while
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Table 2: Demand for online banner advertisements†

Variable OLS 2SLS Semiparametric model

log Pi* -0.6094 -0.3177 -0.2843

( 0.0005 ) ( 0.0066 ) ( 0.0108 )

Approval status 0.1117 0.2598 0.3032

( 0.0034 ) ( 0.0060 ) ( 0.0078 )

Order status -0.2676 -0.0133 -0.0746

( 0.0028 ) ( 0.0067 ) ( 0.0020 )

Delivery type -0.2932 -0.5801 -0.7451

( 0.0361 ) ( 0.0502 ) ( 0.0695 )

Variable 1 -0.1891 -0.0725 -0.0130

( 0.0041 ) ( 0.0059 ) ( 0.0033 )

Variable 2 -0.2416 -0.2031 -0.1537

( 0.0045 ) ( 0.0057 ) ( 0.0029 )

Variable 3 -0.3335 -0.3108 -0.2901

( 0.0050 ) ( 0.0062 ) ( 0.0010 )

Variable 4 0.2034 0.1774 0.0474

( 0.0040 ) ( 0.0051 ) ( 0.0015 )

Variable 5 0.2167 0.6353 0.1357

( 0.0093 ) ( 0.0172 ) ( 0.0009 )

Time before delivery 0.6173 0.1506 0.1241

( 0.0060 ) ( 0.0137 ) ( 0.0043 )

Total order size* 0.0087 0.2085 0.1232

( 0.0008 ) ( 0.0046 ) ( 0.0013 )

Constant 6.0217 5.5085 2.7986

( 0.0379 ) ( 0.0528 ) ( 0.0105 )

R2 0.8225 0.6873 –
†

Standard errors are provided in the parentheses. Variables marked by “*” are rescaled and do not reflect the prices and quantities in the

original dataset

the estimated functions use the data starting from d = 1. This provides a verification argument for

the derived semiparametric score. If φθ(x) is the Radon-Nykodym density of x with the support
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on X , the likelihood function for the data can be written as:

fθ (w, z, x) = fθ (y | d, z, x)
K∏
k=1

Fd
d
k
θ (k, z)

M∏
m=1

Qd
z
m
θmφθ(x).

For this parametrization it is possible to characterize the score and the tangent set of the model

which will be ultimately associated with the Fréchet derivative of the non-parametric likelihood. I

take pathwise derivative along the parametrization path. Then the score can be written as:

Sθ (w, z, x) =
K∑
k=1

sθ (y | d = k, z, x) +
M∑
m=1

K−1∑
k=1

Ṗm (k) dzm
[

ddk
F(k,z) −

ddK
F(K,z)

]
+
M−1∑
m=1
Q̇m

[
dzm
Qm −

dzM
QM

]
+ sθ(x),

where s (· | d, z, x) is the score of observed conditional distribution of y, Q̇m(·) and Ṗk(·) are prob-

abilities for discrete-valued treatment choices and instrument variable z, sθ(x) is the score corre-

sponding to φθ (x). The structure of the pathwise derivative demonstrates that the score of the

model splits into four uncorrelated components. The expression for the tangent set of the model

for conditional distribution moments is given by

T =

{
K∑
k=1

sθ (y | d = k, z, x) +
M∑
m=1

K−1∑
k=1

ζmk(x)dzm

[
ddk

F (k, z)
−

ddK
F (K, z)

]

+
M−1∑
m=1

ξm (x)
[
dzm
Qm
−
dzM
QM

]
+ t(x)

}
,

where Eθ [sθ (y | d = k, z, x) | d, z, x] = 0, E{t(x)} = 0, and ζkm(·) and ξk(·) are square - integrable

functions. In a special case where the support of regressors is infinite, I add one more requirement,

that partial sums of series with elements E
[
ξ2
m(x)

]
Qm and E

[
ζ2
km(x)

]
Pm (k) converge to finite

limits.

