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Abstract

We propose a generalization of the linear quantile regression model to accommodate
possibilities afforded by panel data. Specifically, we extend the correlated random
coefficients representation of linear quantile regression (e.g., Koenker, 2005; Section
2.6). We show that panel data allows the econometrician to (i) introduce dependence
between the regressors and the random coefficients and (ii) weaken the assumption
of comonotonicity across them (i.e., to enrich the structure of allowable dependence
between different coefficients). We adopt a “fixed effects” approach, leaving any depen-
dence between the regressors and the random coefficients unmodelled. We motivate
different notions of quantile partial effects in our model and study their identification.
For the case of discretely-valued covariates we present analog estimators and rigorously
characterize their large sample properties. When the number of time periods (T) ex-
ceeds the number of random coefficients (P), identification is regular, and our estimates
are VN - consistent. When T' = P, our identification results make special use of the
subpopulation of stayers - units whose regressor values change little over time - in a way
which builds on the approach of Graham and Powell (2012). In this just-identified case
we study asymptotic sequences which allow the frequency of stayers in the population
to shrink with the sample size. One purpose of these “discrete bandwidth asymptotics”
is to approximate settings where covariates are continuously-valued and, as such, there
is only an infinitesimal fraction of exact stayers, while keeping the convenience of an
analysis based on discrete covariates. When the mass of stayers shrinks with N, identi-
fication is irregular and our estimates converge at a slower than v/N rate, but continue
to have limiting normal distributions. We apply our methods to study the effects of
collective bargaining coverage on earnings using the National Longitudinal Survey of
Youth 1979 (NLSY79). Consistent with prior work (e.g., Chamberlain, 1982; Vella and
Verbeek, 1998), we find that using panel data to control for unobserved worker heteroe-
geneity results in sharply lower estimates of union wage premia. We estimate a median
union wage premium of about 9 percent, but with, in a more novel finding, substantial
heterogeneity across workers. The 0.1 quantile of union effects is insignificantly different
from zero, whereas the 0.9 quantile effect is of over 30 percent. Our empirical analysis
further suggests that, on net, unions have an equalizing effect on the distribution of
wages.

KEY WORDS: Panel Data, Quantile Regression, Fixed Effects, Difference-in-Differences,
Union Wage Premium, Discrete Bandwidth Asymptotics, Decomposition Analysis
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Linear quantile regression analysis is a proven complement to least squares methods. Cham-
berlain (1994) and Buchinsky (1994) represent important applications of these methods to
the analysis of earnings distributions, an area where continued application has proved es-
pecially fruitful (e.g., Angrist, Chernozhukov and Fernandez-Val, 2006; Kline and Santos,
2013). Recent work has applied quantile regression methods to counterfactual and decom-
position analysis (e.g., Machado and Mata, 2005; Firpo, Fortin and Lemieux, 2009; Cher-
nozhukov, Fernandez-Val and Melly, 2013), program evaluation (Athey and Imbens, 2006;
Firpo, 2007) and triangular systems with endogenous regressors (e.g., Ma and Koenker, 2006;
Chernozhukov and Hansen, 2007; Imbens and Newey, 2009).

The application of quantile regression methods to panel data analysis has proven to be es-
pecially challenging (e.g., Koenker, 2004 and Koenker, 2005, Section 8.7). The non-linearity
and non-smoothness of the quantile regression criterion function in its parameters is a key
obstacle. In an important paper, Kato, Galvao and Montes-Rojas (2012) show that a linear
quantile regression model with individual and quantile-specific intercepts is consistent and
asymptotically normal in an asymptotic sequence where both N and T" grow. Unfortunately
T must grow quickly relative to rates required in other large- N, large-T" panel data analyses
(e.g., Hahn and Newey, 2004). In a recent working paper, Arellano and Bonhomme (2013),
develop correlated random effects estimators for panel data quantile regression. They extend
a method of Wei and Carroll (2009), developed for mismeasured regressors, to operational-
ize their identification results. Other recent attempts to integrate quantile regression and
panel data include Abrevaya and Dahl (2008), Rosen (2012), Chernozhukov, Fernandez-Val,
Hahn and Newey (2013), Harding and Lamarche (2014) and Chernozhukov, Fernandez-Val,
Hoderlein, Holzmann and Newey (2014). We return to the relationship between our own

and prior work at the conclusion of the paper.

Our contribution is a quantile regression method that accommodates some of the possibilities
afforded by panel data. A key attraction of panel data for empirical researchers is in its
ability to control for unobserved correlated heteroegeneity (e.g., Chamberlain, 1984). A key
attraction of quantile regression, in turn, is its ability to accommodate heterogeneous effects
(e.g., Abrevaya, 2001). Our method incorporates both of these attractions. Our approach
is a “fixed effects” one: it leaves the structure of dependence between the regressors and
unobserved heterogeneity unrestricted. We further study identification and estimation in

settings where 7' is small and N is large.

The starting point of our analysis is the textbook linear quantile regression model of Koenker
and Bassett (1978). This model admits a (one-factor) random coefficients representation
(e.g., Koenker, 2005, Section 2.6). While this representation provides a structural interpre-

tation for the slope coefficients associated with different regression quantiles, it also requires



strong maintained assumptions. We show how panel data may be used to substantially
weaken these assumptions in ways likely to be attractive to empirical researchers. In evalu-
ating the strengths and weakness of our approach, we emphasize that our model is a strict

generalization of the textbook quantile regression model.

In the next section we introduce our notation and model. Section 2 motivates several quantile
partial effects associated with our model and discusses their identification. Section 3 presents
our estimation results. Our formal results are confined to the case of discretely-valued
regressors. This is an important special case, accommodating our empirical application,
as well as applications in, for example, program evaluation as we describe below. The
assumption of discrete regressors simplifies our asymptotic analysis, allowing us to present
rigorous results in a relatively direct way.! Each of our estimators begins by estimating the
conditional quantiles of the dependent variable in each period given all leads and lags of the
regressors. This is a high-dimensional regression function and our asymptotic analysis needs
to properly account for sampling error in our estimate of it. With discretely-valued regressors,
we do not need to worry about the effects of bias in this first stage of estimation. This is
convenient and substantially simplifies what nevertheless remains a complicated analysis of

the asymptotic properties of our estimators.

While our theorems only apply to the discrete regressor case, we conjecture that our rates-
of-convergence calculations and asymptotic variance expressions, would continue to hold in
the continuous regressor case. This would, of course, require additional regularity conditions
and assumptions on the first stage estimator. We elaborate on this argument in Section 5

below.

We present large sample results for two key cases. First, the regular case, where the number
of time periods (T") exceeds the number of regressors (P). Our analysis in this case parallels
that given by Chamberlain (1992) for average effects with panel data. Second, the irregular
case, where T = P. This is an important special case, arising, for example, in a two
period analysis with a single policy variable. Our analysis in this case makes use of so-called
‘stayers’, units whose regressor values to not change over time. Stayer units serve as a type
of control group, allowing the econometrician to identify aggregate time trends (as in the

textbook difference-in-differences research design).

With continuously-valued regressors there will generally be only an infinitesimal fraction of
stayers in the population. Graham and Powell (2012) show that this results in slower than
V' N rates of convergence for average effects. We mimic this continuous case in our quantile

effects context by considering asymptotic sequences which place a shrinking mass on stayer

LChernozhukov, Fernandez-Val, Han and Newey (2013) study identification in discrete choice panel data
models with discrete regressors.



regressor realizations as the sample size grows. We argue that these “discrete bandwidth
asymptotics” approximate settings where covariates are continuously-valued and, as such,
there is only an infinitesimal fraction of exact stayers, while keeping the convenience of an
analysis based on discrete covariates. This tool may be of independent interest to researchers
interested in studying identification and estimation in irregularly identified semiparametric
models.? Our approach is similar in spirit to Chamberlain’s (1987, 1992) use of multinomial

approximations in the context of semiparametric efficiency bound analysis.

Section 4 illustrates our methods in a study of the effect of collective bargaining coverage on
the distribution of wages using an extract from the National Longitudinal Survey of Youth
1979 (NLSY79). The relationship between unions and wage inequality is a long-standing area
of analysis in labor economics. Card, Lemieux and Riddell (2004) provide a recent survey of
research. Like prior researchers we find that allowing a worker’s unobserved characteristics
to be correlated with their union status sharply reduces the estimated union wage premium
(e.g., Chamberlain, 1982; Jakubson, 1991; Card, 1995; Vella and Verbeek, 1998). This work
has focused on models admitting intercept heterogeneity in earnings functions. Our model
incorporates slope heterogeneity as well. It further allows for the recovery of quantiles of
these slope coefficients. We find a median union wage effect of 9 percent, close to the mean
effect found by, for example, Chamberlain (1982). In a more novel finding, however, we
find substantial heterogeneity in this effect across workers. For many workers the returns to
collective bargaining coverage are close to, and insignificantly different from, zero. While,
for a smaller proportion of workers, the returns to coverage are quite high, in excess of 20

percent.

We are only able to identify quantile effects for the subpopulation of workers that move
in and/or out of the union sector during our sample period (i.e., “mover” units). Movers
constitute just over 25 percent of our sample. For this group we can study inequality in a
world of universal collective bargaining coverage versus one with no such coverage. We find
that the average conditional 90-10 log earnings gap would be over 20 percent lower in the
universal coverage counterfactual. Our results are consistent with unions having a substantial

compressing effect on the distribution of wages (at least within the subpopulation of movers).

While the asymptotic analysis of our estimators is non-trivial, their computation is straight-
forward.? The first two steps of our procedure are similar to those outlined in Chamberlain

(1994), consisting of sorting and weighted least squares operations. The final step of our

2Examples include sample selection models with “identification at infinity”, (smoothed) maximum score
and regression discontinuity models.

3 A short STATA script which replicates our empirical application is available for download from the first
authors’ website.



procedures consist of either averaging, or a second sorting step, depending on the target
estimand. While we do not provide a formal justification for doing so, we recommend the
use of the bootstrap as a convenient tool for inference (the results of, for example, Cher-
nozhukov, Fernandez-Val and Melly (2013), suggest that the use of the bootstrap is valid in

our setting).

Section 5 outlines a few simple extensions of our basic approach. Section 6 concludes with
some suggestions for further research and application. We also develop some additional

connections between our approach and prior work in the conclusion.

1 Setup and model

The econometrician observes N independently and identically distributed random draws of
the T'x 1 outcome vector Y = (Y7, ..., Yr) and T x P regressor matrix X = (X1,..., Xr) .
Here Y; corresponds to a random unit’s period ¢ outcome and X, € X,y C R” to a corre-
sponding vector of period t regressors.* The outcome is continuously-valued with a condi-
tional cumulative distribution function (CDF), given the entire regressor sequence X = x,

of Fy,x(y/x). This CDF is invertible in y,, yielding the conditional quantile function
Qvix(1]x) = Fy, x (y[x).

Let Qyx (7]x) = (Qvix (71%) , -, Qyvjx (T\x))/ be the T x 1 stacked vector of period-specific
conditional quantile functions. Let W = w (X) denote a 7' x R matrix of deterministic

functions of X (and w = w (x)). We assume that Qyx(7|x) takes the semiparametric form
Qvx (1]x) = x8 (1;x) + W (1) (1)

for all x € XJTV = Xeef1,..yXen and all 7 € (0,1).> While a subset of our estimands
only require (1) to hold for a single (known) 7, for convenience, we maintain the stronger
requirement that (1) hold for all 7 € (0, 1).

A key feature of (1) is that the coefficients multiplying the elements of X; — 5 (7;x) —
are nonparametric functions of x, while those multiplying the elements of W, — § (1) — are
constant in x (W, corresponds to the transpose of the ¢ row of W). In what follows we

will refer to  (7) as the common coefficients and /3 (7;x) as, depending on the context, the

4The first element of this vector is a constant unless noted otherwise.
>The notation X% reflects the fact that we allow the support of X to vary with the sample size N in a
way that is detailed below.



correlated, heterogenous or individual-specific coefficients.

Model (1), with conditional expectations replacing conditional quantiles, was introduced by
Chamberlain (1992) and further analyzed by Graham and Powell (2012) and Arellano and

Bonhomme (2012). The quantile formulation is new.

A direct justification for (1) is provided by the one-factor random coefficients model

Validity of the resulting linear quantile representation (1) — which must be nondecreasing in
the argument 7 almost surely in X — requires further restrictions on the functions f (7;x)
and ¢ (7) and the regressors X; and W; = wy(X) (cf., Koenker (2005)), which we implicitly

assume throughout.

We provide two, more primitive, derivations of (1) immediately below. The first follows from
a generalization of the linear quantile regression model for cross sectional data (e.g., Koenker
and Bassett, 1978; Koenker, 2005). The second from a generalization of the textbook linear
panel data model (e.g., Chamberlain, 1984).

Generalizing the linear quantile regression model

The strongest interpretation of the estimands we introduce below occurs when we can char-
acterize the relationship between the quantile regression coefficients in (1) and quantiles of

the individual components of B; in the random coefficients model:
Y, = X!B,. (3)

The the 7% quantile of By, — F ijlt (1) — has a simple economic interpretation: the “return” to
a unit increase in the p* component of X, is smaller for 1007 percent of units, and greater
for 100(1 —7) percent of units. In what follows we call F gplt (1) the 7" unconditional quantile
effect (UQE) of a (period t) unit change in X.

In the cross-section setting (7" = 1) we can construct a mapping between quantiles of the
individual elements of By in (3) and their corresponding quantile regression coefficients in
the linear quantile regression of Y7 and X; if (i) X is independent of By, (ii) there exists
a non-singular rotation Bf = A~!'B; such that the elements of Bj are comonotonic (i.e.,

perfectly concordant) and (iii) the elements of 2 A are non-negative for all z; € Xj.

Under (i) through (iii) we have

Qvix, (7] 21) = 270 (7)

5



for all x; € X; and 7 € (0,1) and, critically, that
b, (U) ~ By, U~UJ0,1]. (4)

Under (4) quantiles of B,y (i.e, the UQE of a unit change in X,;) are identified by the

rearranged quantile regression coefficients on X,;:

By(r) = inf{c€R : Pr(By <c)
= inf{c€R : Pr(b, (U) <c) >},

AV
\]
—

where 3, (7) equals the 7" unconditional quantile effect (UQE) of a unit change in X,;.

Requirement (iii) is related to the quality of the linear approximation of the quantile regres-
sion process. Requirements (i) and (ii) are economic in nature and restrictive.® Assuming
independence of X; and Bj is very strong outside of particular settings (e.g., randomized
control trials), but the issues involved, and how to reason about them, are familiar. The
requirement of comonotonicity of the random coefficients, possibly after rotation, is more

subtle and less familiar. It too has strong economic content.

To illustrate some of the issues associated with the comonotonicity requirement, as well as
how panel data may be used to weaken it (as well as the assumption of independence), it
is helpful to consider, as we do in the empirical application below, the relationship between

the distribution of wages and collective bargaining coverage.

If we let Y; equal the logarithm of period ¢t wages, and UNION; be a binary variable indicating
whether a worker’s wages are covered by a collective bargaining agreement in period t or

not, we can write, without loss of generality,
}Q:Blt—FBQtUNIONt, t= 1,...,T. (5)

The the 7" quantile of By, — F nglt (1) — has a simple economic interpretation: the “return”
to collective bargaining coverage is smaller for 1007 percent of workers, and greater for

100(1 — 7) percent of workers.

Now consider the coefficient on UNION; in the 7% linear quantile regression of log wages in

period 1 onto a constant and UNION;. This coefficient, b, (7), equals

by (T) = Fi 4y x, (TIUNION; = 1) — Fl (7| UNION, = 0),

6The requirement that comonotonicity of the random coefficients needs to hold for only a single rotation
is an implication of equivariance of quantile regression to reparameterization of design (e.g., Koenker and
Bassett, 1978).



which, without further assumptions, is not a quantile effect.

