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This course focuses on questions like

� How much do stocks earn relative to bonds, and why?

� Why do some stocks earn higher returns than others?

� Why are stock prices volatile, when dividends are smooth?

� What predicts stock returns, and why?

� How should and how do households invest their �nancial wealth?

� What causes bubbles and crashes?

� What are the limits to arbitrage?
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b. Complete Portfolios

0

2

4

6

8

10

12

14

16

18

20

0 10 20 30 40 50 60 70 80

Return Standard Deviation

R
et

ur
n 

M
ea

n

Household Complete Portfolios
World Index in USD
World Index in SEK
Swedish Index in SEK
Swedish T-bill





Outline for Today

1. Risk aversion

2. Utility functions

3. Principles of portfolio choice



1. Risk Aversion

� Much of �nance uses expected utility framework: maxEu (w)

� Agent is risk averse if he dislikes all zero-mean risk:
Eu(ez) � u(Eez):

� Jensen's inequality. Ef(ez) � f(Eez) holds for all random variables ez i�
f(:) is concave.

{ Natural measure of risk aversion: u00

{ Need to scale to make it unit-free

� Absolute risk aversion is A = �u00=u0:



Arrow-Pratt approximation

� Let ey = kex a pure risk, i.e., Eex = 0, where k � 0 is scales risk. Write
risk premium as g(k):

Eu(w0 + kex) = u(w0 � g(k))
so g(0) =

� Di�erentiate in k:

Eexu0(w0 + kex) = �g0(k)u0(w0 � g(k))
so g0(0) =



� Di�erentiate in k again:

Eex2u00(w0 + kex) =
= g0(k)2u00(w0 � g(k))� g00(k)u0(w0 � g(k))

so that

g00(0) =
�u00(w0)
u0(w0)

Eex2 = A(w0) � Eex2:
� Taylor-approximation of g(k) around zero

g(k) �= g(0) + kg0(0) +
1

2
k2g00(0) +O(k3)

� Hence risk premium is

� �=
1

2
k2Eex2 �A(w0) = 1

2
A(w0) � Eey2



� Tolerance to additive risk depends on A(w0).

� Second-order risk aversion: Risk premium is proportional to variance.

{ People are approximately risk neutral to small risks.

{ E.g., if � for fair gamble of �$1000 is $50, then � for �$100
gamble is 50 cents.

� Rabin critique: in practice, people are relatively more averse to small
than to large risks.



Relative Risk Aversion

� Multiplicative risk
ew = w0(1 + kex)

� De�ne b� as share of wealth one would pay to avoid risk, then
b� �= 1

2
k2Eex2 � w0A(w0) = 1

2
R(w0) � Eey2

where R(w0) is the coe�cient of relative risk aversion

R(w0) =
�u00(w0)
u0(w0)

w0:

� Tolerance to multiplicative risk depends on relative risk aversionR(w0).



2. Utility functions

� A common class of utility functions in �nance is \hyperbolic absolute
risk aversion" (HARA)

u(z) = & � (� + z
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� Risk aversion for this class:

A(z) =

 
� +

z
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Special cases

1. Quadratic utility. Implies increasing absolute risk aversion. Has a bliss

point where u0 = 0. Tractable with additive risk.

2. Exponential utility, (CARA=constant absolute risk aversion). To ob-

tain constant coe�cient A, need

�u00(z) = Au0(z)
solving ODE gives

u(z) =
� exp(�Az)

A

Tractable with additive, normally distributed risk. Increasing relative

risk aversion; requires same dollar compensation for an additive risk

at all wealth levels.



3. Power utility (CRRA, constant relative risk aversion). � = 0, 
 > 0.

We have R = 
. For 
 6= 1

u(z) =
z1�


1� 

for 
 = 1

u(z) = log(z):

Tractable with multiplicative, lognormal risk. Requires same pro-

portional compensation (e.g., return) for proportional risk across all

wealth levels. Appealing because implies stationary risk premium and

constant interest rates in the presence of economic growth.
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