Consider a functional the can be represented by A (x, d) : X ×{0, 1} 7→ Rk such that for function
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f (x, d):

A ◦ f = E [A (x, d) f (x, d)] . (3)

Assuming that ϕ (d, x, β) and ∂ϕ(d,x,β)
∂β are elements of L2 (X × {0, 1}, F , µ) for each β ∈ B, where

F is a Borel σ -algebra in the product space Z×X and µ is the corresponding probability measure.

In this case the dual space to L2 (Z×X , F , µ) will also be L2 (Z×X , F , µ) (see Dunford and

Schwarz (1958)). As a result, considering weighting functions A(·) in L2 (Z×X , F , µ) allows one

to find the optimal structure of the unconditional moment vector corresponding to the conditional

moment equation. In fact, as it is shown in Dunford and Schwarz (1958) any continuous linear

functional on Lp (T, F , µ) can be represented as (3) for A ∈ Lq (T, F , µ) for p−1 + q−1 = 1 and

1 < p <∞.

For an arbitrary choice of the weighting matrixA (d, x) moment equation generates an unconditional

moment E [E {A (d, x) g (w, x, β) | p = s1 < . . . < sM , d, x}] = 0. Introduce dim (β) × M matrix

M(x) and use ζp (d, x) to define

A (d, x) =M(x)ζp (d, x) ,

and choose A (d, x) = P> (p)
p+M−1∑
k=p

Qk−p+1d
d
k

Pk
A (d, x) . Consider:

Eθ [Aθ (d, x)Eθ [g (w, x, βθ) |p = s1 < . . . < sM , d, x]] = 0.

Define J = E
[
A (d, x) ∂ϕp(d, x, β)

∂β′

]
. Following Robins, Rotnitzky, and Zhao (1995) one can obtain

the expression for the directional derivative of β solving a linear system of equations:

J
∂βθ
∂θ

= − ∂

∂θ
Eθ [Aθ (d, x)Eθ [g (w, x, β) |p = s1 < . . . < sM , d, x]] . (4)
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The right-hand side component of equation (4) can be written as:

E
[
A (d, x)

∫
g (w, x, β) s> (y, d, p) f> (y, d, p) dy

]
+E

[
A (d, x) sθ(d, x)

∫
g (w, x, β) f> (y, d, p) dy

]
+E

[
∂Aθ(d,x)

∂θ

∫
g (w, x, β) f> (y, d, p) dy

]
.

(5)

In this expression s>(·) is the score corresponding to the conditional distribution of treatment

outcomes for compliers, and sθ (d, x) is the score corresponding to the joint distribution of regressors

in the model. For conditional moment based model, weighting of the moment equation by a

function of d and x keeps the equation valid. Therefore, the second and the third components in

the expression for the directional derivative are equal to zero. Denote

g̃ = −J−1A (d, x) g (w, x, β) , and g = P> (p)
p+M−1∑
k=p

Qk−p+1d
d
k

Pk
g̃.

This transforms the expression for the directional derivative to

∂βθ
∂θ

= E

[∫
g s> (y, d, p) f> (y, d, p) dy

]
.

To derive the score s>(·) consider the following four cases.

Case 1: d = 1, p = 1, M = 2. In this case, the score takes the form

s> (y, 1, 1) f> (y, 1, 1) = P1(1)
P>(1)f1 (y, 1) s (y|d = 1, z = 1)− P2(1)

P>(1)f2 (y, 1) s (y|d = 1, z = 2)

+ Ṗ1θ(1)P2θ(1)−Ṗ2θ(1)P1θ(1)
P>(1)2 (f2 (y, 1)− f1 (y, 1)) .