Requirement (i) — independence — yields the simplification

Requirement (ii) — comonotonicity — implies that there exists at least one rotation B} =
A7!B; such that Bj, and Bj; are comonotonic. Different rotations have different economic
content. For example if By; and By; + By, are comonotonic, then the workers with the
highest potential earnings in the union sector coincide with those with the highest potential
earning in the non-union sector and vice versa. This rules out comparative advantage. If,
instead, B;; and By, are comonotonic, then those workers which benefit the most from
collective bargaining coverage are also those who earn the most in its absence. Both of these
comonotonicity assumptions imply (4). As a final example, if By, and - By, are comonotonic,

such that low earners in the absence of coverage gain the most from acquiring it, then

b (1) = Fglll‘xt (1) + F§;1|Xt (1—-7)— Félll‘Xt (1)
= ngll\xt (1=7),

which also implies (4).

These examples illustrate both the flexibility and restrictiveness of the comonotonicity re-
quirement. Depending on the setting, it may be reasonable to assume comonotonicity of
Bf = A7!'B; for some non-singular rotation A. Certain rotations may be more plausible
than others. Nevertheless the assumption is often difficult to justify. Even in the program
evaluation context, where independence of X; and B; may hold by design, researchers are
often reluctant to interpret quantile treatment effects as anything more than the difference

in two marginal survival functions (e.g., Koenker, 2005, pp. 30 -31; Firpo, 2007).

At the same time, it is worth noting that textbook linear models with additive heterogeneity
imply stronger rank invariance properties. For example, the basic models fitted by Cham-
berlain (1982), Jakubson (1991) and Card (1995) all have the implication that those workers
with the highest potential earnings in the union sector coincide with those with the highest

potential earnings in the non-union sector (cf., Vella and Verbeek (1998) for discussion).

The availability of panel data may be used to substantially weaken the assumptions of both
comonotonicity and independence of the random coefficients. In particular we can replace (i)

and (ii) above, with the requirement that the elements of Bf = A (x)~" B, are comonotonic



within the subpopulation of workers with common history X = x:”

A)'B|X=x 2 (Fgllt‘x(Ut|x),...,F§}13t|X(Ut\x)), U~ulpo,1], (6)

for some non-singular A (x). Under (5) and (6) we have
Qyix (7]%) = i (7:%)
and, critically, also that

Bot (U;x) ~ By| X =x, U~U[0,1].

Note that the rotation of B; that ensures conditional comonotonicity can vary with X = x.®

In addition to conditional comonotonicity, we also, as is typical in panel data models, need
to impose some form of stationarity in the distribution of B, over time. A convenient, but
flexible, assumption is to require that the distribution of B, and By, for t > 1, are related

according to
Fp,x (b|x) = Fp,x (b+Au,(b)|x), t=2,....,T, p=1,..., P (7)
Restriction (7) corresponds to a “common trends” assumption. To see this solve for A, (b)
Ay (8) = F3 . (Fr (61)] %) b,
which after changing variables to 7 = F'z | x (b x) gives
Bt (T3%) = By1 (T3 %) = 0t (7)

for By (1;x) = @ p,,x (7|x). Under assumption (7) it is convenient to define, in a small
abuse of notation, 3, (7;x) = f,1 (7;x).

Under restriction (7) differences in the conditional quantile functions of By, and B, for t # s
do not depend on X. Under (3), (6) and (7) the conditional quantiles for Y given X satisfy

"We also require that o} A (x) is non-negative for all z; € X;.
8Clotilde and Napp (2004) present basic results on conditionally comonotonic random variables.



(1) with

o - 0

< % (7)
w=| "? T, )= : ,

: Lo 5

0 - X, 7 (7)

where 0p denotes a P x 1 vector of zeroes. Here dim (§ (7)) = R = (T'— 1) P, since we allow
the entire coefficient vector multiplying X; to vary across periods. In practice, additional
exclusion restrictions might be imposed or tested. For example one could impose the restric-
tion that all components of §,(7) corresponding to the non-constant components of X, are

/
zero. In that case we could set W = ( Op_y, I ) .

To understand the generality embodied in (5), (6) and (7) relative to the cross-section case,
it is again helpful to return to our empirical example. Suppose that X, = (1, UNION,)" with

T = 2, so that there are just four possible sequences of collective bargaining coverage:
(UNIONla UNIONQ) S {(Oa O) ) (O> 1) ) (1> 0) ) (1a 1)} :

With panel data we can assume, for example, that By; and By + By, are comonotonic
within the subpopulation of union joiners (i.e., (UNION;, UNION,) = (0, 1)), while By, and
— By are comonotonic within the subpopulation of union leavers (i.e., (UNION;, UNION,) =
(1,0)). There may be no rotation of B in which comonotonicity holds unconditionally on
X = x. Other than the assumption of conditional comonotonicity, all other features of the
joint distribution of B; and X are unrestricted. This allows for dependence between X; and
B,. For example it may be that the distribution of By, the returns to collective bargaining
coverage, across workers in the union sector both periods, stochastically dominates that

across workers not in the union sector both periods (cf., Card, Lemieux and Riddell, 2004).

Equations (5), (6) and (7) show how our semiparametric model arises as a strict general-
ization of the textbook linear quantile regression model. Here, relative to the cross section
case, the presence of panel data allows for (i) a relaxation of comonotonicity of the random
coefficients, (ii) the introduction of correlated heterogeneity and (iii) a structured form of

non-stationarity over time.

Generalizing the linear panel data model

In our exposition, for reasons of clarity, we emphasize an interpretation of (1) based on the
data generating process defined by (5), (6) and (7). However it is also straightforward to

derive (variants of) (1) from a generalization of the textbook linear panel data model (e.g.,



Chamberlain, 1984):
Y, =X +A+V, E[V|X,A=0,t=1,...,T. (8)
Specifically consider the the location-scale model (cf., Arellano and Bonhomme, 2011)
Yi=Xim+ Xig(A+ V), 9)

with z}g (a + v;) strictly increasing in a + v; for all a + v, € A+ V, and all z, € X,y and V}
obeying the marginal stationarity restriction of Manski (1987):

ViIXZ2 VX, t=2,...,T (10)

Relative to the textbook model, (9) allows for the marginal effect of a unit change in Xy, to be
heterogenous across units and dependent on X. The textbook model imposes homogeneity of

marginal effects. Equations (9) and (10) generate the period ¢ conditional quantile function

Qux (17|x) = 2,(8(7;%) + 0t

for 8 (m;x) = m + g (Qa4vx (7|x)) and & = n; — ;. This model implies that the time

effects take a pure location-shift form, which is not a implication of (1).

Our semiparametric model (1) therefore nests both the textbook quantile regression and
linear panel data models as special cases. It also strictly generalizes those models, introducing

heterogenous effects and/or the dependence of these effects on the regressors.

2 Estimands and identification

In this section we introduce three estimands based on (1). We motivate these estimands vis-
a-vis the correlated random coefficients model defined by (5), (6) and (7) above, although
this is not essential to our formal results. Indeed a subset of our estimands only require that

(1) hold for a single known 7.

Our first estimand is the R x 1 vector of common coefficients ¢ (7). Recall that in our

motivating data generating process the elements of ¢ (7) coincide with time effects.

Our second estimand is the P x 1 vector of average conditional quantile effects (ACQEs):

B(r)=E[B(r: X)]. (11)

10



Equation (11) coincides with an average of the conditional quantiles of B; in (5) over X.
It is similar to the average derivative quantile regression coefficients studied in Chaudhuri,
Doksum and Samarov (1997).

The ACQE is also closely related to a measure of conditional inequality used by labor
economists. Angrist, Chernozhukov and Fernandez-Val (2006; Table 1) report estimates
of the average E[X;]' (3(0.9) — 5(0.1)), with 3(7) the coefficient on X; in the 7™ linear
quantile regression of log earnings Y; on worker characteristics X;. They interpret this as
a measure of average conditional earnings inequality or ‘residual’ wage inequality.® In our
panel data set-up the analogous measure of period ¢ conditional earnings inequality would
be

E[X](8(0.9;X) — 8(0.1;X))] + E[W;]' (5(0.9) — 6 (0.1)) (12)

Equation (12) measures the average period ¢ conditional 90-10 earnings gap across all sub-
populations of workers defined in terms of their covariate histories X. It is a “residual”
inequality measure because it is an average of earnings dispersion measures which condition
on observed covariates. Under our assumptions (12) has counterfactual content. To see
this consider the average conditional period ¢ 90-10 earnings gap that we would observe if,

contrary to fact, worker characteristics remained fixed at their base year values:
E X (4(0.9;X) — 5 (0.1; X))] + E W] (5, (0.9) — 6, (0.1)). (13)

The difference between (12) and (13) is a measure of the increase in ‘residual’ earnings
inequality due to changes in worker characteristics between periods 1 and ¢. Similar reasoning

leads to more complicated decomposition estimands.

Our final estimand, which makes full use of our set-up, is the unconditional quantile effect
(UQE), defined implicitly by, for p=1,..., P,

5;0 (T) = QBlp (T>
= inf{beR : Pr(By, <b) >r7}
— inf{beR : Pr(B,(U;,X)<b)>r}

where U; ~ U [0, 1], independent of X. The UQE f3, (1) corresponds to the 7" quantile of
the p'" component of the random coefficient vector B;. If we took a random draw from the

population and increased her p'* regressor value by one unit, then with probability 7 the

9This measure captures a notion of ‘residual’ wage inequality in that it measures the average amount of
inequality in earnings that is left-over after first conditioning on covariates (cf., Autor, Katz and Kearney,
2008).
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effect on Y} would be less than or equal to /3, (7), while with probability 1 — 7 it would be
greater. To get the total effect for a t"* period intervention, we would need to take into

account the effect on W}0(7) of the change in regressor W, (as a function of X;).

The UQE is the quantile analog of an average partial effect (APE).

Identification

We present two sets of identification results. The first requires that the time dimension of the
panel (T') strictly exceed the number of regressors (P). We refer to this as the “regular” case.
Chamberlain (1992) studied identification of average partial effects in this setting. Second
we study identification when 7" = P. This is the case studied in Graham and Powell (2012).
We refer to this case as “irregular”. Both are empirically relevant (cf., Graham and Powell,
2012). Throughout this section we assume that the joint distribution of the observable data
matrix (Y, X) is known — in particular, that the 7" x 1 vector Qyx (7] X) is known for all
7€ (0,1) and X € X%.

Regular case (T > P)

Let A (X) be any T x T positive definite matrix, possibly a function of X, and define the

residual-maker matrix
My (X) =Ir — X (X'AX)X)"' X'4(X). (14)
IfE[|X]*+ |[W]?] < oo and E [W’'M4(X)W] is invertible we can recover ¢ (1) by

5 (1) = E[W'My (X) W] x E [W' M4 (X) Qyix (7] X)] . (15)

Equation (15) shows that 0 (7) indexes a (generalized) within-unit, double residual, linear
regression function. The dependent variable associated with this regression is Qy,x (7| X)
deviated from its unit-specific “mean” and the independent variable the deviation of W;

about its corresponding “mean” .

th

Once 4(7) is identified, we can also identify the 7" conditional quantile of the random

coefficient, for X realizations with full rank, through the relation
B(r;X) = (X'A(X)X) ' X'A(X) (Qyx (11X) — Wi(7)). (16)
If all realizations of X are of full rank, we can directly recover the average conditional quantile
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effect (ACQE) from (16) by

B(r) =E[B(m: X)]
=E [(X'A(X)X)" X'A(X) (Qvix(7]X) = Wd(r))| , (17)

while the unconditional quantile 3,(7) of the p™ component of By is identified as the solution

to the equation
E[1(8,(U; X) < B,(7)) — 7] =0, (18)

with U uniformly distributed on (0, 1), independently from X. The UQE f,(7) will be
uniquely identified if the distribution of 3(U; X) is continuous around its 7" quantile with

positive density.

Equations (17) and (18) do not follow if the probability my that X is rank deficient is strictly
positive. Denote by XM the region of the support of X where its rank is full, and denote
by my the probability that the rank of X is less than P. When 7y > 0 it is still possible to
identify §(7), by using the observations where X € XM via

5(m) = E [WMA(X)W[X € XM] ™ % E [W'M4(X)Qyx (r|X)[X € XM]

if we now assume that E [W/M4(X)W|X € X*] is invertible and under the same moments
existence requirements. It is also possible to identify B(7;X) through the same argument,
but only for the subpopulation of units where X has full rank. These full rank units represent
fraction 1 — 7y of the population, as opposed to its entirety. Despite the non-identification

of 5(r;X) for units with non-full rank, it is clearly possible to point identify the “movers’
ACQE” and the “movers’ UQE”, defined as

M(r)=E [B(T;X)\X € XM}
=E [(X'A (X)X) ™ XA (X) (Qyx (T]1X) — Wi(r))|X € XM (19)

and the solution 3)(7) to the equation
E [1(5,(U; X) < 8 (1)) — 7| X e X] = 0. (20)

Although $(7) and 3,(7), the full population average and unconditional quantile effects, are

not point identified when 7y > 0, it is possible to construct bounds for them. The Law of
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Total Probability gives
B(r) = BM(r) Pr(X € XM) + E[3(r; X)|X € X¥] Pr(X € X%).

Let [b,, b,] denote bounds on the support of 3,(7; X). The existence of such bounds, although
not their magnitude, is implied by Assumption 5 below. The identified set for 3,(7) is then

(B2 (1) Pr(X € XM) + b, Pr(X € X°), 3 (1) Pr(X € XM) + b, Pr(X € X)]

for any p = 1,..., P. This result requires us to assume that b, and b, are known.

A somewhat more satisfying result is available for 8,(7). We give this result as a Theorem,

although the required assumptions are not stated until the next section.

Theorem 1. (PARTIAL IDENTIFICATION OF 3, (7)) Under Assumptions 1 through 5 stated
below and E [W’MA(X)W|X € XM} invertible, the UQE for the p™ coefficient is partially

identified with identification region:

s € 5 (Trmesn ) o (e )] o1

where (1) = b, for 7 < 0 and ) (1) = b, for 7 > 1.

Proof. See Appendix B. O

Since the movers’ UQE is identified, as well as Pr(X € X”) and Pr(X € X%) =1 - Pr(X €
XM) | the analog estimators for the lower and upper bounds of the identified set given in
(21) are easy to compute.’® If prior bounds on the random coefficient are unknown, these
bounds are only meaningful for 7 in a subset of (0,1). The width of this subset depends on

the fraction of stayers. When 7 is close to either 0 or 1, we must rely on prior bounds b, and
b, to set identify the UQE, as is the case for the ACQE.

3 Estimation

In this section we present analog estimators based on the identification results presented
above. Our estimators utilize preliminary nonparametric estimates of the conditional quan-

tiles of Y; given X for ¢ = 1,...,T. Our formal results cover the case where X is discretely

10The endpoints’ joint asymptotic distribution can be readily inferred from the process convergence of the
UQE process established below.
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valued with M points of support: X € X% = {x1y,...,xyn}. This case covers many em-
pirical applications of interest, including the one developed below. It is also, as described in
the introduction, technically simpler, allowing analysis to proceed conditional on discrete,
non-overlapping, cells. However, by considering asymptotic sequences where the location
and probability mass attached to the different support points of X changes with N, we show
how our results would extend to the case of continuously-valued regressors (albeit under

additional regularity conditions).

After stating our main assumption we discuss estimation in the regular case (7' > P) and

irregular case (T' = P).

Assumptions

Assumption 1. (DATA GENERATING PROCESS) The conditional quantiles of Yy,...,Yr
given X are of the form (1) for all X € X% and 7 € (0,1).

For estimation of the common parameter, J (7), and the ACQE, 3,(7), we only require that

(1) hold at 7. The stronger implications of Assumption 1 are required for estimation of the

UQE, B,(1),p=1,...,P.

Assumption 2. (SUPPORT AND SUPPORT CONVERGENCE) (i) X € X% = {x1n, ..., Xun}
with ppv = Pr (X =xn) forl =1,...,N; (ii) as N — oo, we have X;x — X;, piIN — D
and Npjy — oo for anyl =1,..., M for some well defined x; and p;; (iii) the elements of

X ={x1,...,xp} are bounded.

Assumption 2 has two non-standard features. First, while it restricts the number of support
points of X, the location of these points is allowed to vary with N. Second, the probability
mass attached to each support point may also vary with N. Both of these sequences have
well-defined limits. An important feature of Assumption 2 is that it allows the probability
mass attached to some points of support to shrink to zero. The rate at which this occurs is
limited by the requirement that Np;ny — oo. This assumption ensures that the conditional
quantile of ¥; given X = x; is consistently estimable for all [ = 1, ..., M. However the rate of
convergence of these estimates will be slower for points of support with shrinking probability

mass as N grows large.!!

For the analysis which follows it is convenient to partition the support of X as follows.

1 Also note that, since W is a function of X alone, it too has M points of support: W € W% =
{W1N7 e ,WMN} .
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1. Units with X = x,,5y for m = 1,...,L; < M correspond to movers. Movers cor-
respond to units where, recalling that x,,y — X,,, X,, and X,y are of full rank.

Intuitively movers are units whose covariate values “vary a lot” over time.

2. Units with X = x,,y for m = Ly +1,..., L < M correspond to near stayers. Near
stayers correspond to units where x,,y is of full rank, but its limit x,, is not. We will
be more precise about the behavior of these units’ design matrices along the path to
the limit below. Intuitively near stayers are units who covariate values change “very

little” over time.

3. Units with X = x,,,5y for m = L+ 1,..., M correspond to stayers. Stayers are units
where x,,y is neither of full rank along the path nor in the limit. Stayers correspond
to units where the number of distinct rows of X is less than P (i.e., whose regressor

sequences display substantial persistence).

We let X¥ = {x,y,...x.n} denote the set of mover support points (including near stayers).
The set of stayer support points is denoted by X%, = {xz11n, - .- Xan}. We introduce more

structure to this basic set-up (as needed) below.

Assumption 3. (RANDOM SAMPLING) {Yi,XZ-}Z.A;l is a random (i.i.d.) sample from the

population of interest.

Assumption 4. (BOUNDED AND CONTINUOUS DENSITIES) The conditional distribution

Fy,x (y|x) has density fv,x (y:|x) such that ¢ (17;X) = fy,x (F;ﬁl‘x (T|X)‘ X) and %
are uniformly bounded and bounded away from zero for all T € (0,1), all x € X%, and
allt = 1,...,T. Also, this conditional distribution does not vary with the sample size N.

Finally, fv,x (y:|x), Fy,x (y:|x) and F;tl‘X (y¢|x) are all continuous in x.

Assumption 5. (BOUNDED COEFFICIENTS) The support of By, is compact and its density
s bounded away from 0 for anyp=1,...,Pandt=1,...,T.

Assumptions 3 is standard, as is Assumption 4 is the quantile regression context. Assumption

5, in conjunction with Assumption 2 ensures that Y has bounded support.

The first step of our estimation procedure involves computing estimates of the conditional
quantiles of V; given X for all X € X% and all ¢t = 1,..., 7. This must be done for a single 7
in the case of the common coefficients, § (7) and the movers’ Average Conditional Quantile
Effect (ACQE), 8™ (1), and for a uniform grid of 7 € (0,1) in the case of the movers’
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Unconditional Quantile Effect (UQE), 5 (7). When X is discretely valued this first step of

estimation is very simple (cf., Chamberlain, 1994).

Under Assumption 2 preliminary estimation of the conditional quantiles of Y; given X is

straightforward. Let

me (Ve Xmn) [Z 1(X; = XmN)] [Z 1(X; =xpmn) 1 (Vi < yt)] ;

be the empirical cumulative distribution function of Y; for the subsample of units with

X = x,,n. Our estimate of the 7" conditional quantile of Y; equals
Qvix (T1%mn) = Fyx (9] Xmn) = inf {yt Py x (e Ximn) > T} :

Note that CA)Y|X (1;%;v) and QY‘X (T|xpmn) for [ # m are conditionally uncorrelated given
N

{X}ioi-

In practice estimation of CA)Y|X (7; Xmn) is very simple (cf., Chamberlain, 1994). Let N,, =

Zﬁil 1 (X; = x,,nv) equal the number of units in cell X = x,,n. Let K(j’m) denote the j*

order statistic of Y; in the X = x,,5 subsample. We estimate Qy,x (7| Xmn) by Y;(j ™) where
J satisfies
J Jj+1
<7< .
Notl - =N, 11

Alternatively we could use (Yt(j ™ 4 Yt(j +1’m)) /2 as our estimate.
To characterize the large sample properties of CA)Y|X (T;Xmn) We require some additional

notation. Let

Pr (Ys < Qux (71X),Y: < Qux (71X)) — 77/

min (7,7') — 77/

psi (1,7 X) = ,osit=1,...,T  (22)

and A (7,7'; X) equal

1 . pir (7,7 X)
fy1\x(QYl\x(T\X)\X)fyl\x(le\x(T|X)|X) le\X(QYl\X(T‘X)‘X)fYT‘X(QYT\X(T‘X)‘X>
: : . (23)
pir(T,7X) - 1
Py (@vyx (FX)IX) f o x (@ x (T1X)1X) Fypx (Qugix (TIX)X) £y (Qypix (71X X))

Using this notation, an adaptation of standard results on quantile processes in the cross
sectional context, to allow for both moving support points and probabilities, gives our first

result:
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Lemma 1. Suppose that Assumptions 1 through 5 are satisfied, then

V Npun (@Y\X (T[%mn) — Qvix (T|XmN)>

converges in distribution to a mean zero Gaussian process Zg (-,-) on 7 € (0,1) and x,,, € X
where Zg (-, ) is defined by its covariance function Xq (7,%,,7, %) = E [Zg (7, %) Zg (7', X)']
with

Yo (1,x,7, X)) = (min (7, 7") — 77)A (7,7 %;) - 1 (I = m) (24)

forl,m=1,... M.
Proof. See Appendix B. O

Lemma 1 generalizes textbook process convergence results for unconditional quantiles. Con-
sider a support point with p,,y = hy with hy — 0 and Nhy — oco. The rate-of-convergence
for such support points will be order v/Nhy, since the effective sample size used for esti-
mation is proportional to Nhy rather than N. Convergence here is on 7 € (0,1) since Y;
has compact support (by Assumptions 2 and 5 and that Y; is the product of X; and B;). If
Y,’s support was unbounded, Lemma 1 would instead hold uniformly for 7 € [¢,1 — €] with

arbitrary e satisfying 0 < e < 1/2.

Regular case (T > P)

We initially develop results for the fixed support case with z,,y = x,,, forallm=1,... L.
In this setting there are no near stayers so that L; = L. There may or may not be pure
stayers in this case. This changes the identified effect, but not our approach to estimation —

which utilizes movers alone — as explained below.

Let TI(7) = (Qvix(7[x1)’, ..., Qvix(7|x1)") be a T'L x 1 vector with movers’ conditional

quantiles and notice that, under (1),

II(7) = Gv(7)
for 7 € (0,1) with
) (7’) /
W1 X1 e QTQP
B(7;%1) . . . .
v(r) = . ; G = : : . : : (25)
B(r;xr1) W St XL
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Since rank (G)) = dim (v (7)) we have
v(r) = (G'AG)™ G’'AIL(7), (26)

for any T'L x TL positive-definite weight matrix A.

When A is block diagonal with m!* T' x T block p,, A (X,,), it is straightforward to demon-
strate that the first R elements of y(7) in (26) can be expressed as

5(1) =E [WMu(X)W|X € XV] X E [W'M4(X)Qyx (7]X)[X € XM,
which coincides with (15) above. Manipulation of (26) also yields, for all X eX
B (s X) = [X'AX) X" XA (X) (Quix(7X) = Wi (7)) ,

which coincides with (16) above.
Our analog estimator is

j(1) = (G'AG) ™G/ ALI(7) (27)
where A is a consistent estimator of a positive definite weight matrix and ﬁ(T) is as defined

above. To get precise results we make the following assumption on the weight matrix.

~

Assumption 6. (WEIGHT MATRIX) A = diag{pin. . .., prn }®@Ir where py = &£ SV 1(X; =

XlN)-

This assumption is made to simplify the analysis and because weighting each support point
by its relative frequency is often a reasonable choice. Although we do not develop this point
here, it is straightforward to show, by adapting the argument given by Chamberlain (1994),
that this choice of weight matrix also allows for easy characterization of the large sample

properties of 4(7) under misspecification (i.e., when (1) does not hold).

Define

W=MX)W, M(X)=I-XXX)"X
K(X)=(XX)'X'W, T-=E [W’W‘ X e XM} .

Theorem 2. Suppose that Assumptions 1 through 6 are satisfied, the distribution of X is
fized, and E W/W|X € XM] is invertible, then (i) VN (5\() -9 ()) converges in distribu-
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tion to a mean zero Gaussian process Zs (+), where Zs (+) is defined by its covariance function

E [W/A (1,75 X)W‘ X e XM} r-t

P(X € XM) !
(28)

and (i) vV N (B\(7 ) =B )) also converges in distribution to a mean zero Gaussian process

Y5(7,7') = E|Zs (7) Zs (T/)/] = (min (7,7) — 77)

Z(-,-), where Z(-,-) is defined by its covariance function

N1, x, 7 %Xy) = E[Z(r,x)Z (T’,xm)/]
(x]x:) " XA (7, 75 %) % (%)

o)
+K (x) Bs(7, 7K (%), (29)

= (min(7,7) —77) -1(l=m)

forlm=1,... L.
Proof. See Appendix B. O

When X has finite support and, as maintained here, the location and probability mass
attached to this support does not change with N, the rate of convergence of B\ (T;%X,) and
S(T) is V/N. At the same time it is not possible to identify 5(7;x,,) for the stayer realizations
m = L+1,..., M. Hence under the fixed support assumption 3(7), the average conditional
quantile effect, is not point identified. However, the movers’ ACQE, defined as M (1) =
E[(r; X)|X € XM], is consistently estimable by

oSV 1 (X e XM B (1 X)
Zij\il 1(X; € XM) '

(30)

-~

Theorem 3. Under the assumptions maintained in Theorem 2 above, VN(B (-)— B (-))

converges in distribution to a mean zero Gaussian process Zz (-), where Zz (-) is defined by

M

its covariance function

Ya(r, ™) =E [ZB (1) Z3 (T/)/}
B C (5(T;X),ﬁ(7’l;X)/‘X € XM)
- P (X € XM)

+Ti(r, 7)) + KM25(T, T')KM' (31)
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where

min (7,7") — 77")
P(X € XM)
K" = E[K(X)|X € XM].

Ty (7, 7) :(

E[(X'X)™" XA (7, 7 X) X (X'X) ' X e XM] ,

Proof. See Appendix B. O

The first term in the asymptotic distribution of EM(T) arises from variation in the random
coefficients across the subpopulation of movers. It would be zero if Fx were known. The
second and third terms reflect sampling uncertainty in B(T; x) and b (1) respectively (which
arises because the conditional distribution of Y given X is unknown). The form of ¥3(7, 7')

mirrors that derived by Chamberlain (1992) for averages of random coefficients.

As with the ACQE, unconditional quantile effects are only identified across the subpopulation
of movers. Our estimate of BIZJ” (7) is given by the solution to the empirical counterpart of
(20) above

o1 (XsexM) { / - (105, X)) < B (7)) — 7] du} —0. (32)

i=1 =0

The integral in (32) can be calculated exactly since (3,(u;x;) is piecewise linear for each
x; with finitely many pieces. Alternatively it may be approximated by a finite sum of the
integrand evaluated at H evenly spaced points uy, ..., uy between zero and one. In that case

BIJ)V[ (7) has a simple order statistic representation. Let Nyiover = Ef\il 1 (X, e XM ) equal
) H Nmover
the number of movers in the sample and construct the list {{ﬁp(uh; X,)} } 12 The
h=1],_,
j™ order statistic of this list is our estimate of 3 (7) where j satisfies

7 j+1
<7< .
HNyiover + 1 HNyiover + 1

Theorem 4. Under the assumptions maintained in Theorem 2 above N (@,‘/[ () —BY ())
converges in distribution to a mean zero Gaussian process Zg, (-), where Zg, (+) is defined by

its covariance function, ¥g (7,7")

1 Yo (r, 7))+ Y3 (7, 7))+ Ty (1, 7")
P (X € XM) I B,|xexm (ﬁéw (1| X € XM) I B,|xexm (ﬁéw (7'/)‘ X € XM) 7

12We assume, without loss of generality, that the sample is ordered such that mover realizations appear
first with indices i = 1, ..., NMOVER.-

¥, (T, ) =

(33)
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where

C (Fp,x (8" (7)X), P, jx (5" (') [ X)|X € XM)

Yo, 7') = P (X € X : (34)
Ty(r,7) = P (X € XM) ™" E [(min (Fp,x (8 (1)|X), Fp,1x (8 (7)|X))
—Fp,x (8, (7)|X) F,1x(8," (7') X))
x el (X'X) T XA (Fi,x (BY(1)]X), Fi,ix (B2 (7)1 X); X) X (X'X) ™
x fr,x (6, (7)1X) f5,1x (B, (7)|X)| X € XM, (35)
and
=, ([ [ Um0 5010
I (x) B5 (Fi,x (8, (1)[x), Fp,x (8, (T)|%)) K (X)]
X fxxexn (x]x € XM) fxxexm (%% € XM) dxdx) e, (36)
with e, a P x 1 vector with a 1 in its p™ row and zeros elsewhere.
Proof. See Appendix B. O

While the form of the covariance function Xz (7,7') is complicated, each term in it has
a straightforward interpretation. The Yo(-) term reflects sampling variability arising from
the econometrician’s lack of knowledge of the marginal distribution of X. It would also be
zero if the distribution of B,|X = x were constant across all x € X™ (i.e., no correlated
heterogeneity). This term is analogous to the first term appearing the covariance expression
for the ACQE in Theorem 3 above. The Y3(+) term measures estimation error associated with
a lack of knowledge of the distribution of Y given X; specifically it captures the influence
of sampling error in conditional quantiles of Y; on the sampling variability of the estimated
UQE. The T4(+) term is due to the estimation of the common coefficient J(-).

Irregular case (7' = P)

Our estimation procedure for the regular 7' > P case only utilizes information on movers.
Our analysis of the irregular T" = P case additionally utilizes information on stayers and near

stayers, making full use of the possibilities implied by Assumption 2. In the irregular case,
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similar to Graham and Powell (2012), estimation of the common coefficient, ¢ (7), requires

the availability of stayers.

We introduce the presence of near stayers to illustrate how the population-wide ACQE and

UQE, not just their movers’ counterparts, may be consistently estimated.

Our analysis relies on “discrete bandwidth asymptotics”, we argue that our approach, in
addition to being of value on its own terms, approximates many features of an analysis with

continuously-valued covariates. To motivate this claim we begin by reproducing the results

of Graham and Powell (2012).