Case 2: d = 1, p = 1, M > 2. In this case the score is

s> (y, 1, 1) f> (y, 1, 1) = P1(1)
P>(1)f1 (y, 1) s (y|d = 1, z = 1)− PM (1)

P>(1) fM (y, 1) s (y|d = 1, z = M)

+ Ṗ1θ(1)(fM (y,1)PM (1)−f1(y,1)P2(1))+Ṗ2θ(1)(fM (y,1)PM (1)−f1(y,1)P1(1))
P>(1)2 − ṖMθfM (y,1)

P>(1) .
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Case 3: d = k, 1 < k < K, M > 2. In this case the score is

s> (y, k, p) f> (y, k, p) = Pk−p+1(k)
P>(p) fk−p+1 (y, k) s (y|d = k, z = k − p+ 1)

−PM (k)
P>(p) fM (y, k) s (y|d = k, z = M)

+ Ṗk−p+1(k)fk−p+1(y,k)−ṖM (k)fM (y,k)
P>(p) − Pk−p+1(k)fk−p+1(y,k)−PM (k)fM (y,k)

(P>(p))2

p∑
j=1

(
Ṗ1(j)− Ṗ2 (j)

)
.

Case 4: d = K, M > 2. In this case the score is

s> (y,K,K −M + 1) f> (y,K,K −M + 1) = PM (K)
P>(K−M+1)fM (y,K) s (y|d = K, z = M)

− P1(K)
P>(K−M+1)f1 (y,K) s (y|d = K, z = 1)

+ ṖM (K)fM (y,K)−Ṗ1(K)f1(y,K)
P>(K−M+1) − PK−M+1(k)fK−M+1(y,K)−P1(K)f1(y,K)

(P>(K−M+1))2

K−M+1∑
j=1

(
Ṗ1(j)− Ṗ2 (j)

)
.

Case 1 gives an expression for the score corresponding to the density of outcome distribution for

generalized compliers which coincides with the expression for the score in a binary case as in Hong

and Nekipelov (2007). This assures consistency of the model considered in this paper with the

model for the binary case. Expressions for the score from Cases 1-4 can be summarized as

s> (y, d, p) =
p+M−1∑
k=p

ddks> (y, k, p) .

Given these expressions for the score, I look for the efficient influence function as a solution to the

functional equation

∂βθ
∂θ

= E [Ψ (w, z, x) Sθ (w, x, z)] .
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Applying the standard projection technique, the efficient influence function is derived in the form:

Ψ (w, z, x) =
p+M∑
k=p

{
Pkd

d
kd
z
k−p+1

P>(p)Qk−p+1
(g − E [g|d = k, z = k − p+ 1])

− Pkd
d
kd
z
M

P>(p)QM (g − E [g|d = k, z = M ])
}

+
M∑
m=1

K−1∑
k=1

amkd
z
m

[
ddk
Pm(k) −

ddK
Pm(K)

]
.

To find coefficients amk in this representation, consider covariance between this expression for

the influence function and the semiparametric score of the model. Then, I solve for coefficients

that make this expression the same as expression for the directional derivative of finite-dimensional

parameter. For instance, suppose that in the expression for the directional derivative, the coefficient

for Ṗm (k) is Gmk. Define vector a(m) =
(
am1, . . . , am(K−1)

)
and P(m) = (Pm(1), . . . ,Pm (K − 1))′,

and γ(m) = (0, . . . , 0, Gmk, 0, . . . , 0)′. Then the vector of coefficients solves(
I +

P(m)1′

Pm (K)

)
a(m) = γ(m).

Standard inversion technique for matrices of this special kind gives the solution:

amk = Pm(k)
Qm Gmk (1− Pm(k)) ,

amj = −Pm(k)
Qm GmkPm(j).

Using separability of the solution and rearranging terms, one can write down the final expression
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for the efficient influence function in the form:

Ψ (w, z, x) =
p+M−1∑
k=p

{
Pkd

d
kd
z
k−p+1

P>(p)Qk−p+1
(g − E [g|d = k, z = k − p+ 1])

− Pkd
d
kd
z
M

P>(p)QM (g − E [g|d = k, z = M ])

+
E[g|d=k,z=k−p+1]dzk−p+1(ddk−Pm(k))

QmP>(p) − E[g|d=k,z=M ]dzM(ddk−PM (k))
QMP>(p)

−Pk−p+1(k)E[g|d=k,z=k−p+1]−PM (k)E[g|d=k,z=M ]

Q1(P>(p))2 dz1

p∑
j=1

(
ddj − P1 (j)

)
+Pk−p+1(k)E[g|d=k,z=k−p+1]−PM (k)E[g|d=k,z=M ]

Q2(P>(p))2 dz2

p∑
j=1

(
ddj − P2 (j)

)}
.

This expression can be compressed using identities for conditional expectation:

E [g|d = k, z = k − p+ 1]Pk−p+1 (k) = E [g|d = k, z = M ]PM (k) ,

and expression for the weighting matrix A (d, x). Then the efficient influence function can be

rewritten as

Ψ (w, z, x) =
p+M−1∑
k=p

(
ddkd

z
k−p+1 −

Qk−p+1d
d
kd
z
M

QM

)
g̃ −

p+M−1∑
k=p

(
dzk−p+1

Qk−p+1
− dM
QM

)
E
[
ddkd

z
k−p+1g̃

]
.

The semiparametric efficiency bound is

V
(
β̂
)

= E
[
Ψ Ψ′

]
.

For further manipulations I denote the first component of the efficient influence function by Ψ1(·)

and the second one Ψ2(·). Both components have mean zero. The last step of efficiency calculations

is to find the optimal weighting matrix M(x). Compute the transformed Jacobi matrix. Denoting

m (x) = E

[
ζp (d, x)

∂ϕp (w, x, β0)
∂β′

∣∣∣∣x] and D = diag
{
Q1
Pp
, . . . , QM

Pp+M−1

}
I obtain that

J = E [P>(p)M(x)Dm (x)] .
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Denote ωz,d = V (g | d, z, x) and γz,d = E (g | d, z, x). To derive the efficiency bound note that

E
[
Ψ1Ψ′1

]
= J−1E

[
M(x)DΣ1DM(x)′

]
J−1′,

where

Σ1 = diag
{
ωk−p+1,k

Pk−p+1(k)
Qk−p+1

+ ωM,k
PM (k)
QM +

γ2
k,MPM (k)[Pk−p+1(k)Qk−p+1+PM (k)QM ]

Pk−p+1(k)QMQk−p+1

}p+M−1

k=1

.

For the second component of the influence function

Ψ2 (w, x, z) = −J−1M(x)D


(
dz1
Q1
− dzM
QM

)
γM,pPM (p)

...(
dzM−1

QM−1
− dzM
QM

)
γM,p+M−1PM (p+M − 1)

 .

To find the variance I introduce a diagonal matrix and a vector such that

Σ2 = diag
(
γ2
M,kP

2
M (k)

Qk−p+1

)p+M−1

k=p

and ξ = (γM,pPM (p), . . . , γM,p+M−1PM (p+M − 1))′ .

Then the variance of the second part of the score

E
[
Ψ2Ψ′2

]
= J−1E

[
M(x)D

(
Σ2 +

ξξ′

QM

)
DM(x)′

]
J−1′.

Computing the covariance between two components of the efficient influence function, note that

cov (Ψ1, Ψ2) = −E
[
Ψ2Ψ′2

]
.

Then the formula for the semiparametric efficiency bound can be written as

E
[
Ψ Ψ′

]
= J−1E

[
M(x)DΩDM(x)′

]
J−1′,

where

Ω = Σ1 − Σ2 −
ξξ′

QM
.

Recalling the structure of the Jacobi matrix, the semiparametric efficiency bound for the model

with the optimal choice of M(x) will take the form

V
(
β̂
)

= E
[
P>(p)2m(x)′Ω−1m(x)

]−1
.
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