Discrete bandwidth framework

With T'= P, the X matrix is square, with full rank if and only if det X # 0. Let D = det X
with D € Dy = {d,...,dx,—hy,hy,0}, the support of the determinant of X. The first
K elements of Dy correspond to the L; mover support points of X. The next two elements
of Dy correspond to the L—L; near stayer support points of X. The final element of Dy
corresponds to the M — L stayer support points of X.

We let Pr(D = hy) = Pr(D = —hy) = ¢ohy for some ¢y > 0, defining dxi1 v = —hy,
dxio.ny = hy and dgy3 = 0. The mover support points dj, for 1 < k < K are bounded away
from O for all N.

We also let the probability of observing a singular X be Pr(D = 0) = 2¢phy. Finally,
Pr(D =dy) =7l for k=1,..., K with Z,[::lwév = 1 —4¢ohn, with 4¢ohy < 1 for all N.
We also let 7, = limy_,o i, so that Zszl T = 1.13

In this setup, observations with D = 0 are stayers, D = 4+hy are near-stayers, while those
with D = dy for k =1,..., K correspond to movers. The inclusion of near-stayers is a way
to approximate a continuous distribution of D, letting near stayers (those with D = +hy)
have characteristics very similar to those of stayers (D = 0).

Let gmnie = Pr(X = xp,n|D = di), dmN|-h = Pr(X = X,n|D = —hy), dmN|h = Pr(X =
Xmn|D = hy) and gy = Pr(X = x,,n|D = 0). For simplicity, we assume that g,,y. does
not vary with N, so that conditional on the value of the determinant, which has varying
support, the distribution of X does not depend on the sample size. We also assume that

im g = LM gp—p = @ for all m =1,..., M. This is a smoothness assumption.
N—oo N—oo

In what follows we let X* = adj (X) denote the adjoint of X such that X' = £X* when
X~ exists. We also let Y* = X*Y and W* = X*W.

13The 7, are well defined limits by Assumption 2.
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Average partial effects under discrete bandwidth asymptotics

To illustrate the operation of our discrete bandwidth framework in a familiar setting we

revisit the conditional mean model studied by Graham and Powell (2012):
E[Y|X] = Wy + X5p(X).

For the case where X; is continuously-valued, T" = P, and other maintained assumptions,
Graham and Powell (2012) estimate dy and the average 5y = E[5(X)] by (cf., equations (24)
and (25) in their paper).

N -1 N
s 1 KINRT* 1 *INT* .
0= <Nh;vvi Wi1(|D;| <hN)) <Nh;Wi Y7 1(|Djl <hN)) (37)

B = L3N X7 (Y — Wid)1(|Di| > huy) (38)
%Zﬁ\;l(u)i‘ > hy)

where Y7 = X;Y,.1

We now compute the asymptotic distribution of § and B under discrete bandwidth asymp-

totics. First, the numerator of term (37) is equal to % Zl]\iLH Wi WinNDIN — Zl]\iLH W W q02¢0 =
OE[W*W*| D = 0]

Let Ul = XX (Y; — W, — X;50(X;)). As in equation (46) of Graham and Powell (2012),

the numerator of § — dy is equal to

N N
1 1
—_— E W (D;5,(X;) + UH1(|D; hy) = —— E W*U*1(D,; = 0).
Nh,N - i ( BO( )_'_ z) (‘ | < N) NhN a— i i ( 0)

This expression has mean zero since E[U*|X] = 0, and, letting ¥(X) denote V(U|X), we can
verify its asymptotic variance when premultiplied by v/Nhy is 2E [W*X*3(X) X*W*| D = 0] ¢y

through a simple analysis. Therefore, we have that

VNhy (8 —8) 5 N (o, 2%0)
0

where Ay = E[W*W*|D = 0]~! x E[W"X*S(X)X*W*|D = 0] x E[W*W*|D = 0]~

14Note that, relative to their expressions, we have changed the definition of stayers from units with
|D;| < hy to units with |D;| < hy and conversely for movers. This change has no impact when D is
continuously distributed, and is made here to allow the near-stayers in our framework to be categorized as
movers rather than stayers.
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In an analogy to Graham and Powell (2012), we see that ¢ in this setup plays the exact
same role as the density function of the determinant evaluated at 0. When a larger fraction
of the sample is concentrated near or at D = (0, we can obtain more precision in our estimate

of the common coefficient dy. We now decompose S into an infeasible version

jr_ AT X (Y = Wi 11Dy 2 )
¥ Siny 1(IDi| = hy)

and a second term that contains the estimate of the common coefficient dq:

B = Bl‘l'éN(S—(so)

. 1N -1
where Ey = ﬁZi:ll Dl}\r X;W;1(|D;|>h
sz':1 1(|D;|>h)

and & are independent.

) Since they are computed with different subsamples, Bl

The denominator of Zy converges in probability to 1 since hy — 0. The numerator can be
decomposed in two separate terms: ElL:ll Xl_]\}wl NPy, which converges to ElL:ll xl_lwlpl and
Zf: Lot Dl_]\}waﬁl ~ which converges to a finite limit since Dl_]\} is either (:i:h)]_\,1 and pyy is
O,(hy), and these two orders will cancel out. Therefore, as in Graham and Powell (2012),

~

=y converges to well defined probability limit we denote by =.

Finally, we see that

LS (Bo(X4) — Bo)L(|Di| > h)
% sz\il 1(|D;| > hn)

¥ XL DIU(D > hy) | % 5 DUUI(D = hy)
* Zf\il 1(|D;| > hy) * ZzNzl 1(|Di| = hy)

B — B =

The denominators of both terms above, + sz\il 1(|D;| > h), converge to 1 since the fraction
of movers converges to 1. The numerator of the first term is equal to 31, (Bo(x1x) — Bo)pin-
This term will be of order v/ N since v'N (P — piv) = O,(1) for 1 = 1,..., Ly and O,(v/hy)
forl=1L;+1,..., L by equation (91) in the Appendix B.

The numerator of the second term will be of order v/N since it concerns strict movers only,
which have non-shrinking probabilities and D; bounded away from 0. For these reasons, the

usual limit theorem can be applied to show this term exhibits a standard rate of convergence.

The numerator of the third term’s convergence is more delicate. Premultiplying this term
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by v/ Nhy, its variance is equal to

1(|D] = hx)
hy

h(|D| = hy)

Ey | X E(X)X" ==

] e [X*E(X)X*’

Pr(|D] = hn)

= Ey [X"S(X)X"||D| = hy] ——
N

— 2E [X*S(X)X"|D = 0] ¢y
= 2'TO(bO

since Pr(|D| = hy) = 2¢ohy and by the continuity of the conditional distribution of X|D in

D near 0. Combining results for these terms, we get that

VNhy (8" = Bo) 4N (0,2Yo¢0) ,

and using the independence of B! and 8, we see that

; S0l
VN (B = By) % (o,2ro¢o+ Ll 0),
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exactly as in Graham and Powell (2012, Theorem 2.1).
To make these results coincide, it is important to let Pr(|D| = hy) = Pr(D = 0). We

make this assumption for the following reason: in the continuous setup, the fraction of the
sample considered as stayers is approximately 2¢ohy, and these stayers solely determine the
asymptotic distribution of § — 8. For the estimation of Bo, we consider individuals with
|D| > hy, but the asymptotic behavior of 3 — f is solely driven by individuals with |D|
arbitrarily close to hy. This is due to the D~! term which diverges for individuals where
|D| = hy. In both cases, the set of individuals considered converges to the infinitesimal set
of individuals with D = 0, since hy — 0 as N — oo, therefore, in a sense, the subsamples
that generate the asymptotic variation in 6 — & and B — By are the same. This is why we

place the same discrete probabilities on |D| = hy and on D = 0.

Quantile effects under discrete bandwidth asymptotics

We now study the estimation of the various quantile estimands introduced in Section 2 in the

irregular 7' = P case. To begin, we estimate §(7), proceeding in analogy to the identification
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analysis given above, by

~

N -1 N
1 / * ]' w7k )
i=1 i=1

~

With §(7) in hand, we estimate the conditional quantiles of the random coefficients for all

mover and near stayer support points by'®

B('T;XIN) = Xl_]\:[l (Qy‘x (7’|XlN) — WlNg (’7‘)) forl=1,...,L.

To develop a formal result on the sampling properties of these two estimates we add the

following assumption.

Assumption 7. (IRREGULAR CASE) (i) ElW*W*|D = 0] is invertible, (ii) |Ex[5(7; X)|D =
hn] — |En[B(m; X)|D = 0]|| converges to 0 as N — oo, (iii) Nhy — oo and hy — 0 as
N — oo.

The second part of Assumption 7 implies that we can learn about the conditional distribu-
tion of random coefficients across stayers by studying that observed across near stayers; a

smoothness condition.

Our first result for the irregular case is:

Theorem 5. Suppose that Assumptions 1 through 5 and 7 are satisfied, then
(i) vV Nhy <5\() - 5()) converges in distribution to a mean zero Gaussian process Zs (),

where Zs (+) is defined by its covariance function

Ss(7,7") = ElZs (1) Zs (7')']
. N /
_ (min(r, 7) = 77) p [W*W*|D =0]"" x
2¢0
E [W*X*A(r, ; X)X*W*|D = 0] E [W*W*|D = 0] ", (40)

(ii) v Nhy (B\(-;XIN) — B (-;xlN)> also converges in distribution for each l =1,...,L; to a

mean zero Gaussian process Z (-,%;), where Z (-,%;) is defined by its covariance function

(1, x, 7, X)) =E [Z (1,%;) Z (T/,Xm),} = x; w7, 7w x Y (41)

m=Tm

5Note that, in our set-up, 1(|D;| < hx) = 1(D; = 0). We use the former representation to highlight
how our results would extend to settings with continuously-valued covariates. Since (39) conditions on a
subpopulation with mass shrinking to zero, estimation of §(7) will not be possible at the regular rate of v N.
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forl,m=1,...,L; and
(iii) \/ Nh3, (B(-;XIN) - (-;XIN)> also converges in distribution for each |l = Ly +1,...,L

to a mean zero Gaussian process Z (-, x;), where Z (-,x;) is defined by its covariance function

(1, x, 7, Xm) = E [Z (1,%x)) Z (7', Xm)/} (42)
) A (1,7 X)) x)
= (min (7, 7") — 77’ X S L.1(l=m
min (7.7 - 77) SE TN 1 1= )
+ W;Z(S(,R T,)W;krlL
forlm=1L,+1,..., L.
Proof. See Appendix B. O

The rate of convergence for & (1) coincide with that which would be expected when X has
a continuous distribution, as in Graham and Powell (2012). The §(7) estimator relies on
the sample with D = 0, which has fraction equal to 2¢yhx giving an effective sample size
of approximately 2N ¢ohy for estimation. As ¢q increases, more effective observations are
available for estimation, and therefore the asymptotic precision increases. The influence of

the preliminary quantile estimator appears through the A(7, 7/; X) matrix.

The conditional coefficient estimates, B (1;x1v), converge at different rates depending on
whether x;y has shrinking mass or not. Since these estimates depend linearly on ) (1), their
fastest possible rate of convergence is v/Nhy, the rate of convergence of 5(7‘) This rate
is achieved for (strict) movers, whose population frequencies are bounded away from zero.
In fact, for movers, the only component of the asymptotic variance of E (1;x;v) is due to
sampling variability in 5(7‘), since the other ingredient to the estimator, the conditional
quantiles of Y}, are estimated at rate v/ N.

For units whose covariate sequences have shrinking mass, that is, for near-stayers, the rate
of convergence of E (T; %) 1s \/W . For near stayers, X~! = X*D~!, which diverges since
D =hy — 0as N — oco. To account for, and cancel, this shrinking denominator term, the
extra hy term is present. Note that we do not require that Nh3 — oo as N — oo, and
in fact these conditional betas will not be consistently estimated if Nh3; — 0. This is not
a problem, since their consistent estimation is not the goal. Rather, we will show that the
ACQE and UQE estimators can incorporate these inconsistent estimates and still deliver a

consistent and asymptotically normal estimator for these functionals.

We now turn to the estimation of the average conditional quantile effect (ACQE). The
ACQE is consistently estimable under our discrete bandwidth setup because the mass of
stayers shrinks to zero as N — oco. Specifically, the ACQE is identified by the limit 3(7) =

28



limy_eo Ey [8(7; X)X € XI] since 5(7; X) is identified on X} and the probability mass of
stayers vanishes as N goes to infinity. Our estimate of the ACQE in the T'= P case is
S AN X (Qux (71X0) - Wi(n) ) 1(Xs € XY)

% ZZZ\;1 1(Xi S X%) .

By(r) =
Theorem 6. Under Assumptions 1 through 5, Assumption 7, and Nh3; — 0, we have that:

VNI (Bx(r) = Bu(®))  Z(7).

a zero mean Gaussian process, on 7 € (0,1). The variance of the Gaussian process Zs(-) is
defined as

E [ZB(T)ZB(T/)/] =T(r,7") + Zo2s(7, 7)=4 (43)
with
Y1(7,7") = 2¢o (min (7, 7") — 77') E [X*A(7, 7', X)X¥|D = 0]
o= lim Ey [X‘1W||D| > hN} )
N—oo
Proof. See Appendix B. O

The rate of convergence of E ~(7) is V/Nhy, as is the case for the average effect studied by
Graham and Powell (2012). The asymptotic variance depends only on terms with D = 0,
since only stayers and near stayers contribute to the asymptotic distribution of the estimator.
If ¢ increases, it is possible to estimate the term Z3s(7, 7')=) with more precision since
b (1) is more precisely determined when there are many units with D = 0. On the other
hand, term Yy (7,7’) increases with ¢y. The intuition behind this increase is that there are
more near-stayers when ¢ is large, and their contributions to EN(T) are estimated at a

slower rate than those of movers.

Finally we turn to the unconditional quantile effect, 3,(7), the ™" quantile of B,. As in the
regular case our estimate is the solution to (32). The only difference between the regular

and irregular case is the method used to estimate the conditional quantile effects j,(7,x).

Theorem 7. Fizp € {1,..., P}. Under the assumptions maintained in Theorem 6 we have
that

VR (Bo(r) = B,(r)) 5 25, (7)
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ont € (0,1) with Zg (-) being a zero mean Gaussian process. The covariance of this Gaussian

process is equal to:

T3(7-7 T/) + T4(7-7 Tl)

E [Zﬁp(T)Zﬁp(Tl),} = f5,(Bo(T)) f5,(Bo(T"))

where

T3(7,7') = 200 [, X7 A(Fp, x (B,(7)1X), Fi,1x (8,(7)|X), X)X Ve,
x (min(Fp,x (B,(7)1X), Fp,1x (Bp(7) X)) — Fi,1x (8,(7)|X) Fp,1x (8,(7')[X))
Xpr|X(ﬁp(T)|X)pr|X(ﬁp(7,)|X)|D = O}

L oL
Ta(r,7) =D > e wipl(I < Ly)

=1 UI'=1
+ Wi quo2¢01(1 > L1))5s(Fp,x (Bp(1)[x1), F,x (8,(7") X))

X (xp wupp 1" < L) + wiquio2¢01(l' > L)) e, f5,1x (Bp(T)[%0) f,1x (Bp (") |%17).
Proof. See Appendix B. O

The asymptotic distribution of the UQE depends on the conditional density of B,|X evalu-
ated at 3,(7). The term Tj3(-) reflects the estimation error for the near-stayers’ conditional
quantile effects. The overall rate of convergence is (Nhy)~'/2. Although the conditional
quantile effects of near stayers converge at rate (Nh3,)~%/? | they enter the UQE with a
weight which is of order O(hy), leading to the (Nhy)~'/2 rate. The Y4(-) term reflects
the influence of estimation error in 6(7). Both these terms are divided by the density of
B, evaluated at [3,(7), meaning that a larger density of the random coeflicient around the
estimated quantile will lead to a smaller asymptotic variance. How the constant ¢, enters
these equation tells us that a smaller density of stayers and near-stayers will lead to smaller
asymptotic contribution of term Y3(-) since there are less stayers excluded from the UQE
estimator. On the other hand, a lower ¢ can increase Y4(-) since it reduces the precision of

the estimator of §(7), due to a lower relative sample size.

4 Union wage premium

The effect of collective bargaining coverage on the distribution of earnings is a question of
longstanding interest to labor economists (e.g., Card, Lemieux and Riddell, 2004). This is

also an area where both panel data and quantile regression methods have played important
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Table 1: Union wage premium

Full Stayers Movers
Sample | Never | Always

Black (N=2,444) 0.1168 0.0864 0.1510 0.1868
Hispanic (N=2,444) 0.0602 0.0568 0.0616 0.0692

. 12.99 13.24 12.59 12.50

Years of Schooling (N=2,437) (2.17) (2.31) (1.50) (1.92)

. B 52.00 56.57 47.72 40.87

AFQT percentile (N=2,351) | - 9q gay | (29.01) | (25.86) | (28.34)

Source: National Longitudinal Survey of Youth 1979 and authors’ calculations.

Notes: Analysis based of the balanced panel of NLSY79 2,444 male respondents (in 2,104
households) described in the main text. AFQT corresponds to Armed Force Qualification
Test. Stayers consist of workers who are never covered by a collective bargaining agreement
as well as those who are always covered. Movers consist of individuals who move in and/or
out of coverage during the sample period. Sample sizes are smaller for some covariates due
to item non-response.

roles in empirical work (e.g., Chamberlain, 1982; Jakubson, 1991; Card, 1995; Chamberlain,

1994), making an analysis which combines both approaches of particular interest.

We begin with a target sample consisting of the 4,837 male NLSY79 respondents in the cross-
sectional and supplemental Black and Hispanic subsamples. Our frame excludes respondents
in the supplementary samples of poor whites and military personnel (cf., MaCurdy, Mroz
and Gritz, 1998). We constructed a balanced panel of respondents who were (i) engaged
in paid private sector or government employment in each of the years 1988 to 1992 and (ii)
had complete wage and union coverage information. Exclusion from the estimation sample
occurred for several reasons. We excluded all self-employed individuals, individuals with
stated hourly wages less than $1, or greater than $1,000, in 2010 prices, and individuals who
were not surveyed in all five calendar years. We use the hourly wage measure associated with
each respondent’s “CPS” job. Our measure of collective bargaining coverage is also defined
vis-a-vis the CPS job.!® Respondents were between the ages of 24 and 33 in 1988 and hence

past the normal school-leaving age.

Our estimation sample is similar to that used by Chernozhukov, Fernandez-Val, Hahn and
Newey (2013), who also study the union wage premia using the NLSY79. Our subsample
includes slightly more individuals, primarily by virtue of the fact that we follow respondents

for five instead of eight years, reducing attrition.

Table 1 reports a selection of worker attributes known to be predictive of wages by collec-

16The “CPS” job coincides with a respondents primary employment as determined by the same criteria
used in the Current Population Survey (CPS).
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tive bargaining coverage status. Column 1 reports the mean of these characteristics across
all individuals in our sample (standard deviations are in parentheses for non-binary-valued
variables). Column 2 reports the corresponding statistics for workers who are never covered
by a collective bargaining agreement during the sample period, column 3 for those who are
always covered, and column 4 for those who mover in and/or out of coverage during the
sample period. Movers are more likely to be minority and have lower years of completed
school and AFQT scores. Workers who are never covered, have the lowest minority share,

the greatest years of completed schooling, and highest AFQT scores.

Table 2 reports out main results. All specifications allow for shifts in the intercept over time,
but maintain homogeneity of slope coefficients across time. Column 1 reports the coefficient
on the union dummy in a simple pooled least squares fit of log wages onto the union dummy
and a vector of year dummies. Column 2 reports the union coefficient in a specification
that additionally adds a vector of covariates for race, education and AFQT (see the notes to
Table (2) for details). Column 3 reports the union wage premium in a specification which
includes worker-specific intercepts. The estimator is as described by Arellano and Bover
(1995), which is a GMM variant of Chamberlain’s (1984) minimum distance estimator for
linear panel data models. Column 4 reports an estimate of the movers’ average union wage
premium using the variant of Chamberlain’s (1992) correlated random coefficients estimator
described in Graham and Powell (2012, Section 3.3). The movers average union effect is
between one-half and two-thirds of the OLS estimates of Columns 1 and 2. It is also very
close the Column 3 effect which allows for intercept heterogeneity in the earnings function,

but assumes a homogenous union effect.

A researcher studying Columns 1 through 4 might conclude that, while the incorporation
of correlated intercept heterogeneity into earnings functions is important, allowing for slope
heterogeneity is less so. We report movers’ unconditional quantile partial effects of collective
bargaining coverage for 7 = 0.25,0.5,0.75 in Column 5. Here we find evidence of substantial
heterogeneity in the effect of collective bargaining coverage on wages. For over 25 percent of
workers, the effect of coverage is estimated to be less than 5 percent, whereas it is in excess
of 15 percent for a similar proportion of workers. Our movers’ UQE are relatively precisely
determined, with estimated standard errors only modestly larger than the Column 3 model

which assumes a homogenous effect.

Figure 1 plots our estimated movers’ unconditional quantile effects as well as 95 percent
point-wise confidence bands. The figure also includes quantile effects associated with a
model which does not incorporate correlated heteroegeneity. These effects are estimated
by a linear quantile regression of wages onto a constant, the union dummy and four time

dummies. The coefficients on the union dummy, rearranged to be monotonic, are plotted as
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Table 2: Union wage premium

(1) (2) (3) (4) ()

Pooled Pooled GMM CRC CRC
OLS OLS Ch/AB Avg. T7=0.25 T=05 7=0.75
Union 0.1566 0.2225 0.0982 0.0936 0.0460 0.0891 0.1778
(0.0186) (0.0180) (0.0134) (0.0169) (0.0141) (0.0135) (0.0186)
Covariates? No Yes No No No
Jaf) 22.3119)

Source: National Longitudinal Survey of Youth 1979 and authors’ calculations.

Notes: All specifications include four time dummies capturing intercept shifts across periods.
Column 2 additionally conditions on respondent’s race (Black, Hispanic or non-Black, non-
Hispanic), years of completed schooling at age 24, and AFQT percentile. Due to item
non-response, this specification uses 2,348 respondents (in 2,023 households). Column 3
reports the union coefficient from a two-step GMM “fixed effects” specification where each
respondent’s individual-specific intercept is projected onto their entire union history and
this history (plus a constant) are used as instruments for each time period. This generates
T (T + 1) = 30 moment restrictions for 27'+1 = 11 parameters (and hence 7' (7' — 1)—1 = 19
over-identifying restrictions). See Arellano and Bover (1995) for estimation details. The
Sargan-Hansen test statistic for this specification is reported in the last row of the table.
Columns 4 and 5 report correlated random coefficients specifications. Column 4 reports
the movers’ average union wage premium using Chamberlain’s (1992) estimator following
the specific implementation described in Graham and Powell (2012). Column 5 reports the
movers unconditional quantile effect (UQE) using the estimator introduced here for 7 =
0.25,0.5,0.75. Standard errors reported in parentheses. For Columns 1 - 3 standard errors
were analytically computed. For Columns 4 and 5 they were computed using the Bayesian
Bootstrap. To be specific let B be the parameter estimate and B(b) its b*" bootstrap value. Let

T]@ = B®—3. A 1—a bootstrap confidence interval is [B — FT_(ZI,) (1—a/2) B — FT_(},) (a/2)}
N N
(e.g., Hansen, 2014). The length of this interval divided by 2® (1 — «/2) is the reported

standard error estimate. Reported Column 4 and 5 point estimates were also biased corrected
using the bootstrap.
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Figure 1:

Quantile Partial Effect of Union Coverage

5 .6 7 .8 .9
Quantile

UQE
95% ClI

w/o heterogeneity

Source: National Longitudinal Survey of Youth 1979 and authors’ calculations.

Notes: Blue line corresponds to the movers’ unconditional quantile effect for 7 € (0.1,0.9).
Dashed grey lines are 95 percent point wise confidence intervals based on the Bayesian
Bootstrap as described in the notes to Table 2 above.
to the UQE associated with a simple pooled linear quantile regression of log wages onto a

constant, the union dummy and four time dummies.
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the dashed red line. As is the case for mean effects, quantile partial effects of union coverage
are severely overstated in models which do not allow unobserved worker attributes to covary

with union status.

Our empirical analysis also allows for assessment of the impact of collective bargaining
coverage on inequality, at least within the subpopulation of movers. The counterfactual
1992 average 90-10 log wage gap in a world with no collective bargaining coverage is given

by

E

( (1] ) ([ (0.9; X) + dg2 (0.9)] — [B8(0.1; X) + g2 (0.9)])' X e xM

The corresponding gap in a world of universal coverage is given by

E

< 1 ) ([8(0.9; X) 4 dg2 (0.9)] — [8(0.1; X) + dogo (0.9)])‘ X e xM

We estimate an average 90-10 gap in the no coverage counterfactual of 1.28. The corre-
sponding gap in the universal coverage case is 1.07. The difference is 0.22 with a standard
error of 0.08. Our analysis implies that unions have a substantially compressing effect on

the distribution of wages, at least within the movers subpopulation.

5 Extensions

Using stayers to identify time effects when 7" > P

When identification is regular, as outlined above, § (1) is estimable using mover units alone.
However, it may nevertheless be advantageous to incorporate stayer units into the estimation
procedure. This can improve the precision of ) (7). It can also increase the precision with
which the movers’” ACQE and UQE are estimated, through the influence of sampling error

in 4 (1) on the asymptotic variance of both of these objects (see Theorems 3 and 4 above).

Let x; denote a stayer realization of X and consider the full rank decomposition x; = u;v;.
Let my, = It —w, (ugul)_1 w, and observe that m,x = wv;, — w (ugul)_lulvl = 0. We

therefore have

m,, Qyix (7/x) = mywd(7)
for I = L+1,..., M. If we define I () = (I1 (1) ,my,,,Qvix (T|x), ..., My, Qyx (7|x)")’
and G = (G',(G*)"), with G as defined in (25) and G* equal to
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/ /
my,, W 070p -+ 070p

*

T(M—L)x(R+PL) ) ’
My, W QTQSD T QTQSD
we have the relationship II (7) = Gy (7), upon which the obvious analog estimator may be

based. In fact we incorporate stayers in this way in the empirical analysis reported in Section
4.

Non-shrinking mass of stayers in the irregular case

In some applications, it is common to observe a positive mass of stayers at D = 0 along with
a small number of near-stayers. We can model this in our discrete bandwidth framework by
letting Pr(D = 0) = mg + 2¢phx where my > 0 and keeping Pr(D = hy) = Pr(D = —hy) =
Pohn-

In this case, it will be possible to estimate §(7) at a v/N rate since the mass of stayers is
bounded away from 0. On the other hand, the conditional beta for near-stayer realizations
will still be estimated at rate \/Nh% since the slowest rate of convergence prevails. Their
asymptotic variance will be reduced since the term associated with the estimation of 6(7)

vanishes. Estimation of conditional betas for strict-mover realizations can now be performed

at the v/N rate rather than Nhy.

Despite these improvements, the movers’ ACQE now becomes inconsistent since the fraction
of stayers does not vanish asymptotically. We can modify the estimator and include the
near-stayers’ coefficients as an approximation to the stayers’ coefficients in the following

way:

L N

Bu(r) = > B(rixin)din {% > 1UD; # 0)} + Y BT Xy {% > 1D, = 0)} ;

=1 i=1 l=L;+1 i=1

A LS 1(Xi=xn)
where g1, = L=
U+ + >N, 1(|Ds|=hy)

X%7] using the near-stayers. The conditional beta for near-stayers is estimated at rate /Nh%,

. The term ZszlH B(7;%i8)qu+r approximates E[5(7; X)|X €

but their contribution is now of order O,(1) rather than O,(hy) in the previous case. There-
fore, the convergence rate of the ACQE estimator will be \/W as well.

The same concern applies in the UQE estimation where the share of stayers does not vanish
asymptotically. It is also possible to show that the rate of convergence will deteriorate
from \/Nhy to /Nh3. The result in this case is analogous to that in Graham and Powell

(2012) where the mass at D = 0 simplifies the estimation of the common coefficients while
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complicating the estimation of average partial effects.

In the case when there is a mass of stayers but no near-stayers, i.e. Pr(D = 0) = 7y and
Pr(|D| = hx) = 0, it is not possible to identify the ACQE and UQE. This is a result similar
to that found in the overidentified case, which does not contain near-stayers as well. Rates of

12 since there

convergence for the movers” ACQE and the movers’ UQE will be of order N~
is no shrinking mass of near-stayers involved in the rate calculations. It is also possible to
show the set identification of the ACQE and the UQE in a way similar to the overidentified
case. We present the results for the just-identified case with no near-stayers in detail in

Appendix A.

Continuous regressors

The identification results in the previous section are all based on the conditional quantiles
of Y; given X = x for t = 1,...,7T. There are different methods of estimating these condi-
tional quantiles depending on the structure of the support of X. When the support of X
is discrete, as is assumed in this paper, we can write by standard arguments the following

linear representation of our first step conditional quantile estimator:

Y;-t < Qyﬂx(T‘X)) — T) 1(Xz = X)
frax (Qy,x (7]x)[x)pn

@mx(ﬂx)—Qth(ﬂX):%Z (L + Ry(T;x) (44)

where py is the probability associated with support point x and the residual Ry(7;x) goes

to 0 in probability as N — oo.

A kernel based estimator can be used to compute the analog estimator when X has continuous
support. Examples include local linear regression (Qu and Yoon, forthcoming), or inversion
of conditional CDF estimates (Lee, 2013). The Bahadur representation of these estimators

is the following:

@Yt\x (1]x) — Qv x (1]x)
_ 1 i (1 (Yir < Qux(1]x)) — 7) K (B~ (vee(X;) — vec(x)))
NP £ Jrx (Qvx (T]%) %) fx (%)

+ Ry(7;x) (45)

where K (-) is a kernel function, and B = blrp where b is a bandwidth converging to 0.

These representations contain just two differences. The first difference is the presence of the
kernel in the continuous case. We note that this kernel function converges to an indicator
for {X; = x} whenever K(0) = 1. This restriction is satisfied by different kernels, including
a uniform kernel with support [—1/2,1/2].
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The second difference is the density of X versus its probability that it is equal to x. The
bandwidth term b7 also is present with the density. These two terms can be reconciled
if we consider the probability that X is included in a 7T'P-dimensional neighborhood of x
with diameter equal to b. For exposition, consider 7" = P = 1. Then, the probability
that X € [x — b/2,x + b/2| is approximately equal to fx(z)b. This probability can be
approximated with the mass py if this mass depends on the sample size through b such that
py = O(b). That way, discrete probabilities will behave like probabilities for continuous
densities, and Npy will be the approximate sample size for the support point, similar to the

Nb in traditional nonparametric density estimation.

We see that there is no substantial difference between the asymptotic representations, except
that it is much simpler to impose conditions on the asymptotic convergence of ﬁt (1;%) —
IT; (7;x) in the discrete case than in the continuous case. For this reason, we conjecture
that our rates of convergence and limit distribution results will generalize to the case of
continuous regressors (under additional regularity conditions). Such an extension, however,

is likely to be difficult and non-trivial.

Choice of Bandwidth

In this spirit of the argument given immediately above, we can use our discrete bandwidth
asymptotics to gain some insight into bandwidth selection. As discussed earlier, we need that
hy — 0, Nhy — oo, and Nh3; — 0 as N — oo. These conditions allow us to put shrinking
mass on some support points (hy — 0), while allowing for consistent estimation of objects
conditional on these shrinking mass support points (Nhy — o0). The third condition is
required to eliminate the bias in our estimators for the ACQE and UQE. Let a be a P x 1
vector of constants. The fastest rate of convergence in mean square for either o’ 5(7) to
a'B(t) or B,(7) to B,(7) is N~%/* with bandwidth sequences of the form h% = CoN~'/3 for
some constant Cy. Consider first the MSE for the estimator o 5(7) Using the results of

Theorem 6, the asymptotic bias will be equal to
bias = 2a/(E[5(7; X)] — E[3(7; X)|D = 0])¢ohn

and therefore the asymptotic MSE minimizing bandwidth constant is

171 1/3 a (Y1 (7,7) + Zs (1, 7)Ep) a 1/3
“=3 <¢%) (a’(E[ﬁ(T; X)] — E[3(7; X)|D = 0))(E[3(; X)] — E[8(r; X)|D = OD,Q)

which is similar to the one found in Graham and Powell (2012) for average partial effects.
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Since choosing bandwidth with order exactly equal to N~/2 leads to an asymptotic bias,
we can choose a slightly faster bandwidth sequence, say, of order o( N~'/3) such that the
asymptotic bias disappears. An alternative is to use a plug-in bandwidth using an estimate

of Cy and then bias correct. This approach preserves the rate of convergence of N~1/3.

We now consider the bias associated with the estimation of 5,(7), the UQE associated with
the p' regressor. The leading term of the asymptotic bias of Bp(f) is equal to

Fi, (8,(7)) = Fiip-o(B,(r))

bias = 2gohy T, (Bo(7))

1/3

Once again, the MSE minimizing rate for the bandwidth is N7/ and the mean squared

error minimizing choice of constant is

_L(1y” Ts(7,7) + Ya(77) :
%—z(%) ([FBpwp(T))—FBMD:o(ﬁp(T))]2> |

Trimming Extremal Quantiles

Estimation of quantiles can become problematic when the quantile considered is close to 0 or
1. As an example, the estimation of unconditional quantiles of a scalar random variable does
not converge in process over 7 € (0, 1) when the support of the random variable is unbounded.
On the other hand, it does converge when considering 7 € [¢,1 — €] for any 0 < € < 1/2.
Whether the support is bounded or not, trimming extremal quantiles is common practice
since estimators for them may be poorly approximated by the same asymptotic distribution
as non-extremal quantiles. This could lead to a problem for the identification of () since
it requires the use of (7;X) for all 7 € (0,1). Trimming any fixed amount of quantiles will

result in a loss of point identification.

Suppose that the researcher proceeds with the estimation of conditional quantiles ranging
from 7 = € to 7 = 1 — € so that only these conditional quantiles are identified. We can
decompose the moment condition used for the estimation of 3,(7) for p =1,..., P in three

parts:

gy
o]

1

1(8,(u; X) <b)d}

NN

108, (u: X) < b)du } +E {/61_51(5,)@;)() < b)du} +E Ml 1(8,(u: X) < b)du| .

—€
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The first and third term are uniformly bounded below and above by 0 and e respectively.

Therefore,

1—e
T—2e<E {/ 1(Bp(u; X) < b)du| <.

Let V' be uniformly distributed on [e, 1 — €] independently from X. We can think of this V'

as the trimmed version of the unobserved heterogeneity U. Then, we see that

T — 2€ T
< F x)(b) <
1 _ 26 — BP(VVX)( ) — 1 _ 26’

and therefore, the UQE for the p™ regressor is partially identified with bounds equal to

_1 T — 2€ _1 T
By(T) € {Fﬁp(V;X) (1 — 26) s vix) (1 - 25)] '

These lower and upper bounds are identified since we can identify 5(7; X) when 7 € [e, 1 —¢].
We also see that this identification region collapses to a point as € approaches zero. These
bounds may be used instead of the point estimates if it is believed that a significant portion
of the conditional quantiles need to be trimmed. The researcher may also compare the lower
and upper bounds’ estimates to get a rough sense of the contribution of these extremal

quantiles to identification.

6 Conclusion

The extension of quantile regression methods to panel data has proved to be especially
challenging. Our approach to this challenge generalizes both the textbook linear quantile
regression and linear panel data models. Relative to these benchmarks our set-up allows for
richer types of correlated (unobserved) heterogeneity, while still offering positive identifica-
tion results. While the technical analysis of our estimators is non-trivial, their computation
is not, requiring only sorting and weighted least squares operations. Our empirical analysis

illustrates some of the possibilities of our approach.

One area of application where our methods may be especially attractive to researchers is for
program and policy evaluation. As a concrete example consider a researcher who wishes to
study the effect of minimum wage laws on the distribution of earnings using several waves of
the Current Population Survey (CPS). Here X would encode the minimum wage level over
time within a state. Since we observe many workers per state in each period, and hence
per realization of X, our discrete covariate results apply. Specifically Fy,x (y|x) may be

estimated by the empirical distribution function of period ¢ wages in states with minimum
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wage sequence X = x. Applications in educational policy, where the entire distribution of

test scores may be of interest, are also natural.

Our paper is not the first to explore the intersection of quantile regression and panel data.
Here we briefly touch on the relationship between our work and two very recent contributions.
Chernozhukov, Fernandez-Val, Hahn and Newey (2013), CFHN for short, includes some
results on quantile effects in the context of a wide-ranging analysis of identification in non-
separable panel data models. The simplest case allowing for interesting comparisons between
their results and our own is when P = 2 with the non-constant covariate binary-valued (i.e.,
X, = (1, Xy)"). For simplicity we ignore time effects in what follows so that the conditional
distribution of Y; given X = x is stationary over time and, if (3) is also being maintained,

so 1s the distribution of random coefficients.

Following the notation of CFHN let T; (z) = >, 1 (Xi; = ) and define

G (y,z) = Ti(x) ' S 1(Xy=2)1(Ye <vy), Ti(z) >0
. 0 T;(z) =0
and also o )
GAM(?J,:E): Zi:lGi(y,l’)l(XiEX )

>l 1(Xs e XM)

Their quantile treatment effect (QTE) estimate is

~ ~

A7) =Gy (1,1) — GAJT/} (1,0).

To understand the relationship between A (1) and our unconditional quantile effect (UQE)
estimand further, we simplify to the case where T'= 2. Let

Tor = Pr (Xo1 = 0, X2 = 1] X € XM) and 7o = Pr (X2 = 1, Xo» = 0| X € XM). Let

Gu (y,z) 2 G (y, z), under the random coefficients data generating process (3) we have
that

Gu (Y, 1) = 7 Fpap, (y] X2 =1,X € XM) +m0Fp, 1, (y] Xo1 = 1,X € XM)
GM (y,O) = WOIFBl (y|X21 = O,X c XM) —|-7T'10F’B1 (y‘ Xog = O,X c XM) ,

so that \ (1) = G} (7,1) — G3/ (7,0) does not correspond to any quantile of By, even if
our conditional monotonicity assumption holds. Indeed if we set

Fpiip, (Y] Xos =1,X € XM) = Fp, (y| X22 = 0,X € XM) and

Fp, 1B, (y|X21 =1,Xe XM) = Fp, (y|X21 =0,X¢€ XM) for all y € Y, we will have \ (1)
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identically equal to zero for all 7 € (0,1) and our movers’ UQE, 83 (), possibly different
from zero for all 7 € (0,1). The difference between CFHN’s estimand and our movers’
UQE arises from how marginalization over X occurs. CFHN marginalize over X before
inverting to recover quantile effects, we first recover quantile effects for each possible

x € XM and then ‘marginalize’. Under our correlated random coefficients structure the

CFHN estimand will, in general, not recover quantiles of Bs.

Arellano and Bonhomme (2013) study identification and estimation of the model
Qvix.a (7] X, A) = X8 () + Ay (7)

for all 7 € (0,1). Here A corresponds to an unobserved time-invariant regressor. Arel-
lano and Bonhomme (2013) also allow for a particular form of dependence between X
and A, hence their model is a correlated random effects one. If A were observed, then
0(r) = (B8(1) .~ (7‘))/ could be estimated by the 7" linear pooled quantile regression of Y;
onto X; and A (here the pooling is across all periods of data ¢t = 1,...,7). This set-up
represents an alternative generalization of the linear panel model of Chamberlain (1984) to
the quantile regression setting. Their approach and ours are non-nested. The Arellano and
Bonhomme (2013) model effectively includes two-dimensional unobserved heterogeneity. The
first component of this heterogeneity vector is A, this component is allowed to covary with
X is a reasonably flexible way. The second component corresponds to the common factor
in the random coefficients on X; and A. This component is independent of both X and A.

Relatedly their set-up also requires a comonotonicity assumption on the random coefficients.

Our model, effectively, includes only a single dimension of unobserved heteroegeneity. How-
ever we impose weaker comonotonicity assumptions and leave the dependence structure
between the heterogeneity and X nonparametric. Our view is that both approaches are

attractive, with the merits of each being context specific.

References

[1] Abrevaya, Jason. (2001). “The effects of demographics and maternal behavior on the
distribution of birth outcomes,” Empirical Economics 26 (1): 247 - 257.

|2] Abrevaya, Jason and Christian M. Dahl. (2008). “The effects of birth inputs on birth-
weight,” Journal of Business & Economic Statistics 26 (4): 379 - 397.

42



[3] Angrist, Joshua, Victor Chernozhukov, and Ivan Fernandez-Val. (2006). “Quantile re-
gression under misspecification, with an application to the U.S. wage structure,” Fcono-
metrica 74 (2): 539 - 563.

[4] Arellano, Manuel and Stéphane Bonhomme. (2011). “Nonlinear panel data analysis,”
Annual Review of Economics 3: 395 - 424.

[5] Arellano, Manuel and Stéphane Bonhomme. (2012). “Identifying Distributional Char-
acteristics in Random Coefficients Panel Data Models,” Review of Economic Studies 79
(3): 987 - 1020.

[6] Arellano, Manuel and Stéphane Bonhomme. (2013). “Random-effects quantile regres-
sions,” Mimeo, CEMFI.

[7] Arellano, Manuel and Olympia Bover. (1995). “Another look at the instrumental variable

estimation of error-components models,” Journal of Econometrics 68 (1): 29 - 51.

[8] Athey, Susan and Guido W. Imbens. (2006). “Identification and inference in nonlinear

difference-in-differences models,” Econometrica 74 (2): 431 - 497.

[9] Autor David H. ,Lawrence F. Katz and Melissa S. Kearney. (2008). “Irends in U.S.
wage inequality: revising the revisionists,” Review of Economics and Statistics 90 (2):
300 - 323.

[10] Buchinsky, Moshe. (1994). “Changes in the U.S. wage structure 1963-1987: application
of quantile regression,” Econometrica 62 (2): 405 - 458.

[11] Card, David. (1995). “The effects of unions on the structure of wages: a longitudinal
analysis,” Econometrica 64 (4): 957 - 979.

[12] Card, David, Thomas Lemieux and W. Craig Riddell. (2004). “Unions and wage in-
equality,” Journal of Labor Research 25 (4): 519 - 559.

[13] Chamberlain, Gary. (1982). “Multivariate regression models for panel data,” Journal of
Econometrics 18 (1): 5 - 46.

[14] Chamberlain, Gary. (1984). “Panel data,” Handbook of Economics 2: 1247 - 1318 (Z.
Griliches & M. Intriligator, Eds.). Amsterdam: North-Holland.

[15] Chamberlain, Gary. (1987). “Asymptotic efficiency in estimation with conditional mo-

ment restrictions,” Journal of Econometrics 34 (3): 305 - 334.

43



[16] Chamberlain, Gary. (1992). “Efficiency bounds for semiparametric regression,” FEcono-
metrica 60 (3): 567 — 596.

[17] Chamberlain, Gary. (1994). “Quantile regression, censoring, and the structure of wages,”
Advances in Econometrics, Sizth World Congress I: 171 - 209. (C. Sims, Ed.). Cam-
bridge: Cambridge University Press.

[18] Chaudhuri, Probal, Kjell Doksum and Alexander Samarov. (1997). “On average deriva-
tive quantile regression,” Annals of Statistics 25 (2): 715 - T44.

[19] Chernozhukov, Victor, Ivan Fernandez-Val and Blaise Melly. (2013). “Inference on Coun-
terfactual Distributions,” Econometrica 81 (6): 2205 - 2268.

[20] Chernozhukov, Victor, Ivan Fernandez-Val, Jinyong Hahn and Whitney Newey. (2013).
“Average and quantile effects in nonseparable panel models,” Econometrica 81 (2): 535
- 580.

[21] Chernozhukov, Victor, Ivan Fernandez-Val, Stefan Hoderlein, Hajo Holzmann and
Whitney K. Newey. (2014). “Nonparametric identification in panels using quantiles,”

Mimeo.

[22] Chernozhukov, Victor and Christian Hansen. (2007). “Instrumental variable quantile

regression: a robust inference approach,” Journal of Econometrics 142 (1): 379 - 398.

[23] Clotilde, Elyés and Jouini Napp. (2004). “Conditional comonotonicity,” Decisions in
Economics and Finance 27 (2): 153 - 166.

[24] Firpo, Sergio. (2007). “Efficient semiparametric estimation of quantile treatment effects,”
Econometrica 75 (1): 259 — 276.

[25] Firpo, Sergio, Nicole M. Fortin and Thomas Lemieux. (2009). “Unconditional quantile
regressions,” FEconometrica 77 (3): 953 — 973.

[26] Graham, Bryan S. and James L. Powell. (2012). "Identification and estimation of av-
erage partial effects in ‘irregular’ correlated random coefficient panel data models,"
Econometrica 80 (5): 2105 - 2152.

[27] Hahn, Jingyong and Whitney K. Newey. (2004). “Jackknife and analytical bias reduction
for nonlinear panel models,” Econometrica 72 (4): 1295 — 1319.

[28] Hansen, Bruce E. (2014). Econometrics. http : //www.ssc.wisc.edu/ bhansen/econometrics/Econom

44



[29] Harding, Matthew and Carlos Lamarche. (2014). “Estimating and testing a quantile

regression model with interactive effects,” Journal of Econometrics 178 : 101 - 113.

[30] Imbens, Guido. W. and Whitney K. Newey. (2009). “Identification and estimation of
triangular simultaneous equations models without additivity,” FEconometrica 77 (5):
1481 — 1512.

[31] Jakubson, George. (1991). “Estimation and testing of the union wage effect using panel
data,” Review of Economic Studies 58 (5): 971 - 991.

[32] Kato, Kengo, Antonio F. Galvao Jr., Gabriel V. Montes-Rojas. (2012). “Asymptotics
for panel quantile regression models with individual effects,” Journal of Econometrics
170 (1): 76 - 91.

[33] Kline, Patrick and Andres Santos. (2013). “Sensitivity to missing data assumptions:
Theory and an evaluation of the U.S. wage structure,” Quantitative Economics 4 (2):
231 — 267.

[34] Koenker, Roger. (2004). “Quantile regression for longitudinal data,” Journal of Multi-
variate Analysis 91 (1): 74 - 89.

[35] Koenker, Roger. (2005). Quantile Regression. Cambridge: Cambridge University Press.

[36] Koenker, Roger and Gilbert Bassett, Jr. (1978). “Regression quantiles,” Econometrica
46 (1): 33 - 50.

[37] Lee, Ying-Ying. (2013). “Nonparametric weighted average quantile derivative,” Mimeo,
Nuffield College, Oxford University.

[38] Lemieux, Thomas. (2006). “Postsecondary education and increasing wage inequality,”
American Economic Review 96 (2): 195 - 199.

[39] Ma, Lingjie and Roger Koenker. (2006). “Quantile regression methods for recursive

structural equation models,” Journal of Econometrics 134 (2): 471 - 506.

[40] MaCurdy, Thomas, Thomas Mroz and R. Mark Gritz. (1998). “An evaluation of the
National Longitudinal Survey on Youth,” Journal of Human Resources 33 (2): 345 -
436.

[41] Machado, Jose. A. F. and Jose Mata. (2005). “Counterfactual decomposition of changes
in wage distributions using quantile regression,” Journal of Applied Econometrics 20
(4): 445 — 465.

45



[42] Manski, Charles F. (1987). “Semiparametric analysis of random effects linear models

from binary panel data,” Econometrica 55 (2): 357 - 362.

[43] Qu, Zhongjun and Jungmo Yoon. (forthcoming), “Nonparametric estimation and infer-

ence on conditional quantile processes,” Journal of Econometrics.

[44] Rosen, Adam. (2012). “Set identification via quantile restrictions in short panels,” Jour-
nal of Econometrics 166 (1):127 - 137.

[45] Vella, Francis and Marno Verbeek. (1998). “Whose wages do unions raise? A dynamic
model of unionism and wage rate determination for young men?” Journal of Applied
Econometrics 13 (2): 163 - 183.

[46] Wei, Ying and Raymond J. Carroll. (2009). “Quantile regression with measurement
error,” Journal of the American Statistical Association 104 (487): 1129 - 1143.

A Analysis of T'= P case with no “near-stayers”

Consider an alternative setup, where there is a non-shrinking point mass of stayers, and no near-stayers.
For simplicity, we will assume that all probabilities and support points are fixed. This allows us to satisfy
assumption 2 trivially. Let my = P(D = 0) be strictly positive. The estimation of 6(7) will proceed as in
the previous case, with a different rate of convergence since there is a point mass of stayers that is bounded

away from zero.

We add the following assumption to guarantee identification.
Assumption 8. (INVERTIBILITY) E[W*W*|D = 0] is invertible.

Theorem 8. Suppose that Assumptions 1 through 6 and 8 are satisfied, then in the T = P case (i)
VN (3() -9 ()) converges in distribution to a mean zero Gaussian process Zs (), where Zs (-) is defined

by its covariance function

S5(r,7") = E|Zs (1) Zs (T/)/]

_ (min(7,7") — TT’)E [

W*W*D = 0] E[W*X*A(r,7; X)X*'W*|D = 0] x
0

E[W*W*D=0]"", (46)

and (i) VN (B(, =8 )) also converges in distribution to a mean zero Gaussian process Z (-, -), where

Z(-,-) is defined by its covariance function

1

A .
(1%, 7, %Xm) = E [Z (r,x)Z (T/,Xm)/:| = (min (r,7") — 77') X (%)% -1(l=m)
D
+x; Wy Ss (1, T WL x Y (47)

forlm=1,..., L.
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Proof. See Appendix B.
U

The main difference between this result and the one in the just identified case is that only stayer realizations
must be used for estimation of §(7) in the T = P case, while we chose to use the movers’ realizations only

for its estimation in the overidentified, T' > P case. This is reflected in the 3s(-) term.

It is also possible to estimate the movers’ ACQE in the just-identified setup, as in the overidentified case.
Theorem 9. Let

=M i vazl X! (@YIX (7] X3) — WZS(T)) 1(X; € XM)
N i 1 € XM)

L
=Y Brx)§”
=1

N i —X .
be the movers’ ACQE, where GM = % . Under Assumptions 1 through 6 and 8 we have that:
N =1 T

~M

3 D
VE (50 -5 B 200
a mean zero Gaussian process, on T € (0,1). The variance of the Gaussian process Zz(-) is defined as

_ C(B(r,X), 8(r', X)X e X")

E [ZB(T)ZB(T’)’} = P (X € X) +Yi(r, ") + ZoXs(r, 7)) (49)
with
Yi(r,7') = —m}i; 7)1 g (X A, X)X X € XV (50)
(X e XM)
S =E[X'W|X e xXM]. (51)
Proof. See Appendix B.
U

Finally, we can also recover estimates of the movers’ UQE in a similar way to the irregular bandwidth setup.
Theorem 10. Fizp e {1,...,P}. Under Assumptions 1 through 6 and 8 we have that
5 D
VN (B (7) = 8)1()) B 2, (7)
on 7 € (0,1) with Zg,(-) being a Gaussian process. The covariance of this Gaussian process is equal to:

E [Zﬂp (7)Zg, (T’)’}  Yo(r, ) + Y3(r, 1) + Yu(r,7')

B pr\xexM(ﬂ;I)V[(T))pr|xexM (ﬂy(T/)) (52
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with

C M(1)X), M (X)X M
g = AR ()0 P 0 X2 -
Ys(7,7') = E [(min(Fg,x (8, (7)1X), Fg, x (8, (7)|X)) — Fg, x (8, (7)|X)Fg,x (8" ()| X)) x
Q;X 1A(FBP\X([3;$W(T)|X)7FBP\X(ﬂéW(T)|X)ax)x_lleiﬂx
fB,1x (85 (N)X) f,1x (8) ()| X)|X € XM] (54)
Ya(r7) = B [, (53 (7)) i, x (331 () R) e X WS (P (B3 (7)), B, x (32 () 150)
W X*l’ep|x exM X ¢ XM} (55)
where X and X are independent copies.
Proof. See Appendix B.
0

Since in this case the UQE is not point identified, we can recover bounds using the movers’ UQE as in

Theorem 1.

B Proofs of Theorems

Proof of Lemma 1

First consider the asymptotic distribution of the conditional CDF estimate

£V 1Y < 6, X = Xpn)

56
#5N (X = Xmw) (59

Fy,x(c[xmn) =

We have that L ZZ 11X = xmn) — PN = Op (ﬁ) and + Zl 11V <6, X =xpn) — Pr(Yi <

e, X =Xmn) =0, (m) Using the delta method we get

YVie <e,Xs =xmn)  Pa(Y: <X =xmn)

PmN PmN

ﬁmx(deN) Fy,x (c|xmn) = N Z ( 1(X; = me))

1
20, (52— )-

By Lyapunov’s Central Limit Theorem, and Assumptions 2 to 5, we have that, for fixed ¢, the normalized
difference /Npm,n (ﬁmx(dxmj\/) — Fy, x(c|xm N)) is asymptotically normal with limiting variance equal

to

lim Pr(Y; <c|X =xmn)(1 —Pr(Y; < ¢lX =xmn))

N—o00

=Pr(V: <X =x,)(1 = Pr(Y; < |X = x))-
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Note that continuity of the conditional CDF of Y;; given X, a component of Assumption 4, is important for

this result.

The next step is to show that the convergence of the normalized difference is uniform in ¢ € R and that

Yie<c,Xi=%Xm Pr{i<c|X=xm —
= \/chN ) P \/C;D‘me = 1(X1 - XmN)
can be shown to have a finite bracketing integral for any N (since indicator functions have finite bracketing

. . . . 1
the limiting process is Gaussian. The normalized summand

integrals) and Pr(Y; < ¢|X = x,,v) has bounded derivatives in ¢ since the conditional density of ¥; given X

is uniformly bounded in all arguments by Assumption 4. Consider the function Gy = 1()(%\/%”@ and notice
it is an envelope function for
1Y < ¢, X; = X Pr(Y; < ¢|X = x,,
Qi soXi=xny) PrisclX=xmw)y g _ o ) (58)

PmN VPmN

This envelope function has the following properties: E[GZ%] = 1 and for ¢ > 0, E[G%1(Gy > eV N)] — 0 as
long as v/Np,,n — 00, which is assumed (Assumption 2). Therefore, this estimator satisfies the conditions
of Theorem 19.28 in van der Vaart (1998) and v/Np,n (ﬁmx(deN) - Fytlx(C|XmN)) is P-Donsker and

therefore converges in process over c € R for any ¢t =1,...,T and any m=1,..., M.

Next we use the fact that Y; is bounded, its positive density, and Corollary 21.5 in van der Vaart (1998) (or
Lemma 12.8 (ii) in Kosorok (2007)) to show that the inverse of the conditional CDF process, i.e. the condi-
tional quantile process, converges over 7 € (0,1) to a mean zero Gaussian process with the asymptotically

linear representation:

VNN (Qy, x (T Xmn) = Qyyx (7] Xmn))

_ -1 XN:(1(11-tSme(ﬂme))—r)l(Xi—me>+O< 1 )
VNpmN = frx (Qy,x (T %mN) [Xmn) PA\VNpmn )’

Since both ¢ and m have finite range, the convergence of this process is uniform over all values of ¢ and
m (as well as on 7 € (0,1)). Using the continuity of fy, x(Qy,x(7|Xmn)|[Xmn) and the boundedness of

indicator functions, we apply Lyapunov’s Central Limit Theorem to show that the covariance kernel of the

limiting process of \/NpmN(@mx(ﬂ XmN) — Qy,1x (7| Xmn)) is equal to Xg(7,x;, 7, %) = (min(7,7") —
77 YA(T, 7';%1)1(l = m) as claimed.

Proof of Theorem 1
By the Law of Total Probability
7 =P(B, < Bp(1)) =P(B, < B,(1)|X € XMP(X € XM) + P(B, < 6,(1)|X € X*)P(X € X%).

The quantities P(X € XM), P(X € X%) and the conditional distribution of B, given X € XM are identified
by arguments detailed above. The quantity P(B, < 3,(7)|X € X¥) can take arbitrary values in the [0, 1]
interval. Therefore, the identified set of 8,(7) is defined by:

{bp(7) : P(B, < by(1)|X € XMP(X € XM) + ¢P(X € X5) = 7,9 € [0,1]} .
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Since P(B, < b,(7)|X € XM) is monotone in b,(7), we can get bounds on 3,(7) by inverting this region at
g=0and g=1:

P(B, < B,(1)|X € X) |:T—1><IP’(X€XS) T—OxP(XeXS)]

P(X € XM) ' P(X € XM)
= By(r) € [6;” (%@;)) B (mﬂ

Finally observe that if %ﬁi?) < 0 or if, m > 1, the quantiles of By|X € XM are not defined. For

these cases, the inversion leads to bounds of b, and l_)p respectively.

Proof of Theorem 2
Recall that v(7) = (6(7), B(1;x1)’, ..., B(7;x1)")’, manipulating (27) of the main text yields
VNG(T) = 4(7) = (G'AG) ' G’ AVN(Ti(r) — I(7)). (59)

By a Law of Large Numbers, AloA= diag{p1,...,pr} ® It and by the Continuous Mapping Theorem
(G'AG)~* 5 (G’ AG)~! which can be shown to be equal to

r—t o K’
— T LZD) Pr(XeXM)=—=
(GAG)~ = | Tl N T S s O - (60)
_Kp()ge;gzw) dlag{( lpi) Sy ( LPIL:) } +KP1‘()F(€1XM)K/

where K = (K (x1)',...,K(x)").
The numerator, G’ Av/N(II1(-) — IL(-)), converges in distribution, by Slutsky’s theorem, to G'AZg(-) where
- !
Zo() = (ZQ("XI)I, e ZQ("XL)I) with Zg(-,x;) as defined in the statement of Lemma 1. The variance-

VP VL
covariance matrix of Zg(-) is

A(r, 7'; A(r, 7';
Yo (7, 7') = (min(r, 1) — TT/)diag{ (7, 7%1) Yoy (7. 7 %1) } . (61)
b1 bL
This gives an asymptotic covariance of v N (5(7) — v(7)) and VN (5(7') — v(7')) equal to
(G'AG)'G' A (1,7 ) AG(G' AG) L. (62)

Partitioning this matrix yields an asymptotic covariance of VN (8(r) — 6(7)) and VN (3(') — 6(7')) equal

I'E |[W'A (r, T’;X)W’ X e XM} -
Pr(X € XM) ’

Ys(r,7") = (min (7,7") — 77") (63)

as claimed in the statement of the theorem.
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The asymptotic covariance of VN (B(r,x;) — B(1,%;)) and VN (B(7, %) — B(7, %)) is

xfxl)_l XA (1,7 %7) x (xfxl)_l

E [z (r,x1) Z (T',xm)’] — (min(r, ') — ') . 1(l=m)
+K (x1) Bs(7, 7)) K (%m)’
as claimed.
Proof of Theorem 3
Manipulating (30) of the main text yields
Mo 3 & X (B X)) - BT X)X, € XM)

B (1) —BM(r) =

% Zf\; 1(X; € XM)
L3N B X)L(X; e XM)
N Efil 1(X; € XM)

E[B(r; X)X € XM].

(64)

(65)

First consider term (64) in this expansion. Its denominator % Zfil(Xi € XM) converges, by a Law of Large

Numbers to Pr(X € X*). The numerator will converge when normalized by V'N to the following Gaussian

process:

VN(B(rix) — B(m;X0))pr

M=

N
Z N(B(r:X,) — B(r; X,)1(X; € XM) =

=1

M=

i> Z(T,Xl)p[.

~

1

The asymptotic covariance of ((66)) equals

L
ZE (1, x0)Z(7", x1)] ppw

Mn

=1 =1
L L / —1 /A /. / —1
=% (min (r,7') — 77') (xpa) XA (7,75 a) % (xa) (= ') pup
=1 1'=1 P
L

Mn

Z (x1) Ss(r, 7) K (x0r) pupre

~

—~

min (1,7') — 77') E [(X'X)*1 XA (1,73 X) X (X'X) 7! [X € XM| Pr(X e XM)
+ KMys(r, 7 ) KM Pr(X € XM)2,
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Now consider term ((65)). Replacing the sample average by empirical probabilities yields

U LS B X)1(X; € XM)
L3N (X e XM)

L L
RS X)X € xm) _/F (z S — zmnx»qIM)
=1

=1

Brx)VN (G - ¢") (67)

I
M=

l

1

15N _

where qlM denotes the conditional probability Pr(X = x;|X € X™) and (le = % its estimate.
N i=1 (3

To derive the asymptotic distribution of this term, we must first derive the asymptotic distribution of

GM — ¢gM. Begin with the fact that

2SN 1K =x1) —p

VN e :
~ 2im WX =xr) —pr
LSV 1(X; € XM) - Pr(X; € XM)
0 pi(l—p1) o o p1(1 —Pr(X € XM))
SN , : : : :
—pipPL s pr(1—pr) pr(1 —Pr(X € XM))
0 p(1-Pr(XeXM)) ... pr(1-Pr(XeXxM)) Pr(XeXM)(1-Pr(XeXxM))
(68)
and use the delta method to show
" — g
VN : LN (0, Z4m) (69)
it —qp'
where
, @' (1—q") —aqr!
Ygm = : 70
@ = Pr(X € XM) (70)
—q'q}! a' (1 —q1")
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Note that some of these limiting variance matrices are singular. Putting things together yields an asymptotic

variance-covariance for (67) of

L L
SN B(rix)Seu (1,1)B( s x00) (71)

I=11=1

L L
e EXM ZZ mx)(q 1l =1) =g ) B xw)
- m (]E [B(r:X)B(7; X)X € XM] —E[B(m; X)X € XM E [B(7; X)X € xM]’)
C(B(r;X), B(1'; X)|X € XM)

- ’ IP;(X e’XM) ' (72)

Terms (66) and (67) are asymptotically independent, since the variation of (66) is conditional on X, while

the variation of (67) depends on X alone. Therefore, the limiting covariance of E (1) is the sum of the

covariances of its two components, which yields the claimed result.

Proof of Theorem 4

There are two main steps to the proof. The first is to recover an estimate of the distribution function of
the random coefficient B, (within the subpopulation of movers). The second is to invert this distribution

function to recover the quantile function of the movers’ random coefficients.

For the first step, let ¢ € R and consider the asymptotic distribution of the estimated distribution function
evaluated at ¢, denoted by FAP(U;X)|X6XM( Zl 1 [fo (Bp(u;x;) < c)du} GM:

\/N (FBP(U‘XHXGXM (C) — FBP|X€XM (C))

_Z\F < / (Bytasx) < ey = [ 11<ﬁp<u;xl>s@du> @ (73)

+ Z {/ (Bp(u;xp) < c)du] \/N(QIM —q). (74)
Both of these two terms converge uniformly over ¢ € R. For the first term, we have that
5 5 d
VN (BP(T;xl) — Bp(T;xl)) — (Z(r, Xz))p =Z,(1,%;)
over 7 € (0,1) and all I = 1,...,L (here Z,(7,%;) is as defined in the statement of Theorem 4 and (-),

denotes the p* element of the vector). Let F¢(-) : C[0,1] — R be a functional such that F.(8(-,x)) =
fol 1(Bp(w;x) < ¢)du. By Lemma 8 of Chernozhukov, Fernandez-Val and Melly (2012), this functional is
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Hadamard differentiable and we can apply the functional delta method, yielding

1

1
VN </0 1(B,(u; x) < ¢)du _/0 1(8p(u;xp) < )du)
=VN (Bp(FBp\x(dXz);Xl) - Bp(FBp\x(dXz);Xl)) fe,x(clxi) + 0p(1)

4 Z,(Fp,x(clx1),x1)fB,1x(c|x1)- (75)

This convergence is uniform in ¢ € R since Fp |x(c|[x;) ranges between 0 and 1, and uniformly in x; (since

there are finitely many possible values for x;). Therefore,

L 1 L
Z\/N </ (Bp(u;x1) < C)du—/o 1(Bp(usx;) < c du) T ;Zp Fp x(clx1),x1) fp,1x (c|x1)q M

=1

for ¢ € R. Also, similar to (72) above, Zz 1 fo (Bp(u;x;) < e)duv/'N (GM — ¢M) will converge over ¢ € R
to a mean zero Gaussian process Zsgp(c) with asymptotic covariance

C (FBP\X(C|X)5 FBplx(Cl|X)|X S XM)

E [Z2P(C)Z2p(cl)/] = Pr (X € XM) : (76)

Note that Zsp(c) and Zlel Z,(Fp,x(c|x1),x1) fp,x(c/x1)g are uncorrelated since the variation in the

latter is conditional on X while that in the former depends on X only. Therefore,

L
\/N (Fﬁp(U;x)\xgxM( ) — FBP\XGXM ) Zzp Fp |X C|Xl) Xl)fB IX(Clxl) lM + ng(c) (77)
=1

over ¢ € R.

We now turn to step two of the proof: inverting the distribution of the random coefficient to recover the
distribution of its quantiles. By assumption 5, B), is assumed to have bounded support and fp jxexm(c)
is strictly positive for all ¢ € R. Therefore by Kosorok (2007, Lemma 12.8 part (ii)) the inverse func-
tional is Hadamard differentiable into D(0,1), the space of left-continuous functions with right-hand limits.

Evaluating this inverse at ¢ = 8}/ (7) yields

vt anr 4 e Zo(Fex (B3 (D)%), x0) f,x (B (7)x0)a + Zap(B) (7))
\/N(Bp (1) — By (T)) LY [ (ﬂé”(T))

=Zg,(7) (79)

(78)

uniformly over 7 € (0, 1). To conclude the proof, we evaluate E [Zg, (1) Zg, (7')'], the asymptotic covariance
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of this Gaussian process:

E|2s, (7) Zs, ()]
Zz L fex (BM (1) |x1)el S(r, Fi,ix (BY (7)x1), %0), 77, Fi, jx (BM (') [x0r ), %) e f i, 1% (BY (/) [ ) g g}t
Iy 1xexm (BY(T)) B, 1xexm (B (7))

L E[Z(8) ()2 (5) ()]
fB \XGXM(B (T ))fB \xeXM(ﬁM(T'))

where

S S fex (BY (1)) aM e, B (r, Faix (BM (7)[x0), 1), 7', Fi,ix (BM (7)), 1 e f i, 1 (BM (/) [ )i}t
IB,1xexm (BY(T)) B, |xexm (B ()

~ Pr (thM)E [ (min (FBp|x(ﬁ,I)V[(T)|X),FBP|X(B£4(T')|X)) —FBP‘X(BM( )IX)Fg, 1x (8, M(r NIX))

x e (X'X) XA (Fg,x (B (1)|X), Fg,x (B (7)X); X) X (X'X) 'e,

Frx (B ()1X) f,1% (B, (7)X)| X € XM] (80)
+E [ f,ix (83 (7)) 5, 1x (B2 (7)) X)
&, (X) s (Fp, x (B3 (MIX), Fp, x (33 (7)1%)) K (X) | X € XM X € XM (81)
= T5(r,7') + Yalr,7'),
where X is an independent copy of X. Also,
E (Zap(8}! ()2 (1 (7)] = X (T)')l?r’gf;xéipf“/)'x) XX (52)
= To(r,7),

which agrees with the expressions in the statement of the Theorem.

Proof of Theorem 5

From (37) we get the following asymptotically linear representation

VNhy (6( ) —o(r )) <N2N > WHIWIL(D; = 0))

VN (Qyix(71X:) = Qyix (71X4) ) 1(D: = 0)

-1 m .
PIN K% PN
< Z WlN l*Nh ) Z Wl]/VXlN\/m

l=L+1 I=L+1

X v/ Npin (Qy|x(T|XlN) - QY\X(T|XIN)) .
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with

wiwin B2 5 B [W*W 1D = 0260
I=L+1

since wj, — w; and Z;;—ZIVV LN qQ102¢0 as N — oo. Similarly we get

M
Z Wik Xy _p”V VNpin (QY|X<T|XW)—Qy‘xmxm) 5 V200 > wix) faoZa(r.xi)  (83)
l=L+1 h l=L+1

s . P P, .. N . . .
by Slutsky’s theorem since \/% = /2¢0qj0- The limiting distribution (83) has asymptotic covariance

equal to

vV 2¢0 Z wi'X[ /@0 Zq(T,x <\/2¢0 Z WX /QropLo (T, xl/)>

I=L+1 I'=L+1
M
= 2¢¢ Z Z wi'x) (min (7,7") — 77" )A (7, 7'5x0) - L (1= 1) x7'wi quo
I=L+11/=L+1
= 2¢o(min (7,7) — 77 )E [W*X*A(r, 7/; X)X*'W*|D = 0] . (84)

To derive the asymptotic distribution of vV Nhy (B(, =B )) for strict movers (I = 1,...,L1), we note
that

vV Nhn (B(T;Xzzv) -p (T;XlN)) =x;5V Nhy (@Y\X TIXiN) — QY\X(T|XIN)) +x;ywWinyV Nhy (5(7’) - 5(7’))

= XINU \/ Npin QY|x (Thxin) — QY\X(T|XlN))
+ xl_Nwle/NhN () = 8(n))

LN xl_lwlZ5 (1) (85)

since X — ( for strict mover realizations. Finally, for near-stayers (I = Ly + 1,..., L) with Diy = hy:

VB (B(T;Xuv) - ﬂ(T;XlN = Xuv\/ \/ Npiy QY\X (7heun) = QY‘X(T|X”\’))
+ Xy Winhn v NhN( T) - T)

h
= X;N DlN al oV Npiy (QY\X TIXiN) — QY\X(T|XIN))
hy
+ Wiy "Dy Nh (8(r) = 0(7))

V@020
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since hy /Dy =1 and by Slutsky’s Theorem. For near-stayers with D;xy = —hy,

—~ 3/
VNI (Brixan) = B(rixn) ) B CH2(TX) (), (87)
V@020
Since Zg(-,x;) and Z; (-) are independent for [ = 1,..., L, we can add the individual covariances of these

processes and get the desired result.

Proof of Theorem 6

We begin with the decomposition
VNI (Bu(7) = By (7)) = VNh (Bu(7) = E [8(rs X)X € X¥]) + v/Nhy (E [8(r: X)|X € XY] — E[8(: X))

L
=Y Blrixin)VNhw (@5 — aix) (88)
=1

L

+Y V/Nhy (B(T;XZN) —5(T;X1N)) i (89)
=1

+V/Nhy (E [B(; X)X € XN ] - E[8(7:X)]) - (90)

We first consider the joint asymptotic distribution of v/ Nhy ((jl% — Qzﬁz{r) foralll =1,...,L. We start by

considering the asymptotic distribution of unconditional probabilities, which are normalized differently for

57



near-stayers and strict-movers:

% Zfil 1(X1- = XlN) — DPiN

1 N
N A | Xl =X —
VNI, 0,07 1,41 X NNZZ—l ( LiN) — PL\N
0 07, /i1 ~ izt WXi = X, 41)8) = P(r, 41N
SL—L1+1%Ly AN tL—Li+1 .
1 N
N >oim VXs =x1n) —pLn
3N 11X e X¥) - P(X e XM)

% ZL 1(Xz' = X1N) — PiNn

1 N _

N Zi:l 1(X; =xr,N) —PL,N
1 N (X=X, +1)N)=PL1+1)N

=VN | ¥ 2 Vi

XZ—XLN) PLN
N Zz 1 hn

—Z 1(X;€XN)— IF’(XEXM)
N i=1

NN
pi(l—p1) - —P1PL, 0 0 0
B -pipr, - pr,(1—pL,) 0 0 0
=N |01, 0 o 0 qr,+1/02¢0 - 0 0 (91)
0 0 0 - qe260 0
0 e 0 0 e 0 260

by the Lyapunov’s Multivariate Central Limit Theorem. The conditions of the theorem are trivially satisfied
since indicator functions have bounded moments. Note that the top left L x L; submatrix is singular since

it contains probabilities that sum to 1. This is not a problem here since we do not invert that matrix later
on. By the Delta method, we get that ¢ — ¢, = O, (\/—%) forany l = 1,...,L; and O, (w/%\’) for
l=1L1+1,..., L. Therefore, the term Zle B(m;xin)VNhy ((jl% — qf‘]/[v) is of order O, (v/hn) and therefore

converges to 0.

Term 89 can be decomposed into its strict-movers and near-stayers components:
L
Z NhN( (r;xin) — B(T; XN )qlN—Z\/Nh ( TXIN) ﬂ(T;xlN)) G (92)
1=1
(jM
+ Z \/ Nh3; ( T;XIN) ﬁ(T;xlN)) hl—g (93)

I=L1+1

For term (92), we can see that ZZL 1 (ryxin) — B(7; xlN)) gM; 3 Zlell x; 'w;Zs(7)p;. This asymp-

totic distribution is due to the presence of 5 ( ). Term ((93)) will also have a non-degenerate limiting distri-
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bution:

M L
Z \/ Nh; ( TiXiN) — B(T;XIN) ) h—N Z (7, %X1)q1102¢0 (94)
=L,

I=L1+1

~M
since ‘“TN LS 2¢0qjo- The asymptotic covariance of (89) will then be

= (min (1, 7") — 77) Z Z xiA(r,7sx) %1 (=1) o260

I=L1+11'=L1+1

< Z Wy QI|02¢0+ZXl WlPl) Ss(r, 7' < Z Wl’Ql/\02¢O+ZXl/ Wl’pl’>

I=Ly+1 1=1 =Li+1 =1
We now show that Zg = A}gn En [X7*W||D| > hy] = ZZL:LH_l Wi qio2¢0 + ZlL:ll x; 'wip:
[o ]

L
Jim Ey [XT'W([D] > hy] = lim Zx;lewa%

L,

B =xn|D = |hn|) . —1 DIN
~ i 3 iy P 3t 2
Fi=Li41 =1
Z Wi qj02¢0 + Z x; 'wipi
I=L,+1
by continuity in N.
Finally, we consider the bias term (90). We see that
L M
VNhy (Ex [B(1; X)X € XY ] —En [B(1;X)]) = v/ Nhy (Z B(rsxin)ain — Zﬁ(T;XlN)plN>
=1 =1
L M
= Z 7xinv)V Ny (g —piv) = Y BT xun )V Nhapin
=1 I=L+1

We see that for { = 1,...,L, VNh (qlN plN) = plNl%Qi M — 0 since pjy = O(1) and Nh3, — 0. For
stayer realizations | = L + 1,..., M, we have /Nhypn — 0 since Zz:LleN = 2¢ohn and Nh?v — 0.

Therefore, term (90) converges to 0.

Proof of Theorem 7

We start by deriving the asymptotic distribution of the empirical cumulative distribution function of Bp (U; X)
with U distributed uniformly on [0, 1] independently of X, while conditioning on X € X}. The CDF estimand
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at ¢ € R is denoted as I, (c) and the estimator is

Ia N Zz 1 fo ﬂp u, X;) < ¢)dul(X; € Xy)
W Zi:l (Xi € XY)

3, xexy (€) =
Z (/ (u,xin) < c)du) .

The integration over u € (0, 1) can be done exactly since Ep (u,x;n) is piecewise linear for each I € {1,...,L}

with finitely many pieces. This asymptotic distribution can be written as the sum of four terms:

L,y 1 1
Fawooery (@ = Faeenn (@ = Y- ([ 16,0 < 0t [ 18,0 <o) (95)

=1

s ( / By, 30 < ) — /Oll(ﬂp(U,XzN)SC)dU) a4 (96)

l=L:+1

3 [ 18,00 < (@~ o) (o7)
1=1"0

+ Fp,jxexu (¢) — Fp, (o). (98)

The first two terms represent the contribution of the estimation of the conditional coefficients for strict-
movers and near-stayers respectively, while term three is due to the randomness of the coefficient across
subpopulations defined in terms of X. Term four is the bias term, which we will show vanishes asymptotically.
Term (97) will be of order O, (\/—%) and therefore vanishes when premultiplied by v/Nhy.

Using Hadamard differentiability and the functional delta method discussed more fully in the proof of

Theorem 4, we see that:

M (/01 1(By(u; xiv) < ¢)du —/O

forl=1L,+1,...,L.

18 (us 1) < c>du> D, g, (Fy, x (clx), 1) o, x(cla). - (99)

This convergence is uniform in ¢ € R since Fig x (c[x;) ranges between 0 and 1, and also uniform in x; since
there are finitely many possible values for x;. Therefore, term (96) will converge in process to the following
limit when normalized by v Nhy:

Z W(/ (Bp (s x1v) <c)du—/011(ﬁp(u;xlN) gc)du) %

I=L1+1
D L
S > Zy(Fpyx(elx), x0) f5,1x (clx1)q10260
I=L1+1

~M
for ¢ € R since ‘2—? K @1102¢0 as N — oo. Term (95) will converge in distribution to:
Ly

1
Z V Nhy (/ (Bp(u, x1n7) < ¢)du —/O 1(Bp(u,xiv) < C)dU) i B > Zy(Fi,ix(clx1), 1) f5,1x (clx)pi

=1

60



We also verify that /Nhy times term (98), the bias term, asymptotically vanishes. We see that

L

1 M 1
Z/ 1(Bp(u, xiv) < ¢)dug]y — Z/ 1(Bp(u, xin) < c)dupiy
0 = Jo

=1

FBP\XEX%I (¢) = Fi,(c)

M

L 1
< Z/ 1(Bp(u, xiv) < c)du|g/y — pin| + Z 1(Bp(u, xin) < c)dupiy
=170 I=L+1
L M
2¢0hN
<
hS Zpuvl ~ 2d0hn + Z niN
=1 I=L+1

since Nh3, — 0. We can conclude this proof in a manner similar to that of Theorem 4.
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